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Abstract. The universal pairing for manifolds was defined and shown to lack posi-
tivity in dimension 4 in [FKN+]. We prove an analogous result for 2-complexes, and
show that the universal pairing does not detect the difference between simple homo-
topy equivalence and 3-deformations. The question of whether these two equivalence
relations are different for 2-complexes is the subject of the Andrews-Curtis conjecture.
We also discuss the universal pairing for higher-dimensional complexes and show that
it is not positive.
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1. Introduction

The universal pairing for manifolds was introduced in [FKN+]. For an oriented com-
pact (d− 1)-manifold S,MS is the vector space of formal C-linear combinations of ori-
ented d-manifolds with boundary equal to S. The universal pairing ⟨ , ⟩∶MS ×MS Ð→
M∅, is defined by gluing manifolds along their common boundary (reversing the orien-
tation and conjugating the coefficients of the second argument). The pairing is positive
if ⟨x,x⟩ = 0 implies x = 0 for all x ∈MS.

The pairing is positive in dimensions d ≤ 3 [CFW, FKN+]. In dimension 4 the
universal pairing is not positive. Given a cork (certain compact, smooth, contractible
4-manifold with boundary) M , with an involution τ on the boundary, let x =M −M ′.
Here M ′ is the same manifold, where the identification of the boundary with S = ∂M
is twisted by τ . Then ⟨x,x⟩ = 0, and for some corks x ≠ 0 ∈ MS. The structure of
corks arising in h-cobordisms of 4-manifolds was used in [FKN+] to show that unitary
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(3 + 1)-dimensional TQFTs cannot distinguish exotic smooth structures on simply-
connected 4-manifolds. A follow-up work [Re] showed, using different methods, that
more generally, semi-simple TQFTs cannot distinguish exotic smooth structures on
simply-connected 4-manifolds. Positivity in higher dimensions, d ≥ 5 was analyzed in
[KT].

The Andrews-Curtis conjecture concerns the difference between 2-complexes up to
simple homotopy equivalence and 2-complexes up to 3-deformations, where elementary
expansions and collapses are allowed with cells only up to dimension 3. This is a
formulation in terms of 2-complexes of the group-theoretic conjecture which is often
phrased using group presentations, cf. [HM1] and references therein. Note that in
dimensions n ≥ 3, two n-complexes are simple homotopy equivalent if and only if they
are related by an (n + 1)-deformation [W1].

There is a well-known observation, cf. [Q2], about the analogy between the “nilpo-
tent” stabilization property of exotic smooth structures on simply-connected 4-manifolds
and of the Andrews-Curtis conjecture. Given any two closed smooth simply-connected,
homeomorphic 4-manifolds M1,M2, manifolds M1#nS2 × S2 and M2#nS2 × S2 are dif-
feomorphic, for some n. Similarly, given two simple-homotopy equivalent 2-complexes
K1,K2, complexes K1 ∨n S2 and K2 ∨n S2 are 3-deformation equivalent, for some n.
We extend this analogy to universal pairings, by establishing a result similar to that of
[FKN+] for pairings of 2-complexes.

The framework for the universal pairings of 2-complexes is set up in Section 3. We
consider 2-complexes up to 3-deformations, that is, up to Andrews-Curtis equivalence.
The fact that the pairing is not positive is proved in Corollary 4.5. Our proof relies on a
general statement, established in Theorem 4.1, that given a pair L1, L2 of 2-complexes
with isomorphic fundamental groups and the same Euler characteristic, they are 3-
deformation equivalent to 2-complexes L′1, L

′
2 whose difference is a null vector for the

universal pairing.
We note that the universal pairing in the lower dimensional case, for graphs, is

positive. This was proved in [CFW, Theorem 6.6] using graph tensor TQFTs. However,
there are versions incorporating additional decorations and symmetries of graphs for
which the pairing is not positive [Cl].

To focus on simple homotopy equivalence, in Section 5 we define a version of the
universal pairing using an equivalence relation that is finer than 3-deformation. Theo-
rem 5.1 shows that this version of the universal pairing also cannot detect the potential
difference between simple homotopy equivalence and 3-deformations (or in other words,
a potential counterexample to the Andrews-Curtis conjecture). The proof relies on a
result of Quinn [Q1] that simple homotopy equivalent 2-complexes are related by 3-
deformations and an s-move. Thus, the s-move plays a role for 2-complexes which is
analogous to the role of corks for smooth 4-manifolds in the proof in [FKN+].
Finally, in Section 6 we consider the setting of higher dimensional complexes and

show that the universal pairing lacks positivity in this case as well.
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2. 2-complexes

All manifolds considered in this paper are compact and all CW complexes are assumed
to be finite.

We start with a brief discussion of group presentations and of the corresponding
equivalence relations on 2-complexes, referring the reader to [HM1] for more details.

Let Fg1,...,gm denote the free group generated by g1, . . . , gm. Given a group presentation

G ≅ ⟨g1 . . . , gm∣R1, . . . ,Rn⟩,

consider the following transformations:

(i) Rj ↦ wRjw−1, Rj ↦ R−1j , Rj ↦ RjRk or Rj ↦ RkRj where w ∈ Fg1,...,gm , j ≠ k.
(ii) Nielsen transformations on Fg1,...,gm : gi ↦ g−1i , gi ↦ gigj, gi ↦ gjgi, i ≠ j.
(iii) ⟨g1 . . . , gm∣R1, . . . ,Rn⟩↦ ⟨g1 . . . , gm, gm+1∣R1, . . . ,Rn, gm+1⟩ and its inverse,

(iv) ⟨g1 . . . , gm∣R1, . . . ,Rn⟩↦ ⟨g1 . . . , gm∣R1, . . . ,Rn,1⟩ and its inverse.

The entire collection of transformations (i)-(iv) is equivalent to Tietze moves. There-
fore two presentations give isomorphic groups if and only if they are related by trans-
formations (i)-(iv).

Consider the standard 2-complex associated with a presentation as above, with a sin-
gle 0-cell, m 1-cells corresponding to the generators gi and n 2-cells corresponding to the
relations Rj. The equivalence classes of group presentations with respect to transforma-
tions (i)-(iii) are in bijective correspondence with 3-deformation types of 2-complexes,
cf. [HM1, Theorem 2.4], where 3-deformations are compositions of elementary expan-
sions and collapses involving cells of dimension at most 3. (Some authors, for example
[Q1], refer to this equivalence relation as a 2-deformation. We follow the convention in
[HM1].) It follows from the Tietze theorem that two 2-complexes K,L have isomorphic
fundamental groups if and only if K∨kS2 is 3-deformation equivalent to L∨ℓS2 for some
k, ℓ. It is worth noting that the transformations (ii), (iii) correspond to 2-deformations.

Thus, there are several equivalence relations on compact 2-complexes K,L that are
of interest:

(1) Stable equivalence: K∨nS2 is homotopy equivalent to L∨nS2 for some n. By the
discussion above, this is equivalent to K ∨n S2 having the same 3-deformation
type as L ∨n S2 for some n, and also equivalent to π1(K) ≅ π1(L) and χ(K) =
χ(L).

(2) Homotopy equivalence.
(3) Simple homotopy equivalence.
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(4) 3-deformation: K,L are related by a sequence of elementary expansions and
collapses where the maximal dimension of cells is 3.

(5) Combinatorial isomorphism.

Remark 2.1.

(i) A more general form of stable equivalence: K ∨k S2 is homotopy equivalent to
L ∨ℓ S2 for some k, ℓ is equivalent to π1(K) ≅ π1(L). However it is natural to
impose χ(K) = χ(L) as well so that K,L are not trivially distinguished by the
Euler characteristic.

(ii) For simply-connected complexes, (1)⇔ (2)⇔ (3). Here the second equivalence
holds because the Whitehead group of the trivial group is trivial [Co, Tu].

(iii) (3) allows elementary expansions and collapses using cells of any dimension (in
fact, up to dimension 4 suffices). The elementary steps in a simple homotopy
equivalence may be reordered to be “self-indexed”, so that first all elementary
expansions take place in the order of increasing dimensions, and then the ele-
mentary collapses follow in the order of decreasing dimensions, cf. [HM1, (14)].

(iv) Any two simple homotopy equivalent complexes are related by a 3-deformation
followed by Quinn s-moves [Q1] followed by a 3-deformation, see also [Bo] and
Section 4 below.

(v) Instead of general 2-complexes, one can study special polyhedra [Ma].

These equivalence relations are related by (5) ⇒ (4) ⇒ (3) ⇒ (2) ⇒ (1). We will
now discuss the extent to which these arrows can be reversed.

(1) vs. (2). Examples of 2-complexes which are stably homotopy equivalent but not
homotopy equivalent are known to exist only for a limited range of fundamental groups
G. The following gives a summary of the known examples. Note that the first examples
were found independently by Dunwoody [Du] and Metzler [M1] in 1976.

● For finite groups, examples are known for certain abelian groups by Metzler
[M1] and Q28 the quaternion group of order 28 by Mannan-Popiel [MP].
● Lustig [L2] constructed infinitely many 2-complexes with the same π1, χ which
are pairwise homotopically distinct, over π1 = ⟨r, s, t ∣ s2 = t3, [r2, s], [r2, t]⟩.
● For the trefoil group T = ⟨x, y ∣ x2 = y3⟩, examples were constructed by Dun-
woody [Du], and this is extended to infinitely many examples by Harlander-
Jenson [HJ1] which are pairwise homotopically distinct. This was used by
Nicholson [N2] to construct examples with arbitrary deficiency below the max-
imal value over free products T ∗⋯ ∗ T .
● For the Klein bottle group K = ⟨x, y ∣ y−1xyx⟩, examples were constructed by
Mannan [M].

(2) vs. (3). Examples of 2-complexes which are homotopy equivalent but not simple
homotopy equivalent proved difficult to find. The question of whether such examples
existed appeared in C. T. C. Wall’s 1979 Problem’s List [W2, Problem D6], and it took
until the 1990s for examples to be found by W. Metzler and M. Lustig [L1, M2]. It is
worth noting that it also took until recently for homotopy equivalent but not simple
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homotopy equivalent closed topological 4-manifolds to be found [NNP], and examples
are not currently known for closed smooth 4-manifolds. One reason that finding such
examples is difficult is that, in order to show that a pair of homotopy equivalent CW-
complexes X and Y are not simple homotopy equivalent, it does not suffice to show that
a given homotopy equivalence f ∶X → Y is not simple. One needs to show that all such
f are not simple, and this can be done by considering the homotopy automorphisms of
X (or equivalently Y ) which can be hard to compute (see [NNP, p2]).

(3) vs. (4). The Andrews-Curtis conjecture claims that any such simple homotopy
equivalence may be implemented with expansions and collapses of cells of dimensions
at most 3, i.e. a 3-deformation, when π1 is trivial. Thus, the conjecture asks whether
(3) ⇔ (4). It is often considered in the case of trivial π1. Considerable effort has
gone into various approaches to the Andrews-Curtis conjecture. We refer the reader
to [BD, Q3] and references therein for approaches to the conjecture using ideas from
Topological Quantum Field Theory.

3. The universal pairing for 2-complexes

One may consider the universal pairing and the positivity problem for 2-complexes up
to each equivalence relation. To focus on topological aspects, and on the relation with
the Andrews-Curtis conjecture, we will consider the universal pairing for 2-complexes
up to 3-deformations.

Definition 3.1. For each n ∈ Z+ consider Kn, the set of equivalence classes of 2-
complexes with a subgraph in its 1-skeleton identified with ∨nS1. Here we consider
complexes up to 3-deformations, restricting to the identity on ∨nS1. The circle wedge
summands are ordered. Kn is a commutative monoid, where multiplication identifies
∨nS1 in the two factors. Given K ∈ Kn, we will refer to the specified subgraph ∨nS1 of
its 1-skeleton as the boundary of K.

Thus, Kn comes with a commutative associative multiplication

(1) ⋅ ∶ Kn ×Kn Ð→ Kn

given by taking the union of two 2-complexes along the common boundary ∨nS1. The
2-complex ∨nS1 without 2-cells is the unit element for multiplication. There is also the
forgetful map Kn Ð→ K0 and the composition

(2) ⟨ , ⟩ ∶ Kn ×Kn
⋅Ð→ Kn Ð→ K0.

Note that the group Aut(Fn) of automorphisms of the free group acts on Kn.
Fix a commutative ring k, and consider free k-module kKn with the basis Kn. Lin-

earizing the map (1) turns kKn into a commutative associative k-algebra, with the
multiplication

(3) ⋅ ∶ kKn × kKn Ð→ kKn,

and the pairing

(4) ⟨ , ⟩ ∶ kKn × kKn Ð→ kK0
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taking values in commutative k-algebra kK0. The product in the latter is given by the
disjoint union of complexes and extended by k-linearity.

The pairing (4) is the composition of the product (3) with the evaluation kKn Ð→ kK0

(forgetting the boundary graph), so we can write:

(5) x, y z→ x ⋅ y forget boundaryÐÐÐÐÐÐÐÐ→ ⟨x, y⟩.
The map (4) is similar to the universal pairing for manifolds. Note that the product

(3) is unavailable for manifolds; it is a feature present in the setting of CW or simplicial
complexes.

Remark 3.2. Associative commutative product (1) of 2-complexes (union, with the com-
mon boundary identified), explored in the present paper, results in a rigid structure
upon linearization. This sort of multiplication is only possible with singular structures,
such as simplicial or CW-complexes and graphs. It is not present in the categories
of cobordisms between manifolds, with few exceptions. Coupled to reflection positiv-
ity [FLS], this multiplication, in the case of graphs up to isomorphism rather than
2-complexes, leads to the state spaces associated to boundaries being commutative
semisimple algebras and to a classification of suitable graph evaluations via homomor-
phisms into weighted graphs [FLS].

Remark 3.3. A variation on the universal pairing due to Freedman et al. is known as
the universal construction of topological theories [BHMV, Kh2], which has found uses
in link homology [Kh1, RW] and in studies of topological theories [KKO], including
those with defects [IK].

4. The universal pairing, stable homotopy equivalence and
3-deformations

The following theorem may be viewed as an analogue for 2-complexes of [FKN+,
Theorem 4.1]. In this theorem we use the convention that a 2-complex K is considered
an element of Kn where n is the first Betti number of the 1-skeleton of K. That is, in
the context of Definition 3.1, the entire 1-skeleton K1 of K is identified with ∨nS1.

Recall the difference between the dot product ⋅ and the pairing ⟨ , ⟩, see (5).

Theorem 4.1. Let L1, L2 be 2-complexes such that π1(L1) ≅ π1(L2) and χ(L1) = χ(L2).
Then there exist n and L′1, L

′
2 ∈ Kn such that

(i) For i = 1,2, Li is 2-deformation equivalent to L′i.
(ii) x ∶= L′1 − L′2 ∈ kKn satisfies x ⋅ x = 0, so in particular x is a null vector for the

universal pairing: ⟨x,x⟩ = 0.
It follows that a unitary TQFT cannot distinguish between stable equivalence and

3-deformation of 2-complexes. Indeed, in a unitary TQFT, with k = C, the null-vector
property ⟨x,x⟩ = 0 implies x = 0. This corollary, in the setting of semi-simple TQFTs
over an algebraically closed field k, can also be established using methods analogous to
[Re].
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Proof of Theorem 4.1. We begin by making the following elementary observation, which
applies even in the case where χ(L1) ≠ χ(L2). A similar result is proven in [J1, Proposi-
tion 2.1] but with the complexes involved taken up to homotopy equivalence rather than
3-deformation equivalence. Our proof below follows the same argument with several
modifications made throughout.

Lemma 4.2. Let L1, L2 be 2-complexes with π1(L1) ≅ π1(L2). Then, for some n, there
exist 2-complexes with fixed ∨nS1 boundary L′1, L

′
2 ∈ Kn such that

(i) For i = 1,2, Li is 2-deformation equivalent to L′i.
(ii) There is a map f ∶L′1 → L′2 fixing their common boundary ∨nS1 = (L′1)1 = (L′2)1

and inducing an isomorphism on π1.

Proof of Lemma 4.2. Let G = π1(L1) ≅ π1(L2). By the comments in Section 2, we
can alter L1 and L2 by 2-deformations so that they each have a single 0-cell and so
correspond to group presentations for G. We will denote the presentations respectively
by

⟨x1, . . . , xa ∣R1, . . . ,Rb⟩ , ⟨y1, . . . , yc ∣S1, . . . , Sd⟩.
Next view each yi ∈ Fx1,...,xa . By applying the Tietze move (iii) followed by a sequence

of Tietze moves (ii), as defined in Section 2, we obtain a 2-deformation from L1 to

⟨x1, . . . , xa, xa+1 ∣R1, . . . ,Rb, xa+1y−11 ⟩.
By repeating these operations on L1 for y1, . . . , yc, and applying the analogous opera-
tions on L2 for x1, . . . , xa, we get that L1 and L2 are 3-deformation equivalent to

⟨x1, . . . , xa+c ∣R1, . . . ,Rb, xa+1y−11 , . . . , xa+cy−1c ⟩,
⟨y1, . . . , yc+a ∣S1, . . . , Sd, yc+1x−11 , . . . , yc+ax−1a ⟩

respectively, and we will denote those 2-complexes by L′1, L
′
2.

Let n = a+c. By construction, {x1, . . . , xa+c} and {y1, . . . , yc+a} are the same elements
of G up to permutations. Fix identifications of L1

1 and L1
2 with ∨nS1 such that each copy

of S1 corresponds to the same generator. Thus we have L′1, L
′
2 ∈ Kn. The identification

(L′1)1 → (L′2)1 is the identity on the defined boundaries ∨nS1 and, by inclusion, gives
a map g ∶ (L′1)1 → L′2. If ϕ ∶ S1 → (L′1)1 denotes the attaching map for a relator, then
g ○ϕ is nullhomotopic since the presentations both present G. Hence, by basic algebraic
topology, g extends to a map f ∶ L′1 → L′2. This restricts to the identification (L′1)1 →
(L′2)1 and, since the generators are mapped to generators, π1(f) is an isomorphism. □

The following allows us to compute ⋅ ∶ Kn ×Kn Ð→ Kn for the 2-complexes arising
from Lemma 4.2. If L ∈ Kn, then define L∨S2 ∈ Kn to be the 2-complex whose boundary
is identified with ∨nS1 via the identification L1 ≅ (L ∨ S2)1 induced by inclusion.

Lemma 4.3. Let L1, L2 ∈ Kn be 2-complexes such that there is a map f ∶L1 → L2 fixing
their common boundary ∨nS1 = L1

1 = L1
2 and inducing an isomorphism on π1. If l,m

denote the number of 2-cells of L1, L2 respectively, then

L1 ⋅L2 = L1 ∨m S2 = L2 ∨l S2 ∈ Kn.
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Proof of Lemma 4.3. It suffices to prove that L1 ⋅L2 = L1 ∨m S2 ∈ Kn.
Let G = π1(L1) ≅ π1(L2). By hypothesis, L1 and L2 correspond to presentations on

the same generating set for G. We will denote the presentations respectively by

⟨x1, . . . , xn ∣R1, . . . ,Rl⟩ , ⟨x1, . . . , xn ∣S1, . . . , Sm⟩.
Then L1 ⋅L2 corresponds to

⟨x1, . . . , xn ∣R1, . . . ,Rl, S1, . . . , Sm⟩.
Note that G ≅ Fx1,...,xn/N where N = N(R1, . . . ,Rl) denotes the normal closure of

relators R1, . . . ,Rl. Since each Si is trivial in G, we have that Si ∈ N and so

Si = (g−11 r1g1) . . . (g−1t rtgt) ∈ Fx1,...,xn

for some gi ∈ Fx1,...,xn and ri ∈ {R±11 , . . . ,R±1l }.
We now claim that, in the presentation for L1 ⋅ L2, we can replace each Si with the

trivial relator 1 by a sequence of 3-deformations which fix the 1-skeleton. Indeed, the
change Si ↦ (g−11 r1g1)−1Si is implemented by Tietze moves of type (i). Repeating this
for successive g−1j rjgj gives Si ↦ 1, showing that the presentation for L1 ⋅L2 is equivalent,
by 3-deformations fixing the 1-skeleton, to

⟨x1, . . . , xn ∣R1, . . . ,Rl,1, . . . ,1⟩
which corresponds to L1 ∨m S2. □

Now suppose that L1, L2 are 2-complexes such that π1(L1) ≅ π1(L2) and χ(L1) =
χ(L2). By Lemma 4.2, there exist L′1, L

′
2 ∈ Kn such that Li is 3-deformation equivalent

to L′i for each i = 1,2 and there is a map f ∶ L′1 → L′2 fixing their common boundary
and such that π1(f) is an isomorphism. Since χ(L1) = χ(L2) (and so χ(L′1) = χ(L′2)),
the number of 2-cells each of L′1, L

′
2 has is m = χ(L1) − 1 + n. By Lemma 4.3,

L′1 ⋅L′1 = L′1 ∨m S2 = L′1 ⋅L′2 = L′2 ⋅L′1 = L′2 ∨m S2 = L′2 ⋅L′2 ∈ Kn.

In particular, if x = L′1 −L′2, then
x ⋅ x = L′1 ⋅L′1 −L′1 ⋅L′2 −L′2 ⋅L′1 +L′2 ⋅L′2 = 0 ∈ kKn

as required. This completes the proof of Theorem 4.1. □

Remark 4.4.

(i) Combining Lemmas 4.2 and 4.3 also implies that, if L1, L2 are 2-complexes with
π1(L1) ≅ π1(L2) and l,m are their numbers of 2-cells respectively, then L1∨m S2

and L2 ∨l S2 are 3-deformation equivalent. This result, which follows from the
Tietze theorem, was mentioned in Section 2. The argument is essentially the
same as the classical one.

(ii) For our later applications, we apply Theorem 4.1 to pairs of 2-complexes L1 and
L2 with π1(L1) ≅ π1(L2) and χ(L1) = χ(L2) but which are not 3-deformation
equivalent. Such examples are described in Section 2. If the examples L1 and
L2 we use are not homotopy equivalent (as in the (1) vs. (2) examples of Section
2), then a slightly weaker version of Theorem 4.1 would suffice. Namely, the
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3-deformation equivalences in item (i) of the theorem need only be homotopy
equivalences. In this case, we can use [J1, Proposition 2.1] in place of Lemma
4.2 and thus obtain a simpler proof.

Corollary 4.5. For each n ≥ 3 there exist non-trivial elements x ∈ kKn such that
x ⋅ x = 0.

Proof. To deduce this corollary from Theorem 4.1, it suffices for each n ≥ 3 to exhibit
2-complexes L1 and L2 such that π1(L1) ≅ π1(L2) and χ(L1) = χ(L2) which are not
3-deformation equivalent, and so that the corresponding L′1, L

′
2 are elements of kKn.

In the hierarchy of equivalence relations of 2-complexes discussed in Section 2, such
examples should be equivalent by (1) but not (4).

By the discussion in Section 2, examples of L1 and L2 which are simply connected
would require a counterexample to the Andrews-Curtis conjecture. Examples in the
non-simply connected case are listed at the end of Section 2 and are of two types. They
could be stably homotopy equivalent but not homotopy equivalent (i.e. (1) but not
(2)), or homotopy equivalent but not simple homotopy equivalent (i.e. (2) but not (3)).

To be specific, consider n = 3 and the examples in [L2] showing that the standard
2-complexes Ki for the group presentations

Ki ∶= ⟨r, s, t ∣ s2 = t3, [r2, s2i+1] = [r2, t3i+1] = 1⟩,
i = 1,2, . . ., have isomorphic π1 and the same Euler characteristic, but are pairwise
homotopy inequivalent. For any i, j the maps Ki →Kj inducing an isomorphism on π1

are obtained by mapping ∨3S1 by the identity and extending to the 2-cells. (Lemma
4.2 in the proof of Theorem 4.1 was used to find maps fixing the boundary, and the
preceding sentence indicates that for these examples, the maps already satisfy this
property.) Therefore the 2-complexes Ki are all distinct elements in kK3, where ∨3S1

correspond to the generators r, s, t.
This concludes the proof of the corollary for n = 3; it follows for n > 3 by taking a

wedge sum of the 2-complexes involved in the construction with ∨n−3S1.
□

Remark 4.6.

(i) Corollary 4.5 constructs an infinite collection {Ki}i≥1 of elements in kKn. Let

kK′n ∶= kKn/ker(⟨, ⟩)
be the quotient of kKn by the kernel of the bilinear form (4). It is an interesting
question whether the elements Ki−Ki+1 are k-linearly independent in kK′n over
all i ≥ 1.

(ii) We point out that for any n there does not exist a non-zero x ∈ kKn such that
x ⋅ y = 0 ∈ kKn for all y ∈ kKn. This is due to the fact that kKn has a unit,
∨nS1. The question whether there exists a non-trivial x with ⟨x, y⟩ = 0 for any y,
analogous to the problem in the context of the universal pairing for 4-manifolds
[FKN+, Problem 2]), is open.
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5. Simple homotopy equivalent 2-complexes

Theorem 4.1 showed that the universal pairing does not detect the difference between
stable equivalence and 3-deformations for 2-complexes. To analyze simple homotopy
equivalence, in this section we define a version of the universal pairing using an equiv-
alence relation that is finer than 3-deformation.

Recall that elementary 2-expansions and collapses of 2-complexes correspond to Ti-
etze moves (ii), (iii) listed in Section 2. They change the identification of the boundary
of 2-complexes with ∨nS1 and thus affect the element represented by a 2-complex in
Kn. The definition of Kn involved 2-complexes up to 3-deformations fixing ∨nS1, that
is the moves on 2-complexes corresponding to the Tietze moves

(6) Rj ↦ wRjw
−1, Rj ↦ R−1j , Rj ↦ RjRk or Rj ↦ RkRj where w ∈ Fg1,...,gm , j ≠ k.

Consider a restricted version, where in addition to the first two moves in (6) we have

(7) Rj ↦ Rj ⋅∏
i

wi[R±1ki , hi]w−1i where wi, hi ∈ Fg1,...,gm , and ki ≠ j for each i.

In other words, only compositions of handle slides of Rj over Rk in (6) are allowed,
k ≠ j, where the total exponent of Rk is zero. Define K′n to be 2-complexes with 1-
skeleton identified with ∨nS1, modulo the first two moves in (6) and the moves (7).
This equivalence relation fits in between (4) and (5) in the list in Section 2.

As discussed below, Quinn [Q1] showed that a simple homotopy equivalence is a
composition of a 3-deformation, an s-move, and another 3-deformation. Schematically,

L1

2−exp
↗ L′1

3−exp
↗ L′′1

s−moves
L′′2

3−col
↘ L′2

2−col
↘ L2

Here n-exp, respectively n-col stands for n-expansion, respectively n-collapse. There-
fore the key question for the Andrews-Curtis conjecture is whether the s-move can
be expressed as a 3-deformation. The following result shows that even with the finer
equivalence relation defining K′n, the universal pairing cannot detect the difference.

Theorem 5.1. Let L1, L2 ∈ K′n be two 2-complexes related by an s-move. Then x ∶=
L1 −L2 ∈ kK′n satisfies x ⋅ x = 0, so in particular ⟨x,x⟩ = 0.

Proof of Theorem 5.1 We start by recalling the definition of the s-move defined by
Quinn [Q1, 2.1]. Consider the family of 2-complexes assembled of surfaces Σ = ∐iΣi

and annuli A =∐i,j Ai,j,B =∐i,j Bi,j. The data for this move is the following:

● Compact connected orientable surfaces Σi, 1 ≤ i ≤m, each one with two bound-
ary components denoted R =∐iRi, S =∐i Si.
● A symplectic basis of simple closed curves {ai,j, bi,j} on each surface Σi, 1 ≤ j ≤
genus(Σi).
● Annuli Ai,j,Bi,j with ∂Ai,j = ai,j∐Rk, ∂Bi,j = bi,j∐Sl for some k, l depending
on i, j.
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Definition 5.2. Two 2-complexes L1, L2 are related by a Quinn s-move if there exist a
2-complex K, surfaces Σ and annuli A,B as above, and a map f ∶Σ∪A∪B Ð→K with

L1 = K ⋃
f(R)

mD2, L2 = K ⋃
f(S)

mD2.

Note that homotopies of the attaching maps of 2-cells are 3-deformations, cf. [HM1,
Lemma 2.1] and the proof below, so R,S may be assumed to map to the 1-skeleton of
K. This is an implicit assumption in the above definition, so that mD2 are attached
to the 1-skeleton. On the other hand, the curves f(ai,j), f(bi,j) are not assumed to be
in the 1-skeleton.

The data for the s-move in the genus 1 case and m = 1 is illustrated in Figures 1,
2. (The boundary curves R,S of the surface are drawn as based curves. Generally, a
homotopy of the surface Σ into this position results in conjugation; this is not shown
in the figure.) A more elaborate example is given in [Q1].

R S

a

b

R S

A
B

Figure 1. The setting for a Quinn s-move in the smallest non-trivial
example: a connected, genus 1 surface Σ with boundary R ∪ S and a
symplectic basis of curves a, b. Right: the annulus A is attached to Σ
along the curves a,R and the annulus B is attached to Σ along b, S. The
union Σ ∪A ∪B is mapped to some 2-complex K.

DR DR

R S

a

DS DS

SR

b

Figure 2. Left: a null-homotopy for RS−1 in Σ ∪ A ∪DR is provided
by the surface Σ surgered along the disk A ∪ DR attached to a. (The
curve RS−1 is defined using the induced orientation on the boundary of
the surface Σ.) Right: a null-homotopy for RS−1 in Σ ∪B ∪DS is given
by Σ surgered along the disk B ∪DS attached to b.

It follows from the definition that 2-complexes related by an s-move are simple ho-
motopy equivalent. In fact, they are related by a 4-deformation, see [Q1, 2.4].

The following result is an analogue of Lemma 4.3 for K′n; its proof in this case is
quite different. In the lemma below, as in Theorem 5.1, the entire 1-skeleton of the
2-complexes is identified with ∨nS1.
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Lemma 5.3. Let L1, L2 ∈ K′n be 2-complexes related by an s-move. Then

L1 ⋅L1 = L1 ⋅L2 = L2 ⋅L2 ∈ K′n.
Proof of Lemma 5.3. We will show that L1 ⋅ L2 is equivalent to L1 ⋅ L1 with respect
to the moves (7). The equivalence with L2 ⋅ L2 will follow by a directly analogous
argument. In the notation of Definition 5.2, L1 ⋅L2 is obtained from K ⋅K by attaching
two collections of 2-cells: m disks attached to R, and m disks attached to S. Denote
these two collections of disks by DR,DS respectively.

The 2-complex L1 =K ∪DR is a subcomplex of L1 ⋅L2. Consider

f(Σ ∪A) ∪DR ⊂ K ∪DR ⊂ L1 ⋅L2.

The annuli A provide a free homotopy between the curves R and half a symplectic
basis of curves, a, in Σ. Thus the attaching curves S for DS can be transformed to the
attaching curves R for DR in K∪DR using moves (7). In other words, L1∪SDS = L1∪ (a
collection of disks attached along R) ∈ K′n. Note that L1 ⋅ L2 and L1 ⋅ L1 are obtained
from these two 2-complexes by adding the second copy of 2-cells of K. This concludes
the proof of Lemma 5.3 and of Theorem 5.1. □

Remark 5.4. The proof above was given in the context of 2-complexes; an equivalent
proof may be phrased using group presentations. In fact, an algebraic extension of the
s-move to derived series was established by Hog-Angeloni and Metzler [HM2]. Using
these methods, a version of Theorem 5.1 can be proved for a derived series analogue of
the relations (7).

6. The universal pairing for higher dimensional complexes

So far, we have considered the universal pairing for 2-complexes, but it can be defined
over complexes in arbitrary dimensions. The following generalizes Definition 3.1. In
this section, we will use n to denote the dimension of the complexes.

Definition 6.1. Let n ≥ 2 and let L be an (n − 1)-complex. Then define KL to be the
set of equivalence classes of n-complexes K with a subcomplex in the (n− 1)-skeleton of
K identified with L, considered up to (n+1)-deformations restricting to the identity on
L. Given K ∈ KL, we refer to L as the boundary of K.

As before, KL comes with a commutative associative multiplication

(8) ⋅ ∶ KL ×KL Ð→ KL

given by taking the union of two n-complexes along the common boundary L. The
n-complex L without n-cells is the unit element for multiplication.

For a commutative ring k, we obtain the multiplication map ⋅ ∶ kKL × kKL Ð→ kKL

and the bilinear pairing ⟨ , ⟩ ∶ kKL × kKL Ð→ kK∗, analogously to the case n = 2
discussed in Section 3.

One key difference in the case n ≥ 3 is that, as mentioned in the instruction, (n+ 1)-
deformation equivalence corresponds precisely to simple homotopy equivalence [W1].
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In particular, for n ≥ 3, KL is the set of m-complexes with boundary L up to simple
homotopy equivalences restricting to the identity on L.
The following result is the analogue of Corollary 4.5.

Theorem 6.2. For each n ≥ 3, there exists an (n − 1)-complex L and a non-trivial
element x ∈ kKL such that x ⋅ x = 0.

To achieve this, we will focus on a special class of n-complexes which are more
amenable to computations of this sort. Recall that, for a group G, a (G,n)-complex is
an n-complex X with the (n − 1)-type of the Eilenberg-Maclane space K(G,1). That
is, X is an n-complex such that π1(X) ≅ G and πi(X) = 0 for 2 ≤ i ≤ n− 1. Similarly to
the case of 2-complexes (see Section 2), we can ask when there exist (G,n)-complexes
L1 and L2 such that χ(L1) = χ(L2) but which are not homotopy equivalent. Examples
are known in the following cases.

● For finite groups and all n ≥ 3, examples are known for certain abelian groups
by Sieradski-Dyer [SD] and certain groups with periodic cohomology by Dyer
[Dy1] and Nicholson [N1].
● For infinite groups with finite cohomological dimension and all n ≥ 3, examples
were constructed by Harlander-Jenson [HJ2], and Nicholson [N2] constructed
examples with arbitrary Euler characteristic away from the optimal value.

From this point onwards, one could aim to generalize Lemmas 4.2 and 4.3 from 2-
complexes for (G,n)-complexes in order to obtain a result analogous to Theorem 4.1.
Instead, focusing on the proof of Theorem 6.2, we will demonstrate a simple approach
which works in a special case.

Theorem 6.3. Let n ≥ 3, let G be a finite group and let L1 and L2 be (G,n)-complexes

which are not homotopy equivalent but χ(L1) = χ(L2), L(n−1)1 = L(n−1)2 and L1, L2 have

at least two n-cells. Fix identifications L = L(n−1)1 = L(n−1)2 so that L1, L2 ∈ KL.
Then x ∶= L1 − L2 ∈ kKL satisfies x ⋅ x = 0, so in particular x is a null vector for the

universal pairing: ⟨x,x⟩ = 0.
The following shows that the hypothesis of Theorem 6.3 can be satisfied.

Lemma 6.4. For each n ≥ 3, there exist a finite group G and (G,n)-complexes L1 and

L2 which are not homotopy equivalent but χ(L1) = χ(L2), L(n−1)1 = L(n−1)2 and L1, L2

have at least two n-cells.

Proof of Lemma 6.4. This follows from the examples of Sieradski-Dyer [SD] in the case
where G is finite abelian. In fact, for a fixed finite group G, all (G,n)-complexes
constructed in the article have the same (n − 1)-skeleta and at least two n-cells [SD,
Proof of Proposition 6]. The existence of examples for each n ≥ 3 follows by substituting
values into [SD, Proposition 8]. Examples of Dyer [Dy1] and Nicholson [N1] also imply
Lemma 6.4 in the case of certain finite groups with periodic cohomology. □

We now turn to the proof of Theorem 6.3. The argument we give requires having
dimensions n ≥ 3 and so is fundamentally different to the proof of Theorem 4.1.
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We will make use of the following general fact, which applies for all n and G.

Lemma 6.5. Let n ≥ 2, let G be a group and let L1, L2 be (G,n)-complexes equipped

with identifications L = L(n−1)1 = L(n−1)2 so that L1, L2 ∈ KL. Then L1 ⋅ L2 is a (G,n)-
complex.

Proof of Lemma 6.5. Let K = L1 ⋅L2. Since K and L1 have the same (n − 1)-skeleton,
it follows that πi(K) = 0 for 2 ≤ i ≤ n − 2. Let K̃ denote the universal cover of
K. By the Hurewicz theorem and standard facts about homotopy groups, we have
πn−1(K) ≅ πn−1(K̃) ≅ Hn−1(K̃) and so it suffices to check that Hn−1(K̃) = 0. By

construction, the cellular chain complex C∗(K̃) has the form

Cn(L̃1)

⊕ Cn−1(L̃) ⋯ C1(L̃) C0(L̃)

Cn(L̃2)

∂
L1
n

∂n−1 ∂2 ∂1

∂
L2
n

where, for i = 1,2, the sequence (∂Li
n , ∂n−1,⋯, ∂1) corresponds to C∗(L̃i).

For i = 1,2, since Li is a (G,n)-complex, we have that Hn−1(L̃i) ≅ πn−1(Li) = 0 and
so im(∂Li

n ) = ker(∂n−1). It follows that im(∂L1
n ) = im(∂L2

n ) and so

im(∂L1
n , ∂L2

n ) = im(∂L1
n ) + im(∂L2

n ) = im(∂L1
n ) = ker(∂n−1)

which implies that Hn−1(K̃) = 0, as required. □

The following generalizes a result of [Dy2, Theorem 3] to the relative case.

Lemma 6.6. Let n ≥ 2, let G be a finite group and let L1, L2 be (G,n)-complexes with

identifications L = L(n−1)1 = L(n−1)2 and (−1)nχ(L1) = (−1)nχ(L2) ≥ 2 + (−1)nχ(L0) for
some (G,n)-complex L0. Then L1 and L2 are simple homotopy equivalent by a map
which restricts to the identity on L.

Proof. We start by establishing the result for homotopy equivalences. By [Dy2, The-

orem 3], L1 and L2 are homotopy equivalent. In particular, C∗(L̃1) and C∗(L̃2) are
chain homotopy equivalent. Since C∗≤n−1(L̃1) = C∗≤n−1(L̃2) = C∗(L̃), we can apply [J2,

Theorem 8.2] to get there exists a chain homotopy equivalence F ∶ C∗(L̃1) → C∗(L̃2)
which restricts to the identity on C∗(L̃). For (G,n)-complexes, all maps on cellular
chain complexes are geometrically realisable (see, for example, [Dy1]) and so there ex-
ists a map f ∶ L1 → L2 which restricts to the identity on L and is such that C∗(f) = F .
Since C∗(f) is a chain homotopy equivalence, f is a homotopy equivalence, as required.

Next, [Dy2, Theorem 2] implies that there exists a self homotopy equivalence g ∶
L2 → L2 such that τ(g) = τ(f) ∈Wh(π1(L2)), where τ denotes the Whitehead torsion
and Wh denotes the Whitehead group. By the same argument as above, [Dy2, Proof
of Theorem 2] implies that we can assume g restricts to the identity on L. If ḡ is the
homotopy inverse of f , then ḡ ○f ∶ L1 → L2 is a homotopy equivalence restricting to the
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identity on L and which is such that τ(ḡ ○ f) = 0 ∈Wh(π1(L2)), i.e. ḡ ○ f is a simple
homotopy equivalence. □

Proof of Theorem 6.3. Let m ≥ 2 denote the number of n-cells of L1. This is also the

number of n-cells of L2 since χ(L1) = χ(L2) and L
(n−1)
1 = L(n−1)2 . Let i, j ∈ {1,2}. By

Lemma 6.5, Li ⋅Lj is a (G,n)-complex. By construction, we have that

(−1)nχ(Li ⋅Lj) = (−1)nχ(Li) +#{n-cells of Lj}
= (−1)nχ(L1) +m ≥ (−1)nχ(L1) + 2.

Hence, by Lemma 6.6, L1 ⋅L2, L1 ⋅L2 and L2 ⋅L2 are each simple homotopy equivalent by
maps which fix the common (n − 1)-skeleton L. Since n ≥ 3, [W1, Theorem 1] implies
they are equivalent by (n + 1)-deformations fixing L. □

Combining Theorem 6.3 with Lemma 6.4 completes the proof of Theorem 6.2.

Remark 6.7. It would be interesting to see if a version of Theorem 6.3 holds without
the assumption that G is a finite group. However, the key obstacle to obtaining such a
generalization is that it is not currently clear whether [Dy2, Theorem 2] has an analogue
over arbitrary finitely presented groups.
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