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Quantum invariants and the Ẑ invariant of 3-manifolds

Denote by ZK(M) the SU(2) Witten-Reshetikhin-Turaev invariant
of a compact connected orientable 3-manifold M at ζK = e2πi/K .

Consider the Poincaré homology sphere Σ(2, 3, 5), and let W (ζK)
denote its renormalized WRT invariant

W (ζK) = ζK (ζK − 1)ZK(Σ(2, 3, 5)).

R. Lawrence and D. Zagier, 1999: For |q| < 1 consider

A(q) =

∞∑

n=1

χ+(n)q
(n2−1)/120 = 1+q+q3+q7−q8−q14−q20− . . .

where χ+ : Z −→ {−1, 0, 1} is given by:

n (mod 60) 1 11 19 29 31 41 49 59 (other)

χ+(n) 1 1 1 1 −1 −1 −1 −1 0

A(q) is a holomorphic function in the unit disk.



A(q) =

∞∑

n=1

χ+(n)q
(n2−1)/120 = 1+q+q3+q7−q8−q14−q20− . . .

Theorem (Lawrence-Zagier, 1999) Let ξ be a root of unity. Then
the radial limit of 1− 1

2A(q) as q tends to ξ equals W (ξ), the
renormalized WRT-invariant of the Poincaré homology sphere.

ξ = e2πi/K

A(q)

(Building on calculations of the WRT invariants by R. Lawrence
and L. Rozansky)



A(q) =

∞∑

n=1

χ+(n)q
(n2−1)/120 = 1+q+q3+q7−q8−q14−q20− . . .

Theorem (Lawrence-Zagier, 1999) Let ξ be a root of unity. Then
the radial limit of 1− 1

2A(q) as q tends to ξ equals W (ξ), the
renormalized WRT-invariant of the Poincaré homology sphere.

▶ More generally, Lawrence-Zagier proved the analogous result
for three-fibred Seifert integer homology spheres.

▶ This result led to Zagier’s notion of a quantum modular form.

▶ Gukov-Pei-Putrov-Vafa (2020): The Ẑ-invariant for a more
general class class of plumbed 3-manifolds (discussed next),
based on the theory of BPS states.



Plumbed 3-manifolds

A negative definite plumbing Γ and its associated framed link
L(Γ). The 3-manifold Y (Γ) is the Brieskorn sphere Σ(2, 7, 15):

Weights (framings) m : V(Γ) −→ Z.
The plumbing tree is negative definite if the associated symmetric
matrix M = M(Γ) is negative definite:

Mi,j =





mi if i = j,

1 if i ̸= j, and vi and vj are connected by an edge,

0 otherwise.



Two negative definite plumbing trees represent diffeomorphic
3-manifolds if and only if they are related by a finite sequence of
type (a) and (b) Neumann moves:



The Ẑ invariant of 3-manifolds

Gukov-Pei-Putrov-Vafa (2020): Given a negative definite plumbed
3-manifold Y with a spinc structure a, consider

ẐY,a(q) = q−
3s+

∑
v mv

4 ·v.p.
∮

|zv |=1

∏

v∈V(Γ)

dzv
2πizv

(
zv −

1

zv

)2−δv

·Θ−M
a (z),

where Θ−M
a (z) :=

∑

ℓ∈a+2M Zs

q−
ℓtM−1ℓ

4

∏

v∈V(Γ)
zℓvv .

For example, for the integer homology sphere Y = Σ(2, 7, 15) (and
its unique spinc structure)

Ẑs0(q) = q13/2 − q23/2 − q39/2 + q57/2 − q179/2 + q217/2 + q265/2 ± · · ·



The Ẑ invariant of 3-manifolds

▶ For three-fibred Seifert integer homology spheres (unique
spinc structure), the Ẑ-invariant recovers the q-series of
Lawrence-Zagier.

▶ GPPV conjecture that a certain linear combination over
spinc-structures has radial limits equal to WRT invariants
(generalizing the result of Lawrence-Zagier).

▶ Conjecturally Ẑ admits a categorification:

ẐY,a(q) =
∑

i,j

(−1)iqj rkHi,j
BPS(Y, a)



Conjecture (GPPV) Let Y be a closed 3-manifold with b1(Y ) = 0.
Set

T := Spinc(Y )/Z2 .

There exist invariants

Ẑa(q) ∈ 2−cq∆a Z[[q]],

with Ẑa(q) converging in the unit disk {|q| < 1}, such that

ZCS(Y ; k) = (i
√
2k)−1

∑

a,b∈T
e2πik·lk(a,a)|Wb|−1SabẐb(q)|q→e2πi/k

where

Sab =
e2πilk(a,b) + e−2πilk(a,b)

|Wa| ·
√
|H1(Y ;Z)|

,



Lattice cohomology (Némethi, 2008)

▶ Given a negative definite plumbed 3-manifold with a spinc

structure s,

H∗(Γ, s) =
∞⊕

i=0

Hi(Γ, s)

is a (2Z)-graded Z[U ] module.

▶ It gives a combinatorial formulation of Heegaard Floer
homology HF+ for a class plumbing trees, by work of
Némethi, Ozsváth-Stipsicz-Szabó, Zemke.

For example, if Γ is almost rational, then as graded
Z[U ]-modules,

Hi(Γ, [k]) [grading shift] ∼=
{
HF+(−Y (Γ), [k]) if i = 0

0 otherwise.



Lattice cohomology (Némethi, 2008)

▶ Given a negative definite plumbed 3-manifold with a spinc

structure s,

H∗(Γ, s) =
∞⊕

i=0

Hi(Γ, s)

is a (2Z)-graded Z[U ] module.

▶ It gives a combinatorial formulation of Heegaard Floer
homology HF+ for a class plumbing trees, by work of
Némethi, Ozsváth-Stipsicz-Szabó, Zemke.

▶ H0(Y, s) is encoded by the graded root, which was shown by
Némethi to be an invariant of (Y, s).



The 0-th lattice cohomology H0(Y, s) is encoded by the graded
root, an (infinite) tree which is an invariant of (Y, s)

On the other hand, the Ẑ-invariant is a q-series.

Our new invariant unifying lattice cohomology and Ẑ takes the
form of a

graded root weighted by 2-variable Laurent polynomials



The weighted graded root associated to the Brieskorn homology
sphere Σ(2, 7, 15)



Theorem 1. (Akhmechet-Johnson-K., 2021)
The weighted graded root is an invariant of a 3-manifold equipped
with a spinc structure.

(Lattice cohomology is recovered by the unlabeled tree.)



Theorem 2. (Akhmechet-Johnson-K.)

▶ The sequence of Laurent polynomial weights stabilizes,

yielding a 2-variable series ̂̂ZY,s(q, t).

▶ The 2-variable series ̂̂ZY,s(q, t) is an invariant of the
3-manifold Y with a spinc structure s, and its specialization at
t = 1 equals ẐY,s(q).



Weights (framings) m : V(Γ) −→ Z.

M : Zs −→ Zs, s =number of vertices of the plumbing graph.

spinc(Y ) ∼= m+ 2Zs

2M Zs .

Consider a spinc representative k ∈ m+ 2Zs.

Define a quadratic function χk : Zs → Z

χk(x) = −(k · x+ ⟨x, x⟩)/2, where

⟨−,−⟩ : Zs×Zs → Z

is the bilinear form associated with M , ⟨x, y⟩ = xtMy.



χk : Zs → Z, χk(x) = −(k · x+ ⟨x, x⟩)/2

Consider the standard cubulation of Rs (with vertices in Zs), and
extend χk to a function on cells (cubes) □ of any dimension:

χk(□) := max{χk(v) | v is a 0-cell of □}

Let Sj ⊂ Rs denote the sublevel set χk ≤ j:

Sj is a (compact) subcomplex of the cubulation consisting of cells
□ such that χk(□) ≤ j.

(Recall that the intersection form ⟨−,−⟩ is negative definite!)



χk = 2



χk = 3



Definition of the graded root (Rk, χk), following Némethi:

Consider the connected components of each sublevel set:

Sj = Cj,1 ⊔ · · · ⊔ Cj,nj

The vertices of the graded root Rk consist of connected
components among all the Sj .

The grading χk is given by χk(Cj,ℓ) = j.

Edges of Rk correspond to inclusions of connected components:
there is an edge connecting Cj,ℓ and Cj+1,ℓ′ if Cj,ℓ ⊆ Cj+1,ℓ′ .



Némethi, 2008:
The graded root is an invariant of (Y, [k]), and encodes the
structure of H0(Y, [k]).

Next: the new invariant, weighted graded root



A rough idea:

Given a function
FΓ,k : Zs → R

valued in some ring R, each vertex v in the graded root (Rk, χk)
can be given a weight by taking the sum of FΓ,k over lattice points
in the connected component C representing v :

FΓ,k(C) :=
∑

x∈C∩Zs

FΓ,k(x).

Subtlety: find a function FΓ,k so the weights of the graded root are
invariant under Neumann’s moves on the plumbing trees.



Fix a commutative ring R. A family of functions
F = {Fn : Z → R}n≥0 is admissible if

1. F2(0) = 1 and F2(r) = 0 for all r ̸= 0.

2. For all n ≥ 1 and r ∈ Z,

Fn(r + 1)− Fn(r − 1) = Fn−1(r).

Note that not only F2, but also F0 and F1 are uniquely determined
by conditions 1 and 2:

F1(r) =





1 if r = −1,

−1 if r = 1,

0 otherwise.

F0(r) =





1 if r = ±2,

−2 if r = 0,

0 otherwise.



Fix a commutative ring R. A family of functions
F = {Fn : Z → R}n≥0 is admissible if

1. F2(0) = 1 and F2(r) = 0 for all r ̸= 0.

2. For all n ≥ 1 and r ∈ Z,

Fn(r + 1)− Fn(r − 1) = Fn−1(r).

A key example (n ≥ 3):

F̂n(r) =





1
2 sgn(r)

n

(
n+|r|

2 − 2

n− 3

)
if |r| ≥ n− 2 and r ≡ n mod 2

0 otherwise.



Fix a commutative ring R. A family of functions
F = {Fn : Z → R}n≥0 is admissible if

1. F2(0) = 1 and F2(r) = 0 for all r ̸= 0.

2. For all n ≥ 1 and r ∈ Z,

Fn(r + 1)− Fn(r − 1) = Fn−1(r).

A characterization of admissible families Adm(R):

There is a bijection Adm(R) ∼= (R×R)N

(the set of all sequences with entries in R×R.)

F 7→ (Fn+2(0), Fn+2(1))n≥1 is a bijection.



Fix a commutative ring R. A family of functions
F = {Fn : Z → R}n≥0 is admissible if

1. F2(0) = 1 and F2(r) = 0 for all r ̸= 0.

2. For all n ≥ 1 and r ∈ Z,

Fn(r + 1)− Fn(r − 1) = Fn−1(r).

For an admissible family F = {Fn}n≥0, define FΓ,k : Zs → R by

FΓ,k(x) =

s∏

i=1

Fδi ((2Mx+ k −m− δ)i) ,

where δ is the degree vector of the plumbing graph, and (−)i
denotes the i-th component.



Fix a commutative ring R. A family of functions
F = {Fn : Z → R}n≥0 is admissible if

1. F2(0) = 1 and F2(r) = 0 for all r ̸= 0.

2. For all n ≥ 1 and r ∈ Z,

Fn(r + 1)− Fn(r − 1) = Fn−1(r).

For an admissible family F = {Fn}n≥0, define FΓ,k : Zs → R by

FΓ,k(x) =
s∏

i=1

Fδi ((2Mx+ k −m− δ)i) ,

Lemma: The graded root with vertex weights

FΓ,k(C) :=
∑

x∈L(C)

FΓ,k(x)

is an invariant of (Y, [k]).



Finally, a formulation of the new invariant:

For an admissible family F = {Fn}n≥0, define FΓ,k : Zs → R by

FΓ,k(x) =

s∏

i=1

Fδi ((2Mx+ k −m− δ)i) ,

To each x ∈ Zs assign a Laurent polynomial weight

FΓ,k(x)q
εk(x)t⟨x,u⟩

where εk(x) = ∆k + 2χk(x) + ⟨x, u⟩.

Here ∆k is an overall normalization used to eliminate dependence
on the choice of spinc representative and is similar in form to the
d-invariant from Heegaard Floer homology.



Finally, a formulation of the new invariant:

For an admissible family F = {Fn}n≥0, define FΓ,k : Zs → R by

FΓ,k(x) =

s∏

i=1

Fδi ((2Mx+ k −m− δ)i) ,

Theorem: The graded root with vertex weights

PF,k(C) =
∑

x∈L(C)

FΓ,k(x)q
εk(x)t⟨x,u⟩,

is an invariant of (Y, [k]).



Theorem: The graded root with vertex weights

PF,k(C) =
∑

x∈L(C)

FΓ,k(x)q
εk(x)t⟨x,u⟩,

is an invariant of (Y, [k]).

The above weights can be interpreted geometrically as follows.

For n ∈ Z, the coefficient of tn in Pk(C) is given by summing
FΓ,k(x)q

∆k+2χk(x)+n over all x ∈ Zs which lie on the intersection
of C with the hyperplane {y ∈ Rs | ⟨y, u⟩ = n}.



Theorem: The graded root with vertex weights

PF,k(C) =
∑

x∈L(C)

FΓ,k(x)q
εk(x)t⟨x,u⟩,

is an invariant of (Y, [k]).

The proof shows invariance under the Neumann moves:



Theorem 2. (Akhmechet-Johnson-K.)

▶ The sequence of Laurent polynomial weights stabilizes,

yielding a 2-variable series ̂̂ZY,s(q, t).

▶ The 2-variable series ̂̂ZY,s(q, t) is an invariant of the
3-manifold Y with a spinc structure s, and its specialization at
t = 1 equals ẐY,s(q).



A new feature: behavior under conjugation of spinc structures:

Theorem 3. (Akhmechet-Johnson-K.)

̂̂ZY,s(q, t) =
̂̂ZY,s(q, t

−1).

In contrast, both lattice cohomology and the Ẑ q-series are known
to be invariant under conjugation of the spinc structure.

In fact, in some examples conjugate spinc structures may be
distinguished by their weighted graded roots.



A new feature: behavior under conjugation of spinc structures:

Theorem 3. (Akhmechet-Johnson-K.)

̂̂ZY,s(q, t) =
̂̂ZY,s(q, t

−1).

In contrast, both lattice cohomology and the Ẑ q-series are known
to be invariant under conjugation of the spinc structure.

foundation of involutive Heegaard Floer homology, an extension of Heegaard Floer homology
due to Hendricks-Manolescu [HM17].

For Γ an almost rational plumbing, Dai-Manolescu show that the two involutions described
above are identified under the isomorphism given in Theorem 3.1 (see [DM19, Theorem 3.1]).
Furthermore, they show that the graded root is symmetric about the infinite stem and the
involution is the reflection about the infinite stem.

Example 8.3. Consider again the Brieskorn sphere Σ(2, 7, 15). Note, the plumbing given
in Figure 2 describing Σ(2, 7, 15) is almost rational. Also, since Σ(2, 7, 15) only has one
spinc structure, s0, it is self-conjugate by default. Hence, the corresponding graded root is
symmetric about the infinite stem and the involution is the reflection. However, as seen
in Figure 1, the weighted graded root is no longer symmetric and the involution does not
preserve all of the weights. There is a node at grading level 6 which has weight 1

2
q13/2,

whereas the node on the opposite side of the infinite stem has weight 0. The reason for this

symmetry breaking is a result of the failure of F̂Γ,k(−x−M−1k)qεk(−x−M−1k)t〈−x−M
−1k,u〉 to

equal F̂Γ,k(x)qεk(x)t〈x,u〉.

The following example shows that, unlike Ẑ and graded roots, the weighted graded root
can distinguish conjugate spinc structures. Moreover, it exhibits a new phenomenon different
from that in Corollary 8.2.

Example 8.4. Let Γ be the plumbing pictured below:

• ••

•

•

−1 −7−11

−10

−3

Order the vertices so that v1, v2, v3, v4, v5 correspond to the vertices with weights−1, −7,−10,
−11,−3. Let k = (−5, 5, 8, 9, 1). Consider the spinc structure [k] and its conjugate [−k].

Initial segments of the weighted graded roots (a result of a computer calculation) corre-
sponding to [k] and [−k] are pictured in Figure 7. As discussed in the beginning of this

section, the Ẑ invariant and graded roots are invariant under spinc conjugation. In this ex-
ample the weighted graded roots not only distinguish [k] and [−k], they do this by more than
just inversion of t in all the weights, compare with Corollary 8.2. (Note that the weights of
graded roots are well defined up to an overall normalization by a power of t.) For example,
the node at grading level 6722

769
for (R[k], χ[k], PF̂ ,[k]) is 0, while the corresponding node for

(R[−k], χ[−k], PF̂ ,[−k]) is 1
2
q

15009
1538 .

Note that ̂̂Z(q, t) is the limit of the Laurent polynomial weights, whose coefficients stabilize
in every bidegree according to Theorem 6.3. The weighted graded roots carry the unstable
information as well; this explains the discrepancy between this example and Corollary 8.2.
On a more detailed level, the reason for the discrepancy by more than just inversion of

t is due to the failure of F̂Γ,−k(−x)qε−k(−x)(t−1)〈−x,u〉 to equal F̂Γ,k(x)qεk(x)t〈x,u〉. Equation
(38) in the proof of Proposition 8.1, where k′ = −k + 2Mu, was sufficient for showing

26



P. Johnson: program for computing the weighted graded root



Summary

▶ A new connection between quantum topology and Floer
theory: the weighted graded root unifies lattice cohomology
and the Ẑ invariant.

▶ A 2-variable series ̂̂ZY,s(q, t) specializing to ẐY,s(q).

▶ A new feature: distinguishes conjugate spinc structure.

▶ Our construction is more general than Ẑ: a weighted graded
root is built for any choice of admissible functions
F = {Fn : Z → R}n≥0 where R is a commutative ring.



Open problems

▶ Categorification of quantum 3-manifolds invariants?

ẐY,a(q) =
∑

i,j

(−1)iqj rkHi,j
BPS(Y, a)

When Y = S3,
Ẑ0(q) = q−1/2(−2 + 2q)

The Poincaré series is conjectured to be

−2q−1/2
(
1+tq+(t+t2)q2+(t+2t2+t3)q3+(t+2t2+2t3+t4)q4+. . .

)



Open problems

▶ Categorification of quantum 3-manifolds invariants?

ẐY,a(q) =
∑

i,j

(−1)iqj rkHi,j
BPS(Y, a)

▶ Modular properties of ̂̂ZY,s(q, t)?

▶ Extension to a 2-variable series FK of Gukov-Manolescu for
knot complements and knot lattice homology?

▶ Other homology spheres? b1 > 0?


	

