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SPINELESS 5-MANIFOLDS AND THE DEFORMATION CONJECTURE

MICHAEL FREEDMAN, VYACHESLAV KRUSHKAL, AND TYE LIDMAN

Abstract. We construct a compact PL 5-manifold " (with boundary) which is homotopy

equivalent to the wedge of eleven 2-spheres, ∨
11
(2, which is “spineless”, meaning " is not

the regular neighborhood of any 2-complex PL embedded in " . We formulate a related

question about the existence of exotic smooth structures on 4-manifolds which is of interest

in relation to the deformation conjecture for 2-complexes, also known as the generalized

Andrews-Curtis conjecture.

1. Introduction

The purpose of this paper is to give an application of the existence of exotic smooth

structures on 4-manifolds to a question about spines in classical PL topology, and to

propose an approach to the deformation conjecture for 2-complexes (or equivalently, group

presentations). To state the results, we start by recalling some facts and questions about PL

manifolds and 2-complexes.

1.1. Spines. Since the discussion of spines mixes simplicial1 complexes and manifolds,

the most convenient category for our manifolds is PL. Our focus will be on 5-manifolds, a

dimension where every PL manifold has a unique smoothing (since PL/O is 6-connected),

so it is harmless for the reader to think in the smooth category.

If " is a PL manifold with boundary which admits a collapse to a complex  ⊂ int(")

then  is a spine of " . A “collapse” means a sequence of elementary collapses, see [Co73].

Equivalently,  ⊂ " is a spine of " if and only if " is a regular neighborhood of  .

We will only be concerned with the case dim( ) = : and dim(") = 2: + 1. With this

restriction in mind, we say a manifold with boundary "2:+1 is spineless if and only if there

is no spine  : ⊂ "2:+1. Contrariwise, we simply say "2:+1 has a spine if there exists a

:-dimensional spine2  ⊂ "2:+1. Our main result is the following theorem.

Theorem 1. There exists a 5-manifold " , (simple) homotopy equivalent to ∨
11
(2, which

does not have a spine.

1There is no loss of generality in assuming all cell complexes we encounter to be simplicial, and we make

this assumption in this subsection.

2Note all manifolds "= with boundary have a spine of dimension = − 1, by collapsing top simplices.

Finding lower dimensional spines takes more work.
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Remark 1.1. The notion of a spine considered here is the classical one used in PL topology.

A different meaning of the term “spine” has also been used in the literature, cf. [Ma75,

LL19], referring to a PL embedding ! ⊂ " which induces a homotopy equivalence. Note

that a homotopy equivalence  2 → "5 may be assumed to be a PL embedding by general

position.

Remark 1.2. The manifold " relies on the existence of an exotic #11((
2 × (2) with non-

vanishing Seiberg-Witten invariants, established by Baykur-Hamada in [BH23]. This will

be the boundary of " . Since they construct infinitely many in this TOP homeomorphism

class, one can obtain infinitely many homotopy equivalent spineless manifolds which are

not PL homeomorphic as their boundaries differ. In general, our arguments show that

any simply-connected 4-manifold with vanishing signature, non-vanishing Seiberg-Witten

invariants, and 1+ > 1 leads to a spineless 5-manifold. Hence, we could use earlier

constructions of exotica, such as those in [Pa02], or other examples from [BH23], to

produce spineless 5-manifolds with larger 12. We chose to focus on the #11((
2 × (2) from

[BH23] for concreteness since they are currently the smallest known spin examples.

Complementary to Theorem 1, we also establish the following result, concerning spines in

other dimensions, which is likely well-known.

Theorem 2. Let "2:+1 be a PL manifold simple homotopy equivalent to a :-complex  ,

then, if : ≠ 2, " has  as a spine.

1.2. Deformations of 2-complexes. Although in the previous subsection we thought of

our complexes as simplicial so as to discuss PL embeddings in PL manifolds, it is sometimes

more convenient in this subsection to think of CW 2-complexes to match group theory:

generators and relations. Since we will freely allow low dimensional deformations, 2-

complexes may be thought of as group presentations: collapse a maximal tree in the 1-

skeleton to see a wedge of circles with 2-cells attached. The Andrews-Curtis conjecture (see

[KK23] and references therein) is the most famous open problem about group presentations.

In geometric language it asks if the 2-complex associated with a balanced presentation of

the trivial group can always be 3-deformed to the empty presentation, i.e. a point.

A 3-deformation3 is, according to the usage in simple homotopy theory, a deformation

between (in our case) 2-complexes involving no expansion beyond 3-cells. Alternatively,

an expansion followed by a collapse of a 3-cell can be seen as sliding one 2-cell over other

2-cells. From this perspective, one derives:

Fact: If  1 3-deforms to  2 and (",  1) is a spine, then there exists a PL embedding of

 2 in " so that (",  2) is also a spine.

For 2-complexes in a 5-manifold there are no flatness issues so 0-, 1- and 2-cells may be

thickened to 5-dimensional 0-, 1- and 2-handles. Indeed, the local link models to flatten are

33-deformation can be defined group theoretically. See [KK23, Section 2] and references therein for a

precise definition.
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(1 PL
⊂ (4 (for interior points) and ([0, 1], {0, 1})

PL
⊂ (�4, m) (for boundary points). Both are

PL unknotted. Sliding a 2-handle over another 2-handle requires the ability to take parallel

copies of 2-handles and to connect these by disjoint bands. Once an isotopy is built, PL

ambient isotopy [Hu66] applies slide-by-slide to build an ambient isotopy taking # ( 1) to

# ( 2).

By the deformation conjecture we mean the generalization of the Andrews-Curtis con-

jecture, stating that any two simple homotopy equivalent 2-complexes are related by a

3-deformation. In Section 4 we pose a question about the existence of exotic smooth struc-

tures on certain bounding 4-manifolds, which is motivated by the proof of Theorem 1, and

is of interest in relation to the deformation conjecture. But first, in Sections 2 and 3 we

prove Theorem 1 and Theorem 2 respectively.

2. The 5-manifold "

It goes back to Wall [Wa64] that any two simply connected 4-manifolds with the same

homotopy type are (smoothly) ℎ-cobordant. We will use this fact, but in the PL category.

Let BH denote one of the exotic #11((
2 × (2) constructed by Baykur-Hamada in [BH23]

mentioned in the introduction. Let #
11
((2 × (2) denote the same manifold but with the

standard smooth structure. Further, let (, ; #
11
((2 × (2), BH) denote the ℎ-cobordism

between the two (it happens to be unique). Now define

"5 := (♮11(
2 × �3) ∪id on m ,.

Clearly, " is homotopy equivalent to ∨
11
(2 ≃ ♮

11
((2 × �3).

Theorem 3. The manifold " cannot be built using only 0-, 1-, and 2-handles.

By the discussion in Section 1.2, Theorem 3 implies Theorem 1 in the introduction.

To prove Theorem 3, since the BH manifolds are simply-connected with 1+ = 11 and have

non-vanishing Seiberg-Witten invariants, it suffices to establish the following proposition.

Proposition 2.1. Let - be a compact, connected, oriented smooth 5-manifold with 1+(m-) >

1. If - can be built from only 0-,1-, and 2-handles, then the Seiberg-Witten invariants of

m- vanish.

First, we need a standard lemma. Recall that given an embedded loop W in an oriented

4-manifold, , we can perform surgery by removing an (1 × �3 and regluing by a �2 × (2.

Denote the result by ,W . There are two framing choices here, but the arguments are

unaffected by this choice, so we suppress this from the notation. Note that �1(,W) is

isomorphic to �1(,)/〈W〉.

Lemma 2.2. Let # be a closed, oriented 4-manifold and W an embedded loop. Let #W denote

the result of surgery on W with some choice of framing. If W is non-trivial in �1(#;Q), then

12(#W) = 12(#). If W is rationally nullhomologous, then 12(#W) = 12(#) + 2. Finally,
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in the rationally nullhomologous case, #W has an embedded square zero sphere which is

non-zero in �2(#W;Q).

Note that there is a 5-dimensional 2-handle cobordism / : # → #W . The claimed essential

square zero 2-sphere is the belt sphere of the cobordism / . The proof of the lemma is an

exercise in homology calculations.

Proof of Proposition 2.1. The key input is that Fintushel-Stern proved a 4-manifold with

1+ > 1 and a rationally essential embedded square zero sphere has vanishing Seiberg-

Witten invariants [FS95, Lemma 5.1]. We will establish the existence of such a sphere.

Suppose - is built from one 0-handle, 6 1-handles, and = 2-handles. Then m- is described

by taking #6 ((
1 × (3) and surgering = loops, W1, . . . , W=, which are the attaching circles for

the 2-handles. If + is the result of surgering W1, . . . , W: , for some : , then �1(+ ;Q) is the

quotient of �1(#6(
1 × (3;Q) by the subspace spanned by W1, . . . , W: . After re-ordering,

there is a : such that W1, . . . , W: are linearly independent in �1(#6(
1×(3;Q) and their span

agrees with that of W1, . . . , W=. After surgering W1, . . . , W: , the images of W:+1, . . . , W= are

all rationally nullhomologous. Lemma 2.2 implies that surgery on the image curves, i.e.

m- , has 12 = 2(= − :). Because 1+(m-) > 1, it follows that W:+1 exists. The same lemma

now gives that m- contains an embedded square zero sphere which is rationally essential,

contradicting the result of Fintushel-Stern. �

3. Spines in other dimensions: proof of Theorem 2

Proof. For : = 1,  is a graph, so c
1
( ) is a free group. Repeated applications of Dehn’s

lemma/loop theorem (using the fact that any map from c
1
(m") to a free group has kernel)

shows that "3 compresses to a (fake) 3-cell. It is known that " must be a handlebody,

which evidently has  as a spine. The difficult detail that " cannot contain a fake 3-cell

and is thus a standard handlebody is due to Pereleman [Pe02, Pe03].

For : ≥ 3, we rely on the B-cobordism theorem. By general position assume the simple

homotopy equivalence  → " is an inclusion. Let # := # ( ) ⊂ int(") be the regular

neighborhood and � := " r # ( ) be the closed complement. By the Mayer-Vietoris

sequence for " = # ∪� and the fact that # ↩→ " is a homology isomorphism, conclude

that � is a homology product. In the case c
1
(") ≠ {1}, make this conclusion with

Z[c
1
(")] coefficients.

Crucially, when : ≥ 2 the codimension of  in " is ≥ 3, allowing us to show that � is an

ℎ-cobordism. For notation m
0
� := m# ( ) and m

1
� := m" . c

1
(m

1
�)

inc#
−→ c

1
(") must be

onto, for if not there will be kernel in the map

�0(m";Z[c1"]) → �0(";Z[c1"]).
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Furthermore, c
1
(m

0
�)

inc#
−→ c

1
(#) � c

1
(") is an injection, since any null-homotopy

ℎ : (�2, m) → (#, m
0
�) will be disjoint from  by general position and then can be pushed

back into m
0
� using the mapping cylinder structure on (# ( ),  ).

But since " collapses to  , it also collapses to # ( ). During the collapse the fundamental

group of the frontier stays constant so c
1
(m

0
�) and c

1
(m

1
�) have identical images in c

1
(").

It follows that all the inclusions below induce isomorphisms on c
1

c
1
(m

0
�)

c
1
(�) c

1
(") c

1
(#) c

1
( ),

c
1
(m

1
�)

�

� � �

�

making � an ℎ-cobordism. Finally, it follows from the additivity of the Whitehead torsion

that

0 = g(",  ) = g(#,  ) + g(", #)

showing g(", #) = g(�, m
0
�) = 0. Thus (�;�0, �1) is actually an B-cobordism.

When : = 2 we are in too low a dimension, 2: + 1 = 5, to apply the PL B-cobordism

theorem. However for : ≥ 3 we conclude that � is a PL product m
0
� × [0, 1] � �,

implying that  ↩→ " is a spine. �

The proof makes clear that the question of 2-spines for 5-manifolds is in the realm of low

dimensional topology. If we may digress to philosophy for a moment, bounded 5-manifolds

are inherently “low dimensional”. Here are two examples: the failure of a smooth or

PL 5-dimensional ℎ-cobordism theorem underlies the richness of smooth 4-manifolds.

Also, the existence of topological handlebody structures on bounded 5-manifolds was only

established in [FQ90] using the disk embedding theorem. But the low dimensional character

of bounded 5-manifolds is often overlooked: Kirby’s problem list [Ki97] references “spine”

30 times but always in relation to 3 or 4 dimensional manifolds.

4. Discussion

The proof of Theorem 3 relied on the fact that if the 5-manifold " had a handle decompo-

sition with all handles of indices ≤ 2, then #4
= m" would contain an embedded square

zero 2-sphere and thus the Seiberg-Witten invariants would vanish. On the other hand,

there are 4-manifold invariants, cf. [LLP23], which can distinguish homeomorphic smooth

4-manifolds containing square zero 2-spheres. However, we are not aware of instances of

this where the exotic pairs bound any 5-manifolds. With this in mind, we formulate the

following question, which in fact was the original motivation for this paper.

Question. Do there exist exotic pairs of 4-manifolds #1, #2 such that #8 = m"8, where

"1, "2 are simple-homotopy equivalent 5-manifolds admitting handle structures with all

handles of indices ≤ 2?
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By the discussion above, the condition above on the handle decompositions is equivalent to

the requirement that "1, "2 have 2-spines. The affirmative answer to the question would

give a counterexample to the deformation conjecture. Indeed, the deformation conjecture,

if true, would imply that 2-spines of"1, "2 are related by a 3-deformation, which translates

to a sequence of handle slides, showing that the boundaries #1, #2 are diffeomorphic.
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