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Let X be an input measurement and Y the output reading of a calibrated instrument, with Y(X) as the
calibration curve. Solving X (Y) projects an instrumental reading back onto the scale of measurements as
an object of pivotal interest. The arrays of instrumental readings are projected in this manner in practice,
yielding arrays of calibrated measurements, typically subject to errors of calibration. The effects of cal-
ibration errors on the properties of calibrated measurements are examined here under linear calibration.
Irregularities arise as induced dependencies, inflated variances, non-standard distributions, inconsistent
sample means, the underestimation of measurement variance, and other unintended consequences. On the
other hand, conventional properties are seen to remain largely in place in the use of selected regression
diagnostics and in one-way comparative experiments using calibrated data.

Keywords: linear calibration; induced dependencies; non-standard distributions; diagnostics; case studies

1. Introduction

Measurements enable the sciences and engineering, typically through calibrated instruments
subject to errors of calibration. Statistical issues in calibration were considered in [1-11]; for
example, all focused on the calibration of instruments per se rather than on their subsequent and
repeated usage. All are linked to error-induced irregularities in arrays of calibrated measurements,
but these have been largely overlooked in the archival literature. Our intent here is to bridge these
gaps for the case of classically calibrated data, as are often encountered in practice.

To fix ideas, instrumental readings {U, ..., Uy} during calibration are observed at measure-
ments {Xi,...,X,} without error, under the model U(X) namely {Ui=Bo+ B1Xi +e;1 <i<
m}, giving the least-squares calibration line U =B+ piX, together with the calibrated mea-
surement ¥ = X ) = U - ,30) / ,31 from a subsequent instrumental reading U. For example, in
calibrating a laboratory colorimeter for assessing phosphorus content, light transmittance (U;)
from its photocell relates linearly (Beer’s law) to input (X;) in known milligrams of phosphorus.
Subsequent colorimetric readings {Z,, . . ., Z,}, taken during the course of an experiment, then are
projected back onto the scale of phosphorus measurements as {Y; = (Z; — Bo) / ,31; 1<i<n}to
be analysed as the calibrated entities of note. Periodic checks against a standard then determine
when recalibration is required. Often referred to as classical calibration, this is the model of choice
here. In contrast, inverse calibration, as set forth in the above-cited references, is based on the
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unconventional model {X; = yy + y1U; + €;; 1 <i < m}, unconventional in that {X;; 1 < i < m}
continue to be taken as measured without error.

There is a long-standing but unresolved debate on the merits of classical versus inverse cali-
bration; see the aforementioned references. Our choice here is guided by its tractability, resting
on mathematical statistics in lieu of the simulation studies often employed in support of inverse
regression. Moreover, parametric and non-parametric procedures often require that sample data
{Y1,...,Y,} be uncorrelated or even independent. This clearly fails in calibrated data, regardless
of the method of calibration, owing to the propagation of calibration errors across the cali-
brated measurements. Here, we examine these and other irregularities attributable to errors of
calibration.

To place the current work in perspective, the following antecedents are germane. As noted
previously, [1-11] focused exclusively on the calibration of instruments per se rather than on the
consequences of their subsequent usage, as also found in a burgeoning literature in the field of
chemometrics. In contrast, subsequent effects of classical calibration errors were studied in [12],
where actual levels for one-sample confidence intervals were found to be always less than nominal
values, with further results regarding tolerance intervals. Moreover, findings in tandem with the
present study are reported in [13], but for the case of direct assays taking {X; = yo + 1 U; +
€;;1 < i < m} as a conventional model having chance variation in X; but with {U;; 1 <i < m}
as regressors determined without error. The focus there was on the effects of calibration errors
on subsequent statistical analyses, where mixing distributions are required to properly account
for stochastic variation attributable to calibration errors. This feature carries over to the present
study on subsequent effects of classical calibration errors, but with further technical complications
surrounding the use of negative moments. An outline follows.

Section 2 develops notation and other technical support, to include the required mixing distri-
butions of Equations (1) and (2). Section 3 reexamines the process of calibration, together with
irregularities attributable to errors of calibration. Section 4 traces the imprint of these irregu-
larities on various issues in statistical inference. These include inferences regarding the mean
and variance in a single sample, with mixing distributions as given in Equations (6) and (7) of
Theorem 3. Extensions include the near preservation of inferences for location and scale in com-
parative experiments, to include the analysis of one-way experiments as in Equations (11) and
(12) of Theorem 4. The choice of truncation point for slope, as in Remark 1, is based on the
correlation between X and U. Section 5 examines the ability of model diagnostics to uncover
violations incurred through classical calibration based on observations ¥ = X(U). Section 6 enu-
merates a variety of illustrative case studies, and Section 7 ends on summary conclusions and a
cautionary note. Some collateral details are referred to an appendix, to include critical features of
negative moments, their expansions, and properties. A comprehensive list of references is cited
encompassing supporting material.

2. Preliminaries

2.1. Notation

Designate IR" as the Euclidean n-space, R’} as its positive orthant, S,, as the real symmetric (n x n)
matrices, and S, and SV as their positive definite and positive semidefinite varieties. Arrays are set
inbold type, to include the transpose A’ and inverseA~! of A, the unitvector 1, = [1,...,1] € R",
the identity matrix I,,, a block-diagonal matrix Diag (A1, ...,Ax),and B, = (I, —n~'1, 1;). The
trace, determinant, and rank of A are tr (A), | A |, and r(A), respectively. The eigenvalues of A € S,
are designated as {ch;(A); 1 < i < n}. Operators E(Y) and V(Y designate the expectation vector
and dispersion matrix for ¥ € R”, with E(Y) and Var (Y) as the corresponding values on R'. Other
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moments, to include negative moments on R', are {u,(Z) = E(Z");r € {—2,—1, 1}} as moments
about zero and {u,(Z) = E(Z — ny)");r € {2,3,4}} as central moments. Specifically, let x| =
w_1(B), k2 = p_»(B), and ky; = Var (B~") = «, — k¥ in terms of an estimator 4. Expansions
and approximations to selected negative moments are given in Appendix 1.

2.2. Special distributions

Probability density and cumulative distribution functions are identified as pdf and cdf, with L(Y)
as the law of distribution of ¥ € R”. Distributions of note on R! include N, (i1, o'2) as the Gaussian
law with parameters (14, 02); N2 (ur, 07) as Ny (i, 0'?) restricted to [a, b]; and non-central versions
of Student’s #(v, A), chi-squared x2(v, 1), and Snedecor—Fisher F(v;, 5, 1) distributions, having
{v, v, 12} as degrees of freedom and non-centrality A. Specifically, g, (u; v, 1) and gr (u; vi, V2, A)
designate the densities corresponding to 2(v, A) and F (vy, va, A), respectively, and ch(v, A) is the
restriction of Xz(v, ) to the interval [c, d] in ]R}r.

Distributions on R" include N, (0, X) as the Gaussian law, and g, (x; 0, X) as its pdf, having
location—scale parameters (6, X). Gaussian mixtures include

[,(x;0,2,G)) = / N 2. (x;1710,177%)dG (1) ¢))

—0oQ
as translation—scale mixtures, with G (-) as a cdf on R, giving purely scale mixtures on R}r when

0 = 0. Distributions for quadratic forms emerge on letting £(U | w) be the scaled gamma density
go(usa, B/w) = (w/B)*u®"'e™"/# /T (), then compounding as

f(u;a’ 133 GZ) ==

a—1 00
ﬂffm) /O wie™/P dGy(w) )

with Go(w) as a cdf on RY.

2.3. Structured dispersion

Errors having non-scalar dispersion matrices often are encountered in practice. Their relevance
here is to examine the superposition of calibrative errors on such pre-existing structures. Accord-
ingly, let Eg(n) = {Zo(p); ¥ € I',} comprise the matrices Xo(y) = (I,, + 1,y + y1, — 71,1,)
inS;, suchthaty’ = [yi,...,y,]and ¥ = (¥ + - - - + y,)/n. Such matrices and their equivalents
were considered in [14] in connection with the analysis of variance; they comprise the within-
subject dispersion matrices preserving validity of F'-tests in the analysis of repeated measurements
[15,16], and they determine equivalence classes of Pitman [17] estimators for amean [18]. Related
work [19-21] found Grubbs’ [22] test for a single shifted outlier to be exact in level and power
under normality for all dispersion matrices in Ey(n). The form (D + 1,y + 71;) emerges in the
study [23] of Euclidean distance matrices, having applications in linear inference [24].

Designate by Z1(n) = {X(p) = [(1 — p),, + p1,1,]1; —(n — 1)~! < p < 1} the equicorrela-
tion matrices in S, together with the ensemble E(n) = {Z(y, ¢); (¥, ¢) € A,} in S, such that
X(y,¢) =, + 1,y +»y1, — ¢1,1,] is positive definite, where E¢(n) C E(n) since Xo(y) =
Y (y,y). Eigenvalues and conditions for positive definiteness are found on writing X(p, ¢) =
I, + A, (y,®) withA,(y,¢) = 1,¥' + y1, — $1,1,. Totheseends, let A, = {A,(y,¢) = 1,y +
y1, — ¢1,1)); (y,¢) € A}, and for each A, (y,¢), let 71 =  [A, (P, P =201 + -+ + ) —
ng =ny —¢)and o = (y; — ¥)> + - -+ + (y» — 7). Essential properties follow.
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LEMMA 1 Suppose that £(y,¢) = I, + A, (y, ¢) with A,(y,¢) = 1,y + y1, — 1,1, and let
E(n) comprise all such matrices in' S .

() Ify # 0, then A, (y, @) has rank r[A,,(y, )] = 2; otherwise r[A,(0,$)] = 1.
@Gi) If y # 0, then A,(y, @) is an indefinite matrix, with its positive and negative eigenvalues
given, respectively, by a; = [t + (112 +4n1)'?1/2 and a0, = [11 — (112 + 4n1)1/?1/2.
(iii) The ordered eigenvalues {&) > --- > &,} of X(p, @) are given by {§; = 1 + a1, =+ =
En—l = I,En =1 +O(n}~
(iv) X(p,¢) € E(n) ifand only if (y, d) € A, such that Ty > nty — 1, or equivalently2y — ¢ >
n—1/n.

Proof (i) Write A,(y,¢) = 1,(y — n1,)’ + (y — n1,)1, = 1,0’ + 01, with n = ¢/2 and 6 =
(y — nl,). For y # 0, this clearly has rank 2; otherwise, 4,(0, ) = ¢1,1/, has unit rank. With
y # 0, the leading terms of the characteristic polynomial P,(-) for A,(y, ¢) are P,(A,) = o" —
1" ' 4+ ¢, 2, where ¢y = tr [A,(y,$)] = 11 and ¢, is the sum of all (2 x 2) principal minors.
Further terms vanish since A, (y, ¢) has rank 2. A typical principal (2 x 2) submatrixis A, (i,j) =

e yity—c
Yityi—c 2yj—c

C)=— ij(yi — yj)2 =-n Z?:]Wi — )7)2 = —n71p from a standard formula. It follows that
P,(A,) = «"%(a?® — 10 — n1y), with roots as given in conclusion (ii). Conclusion (iii) follows
directly since {ch;(I, + A, (y,9)) = 1 + ch;(A,(y,®)); 1 < i < n}, and conclusion (iv) follows
from the requirement that 1 + o, = 1 + [1; — (t{ + 4n12)'/2]/2 > 0 in order that X(y, ) be
positive definite. |

] with ¢ = ¢ and its minor is |A,(i,j)| = —(y; — )/j)2 independently of ¢, so that

Conclusion (ii) and thus conclusion (iii) hold generally, whether y = 0 or not. Here, y = 0
implies 7, = 0, so that ; = 71 = n¢ and «, = 0, giving the well-known array {1 + n¢, 1,..., 1}
as eigenvalues of X£(0,¢) = (I, + ¢1,1)).

Further reproductive, annihilative, and preservative properties are associated with A, =
(A, (y.0); (v, 9) € Ay} Let G, ={G €S, : G =Ejee’ + 9,9, + - - - + £,q,49,} comprise the
matrices in S, having orthonormal eigenvectors {e,q,, . ..,q,} such that e = n~121,. For each
G € G,,letG| = §jee’ and G, = G — G,. Further partition y' = [y}, ...,y ] with{y; e R*;1 <
i<k} and ny+---+m =n; let L, =Diag(n;'1),...,n;'1,); and note that L1, = 1.
Essential properties follow.

LEMMA 2 Let A, = {A,(y,9); (¥, ¢) € A,}; consider G, = {G € S, : G = £ee’ + G,}; and let
L, = Diag (n'1) ,...,n '1}).

(i) For G = (G| + Gy) € G, G, has the annihilative property that G,1, = 0, so that G1,, =
(Gl + GZ)ln = Elee/ln = Elln and GZAH()’7 ¢)G2 =0.
(ii) A, is closed under G € G, acting by congruence, that is, GA,,(y, »)G = A, (w,«) € A, with
0 = &Gy and o = ¢p&} for each G € G,.
(iil) The structure ofA,(y,¢) € A, ispreservedunderA,(y, ) — L,A,(y, $)L, inthe sense that
L A,(y,9)L, = A (¥,¢) € A, withy' = [y1,...., ] and {y; = (yin + - - + Vin) /15 1 <
i <k}

Proof Conclusion (i) follows since G,1,, = (§24,95 + - - - + £,4,49,)1, = 0 from the orthonor-
mality of {e,q,,...,q,}, so that (G| + G)1, = §1ee’'l, = &1, and GLA,(y, $)G, = 0. To see
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conclusion (ii), write GA, (¥, ¢)G as

G,y +y1, - ¢1,1,)G = G1,y'G + Gy1,G — ¢G1,1,G
= Gllny/G + G}’I;Gl - (pGllnl;,Gl

=&1,Y'G + Gyl,& — ¢£[1,1),
=1,0' + wl, — 1,1

from conclusion (i), with @ = & Gy and o = @& as asserted. Conclusion (iii) follows directly
on noting that L' 1, = 1; and L,y = y € R, to complete our proof. |

3. Calibration

Here, we seek the properties of calibrated measurements X (Y) under classical assays based on
the calibration line Y (X). A first look reexamines calibration itself.

3.1. The calibration process

Con51der {U; = Bo + Bi1X; + € 1 < i < m} under Gauss—Markov assumptions with {Var (U;) =
oU, 1 <i<m}, giving (,30, ,31) as least-squares estimators, and collateral values S, =
S Ui —U)2, S =31 (X — X)(U; — U), and S, = Y1, (X; — X)2. Here, Var (Bo) = o
and Var (8)) = 02 = 67 /Sw. Gaussian calibration refers to {e,,. .., €} as iid N,(0,02) ran-
dom variables. Subsequent readings {Z,, .. ., Z,}, taken independently of {U, ..., Uy}, give the
calibrated measurements {Y; = (Z; — ,30) / ,31,1 < i < n},orequivalently ¥ = ,31 Zz - ,301,,) If
elements of Z' = [Z;, ..., Z,] have means n, =[u1, ..., 1,] and second moments V(Z) = X =
[0}], independently of (Bo, ,31), then conditional moments follow directly as

EY | B) =Bz — EBo | B, 3)
V(Y | A1) = B2 + Var (Bo | B1,1]. 4)

Expressions simplify if neither £ (ﬁo | ,3 1) nor Var (,30 | B 1) depends on ,3 1. This holds in Gaussian
calibration where {X|, ..., X,,} have been centred to {(X; — X), ..., (X,, — X)}, so that new out-
puts{Zy, ..., Z,} firstare proj ected onto the scale of measurements and then shifted by X units. For
this case, ,30 U; Var (,30) = Uo = JU/m Var (;‘31) =o0f = aU/Sm as before; and (,30,,31) are
now uncorrelated and, under Gaussian calibration, are independent. We take the initial calibration
to have been centred.

3.2. Truncation

Unconditional moments of {Y7,...,Y,}, as crafted, are undefined, owing to outcomes of ,3 | near
zero. However, a routine exclusion rule accepts a provisional calibration if Bl € [a, b] for fixed
a < b not spanning zero and recalibrates otherwise; see [1,6,8], for example. This effectively
truncates the distribution of B, guaranteeing in turn all moments of {Y1,. .., Y,}. Accordingly,
let Ij,;) be the indicator of the set [a,b] € R! not spannmg Zero, des1gnate ,BT = I, b]ﬁ 1 as the
resulting restricted estimator; and let By = E(/BT) and oT = Var (,BT) Clearly, Br € [a, b] and,
under Gaussian calibration, Var (,BT) = aT < ‘71 = Var (ﬂl) from a result reported in [25]. More-
over, the restriction ﬁ(ﬂT) = Na (Br, UT), together with L',(,Bl /01 ) = x2(1,8) with § = ﬂl /01 ,18
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tantamount to restricting (,3%/012) to [c,d], with ¢ = az/ol2 and d = bz/alz, to be designated as
L(B?/o} € [c,d]) = T?(1,8) in the parlance of Section 2.2. The following concept is germane.

DEFINITION 1 Let L(W) be the distribution of W € R having the density fi (-); let [a,b] be
an interval of truncation; let Wr = I, ,yW; and let LW | W € [a,b]) = L(Wr) designate the
distribution of W restricted to |a, b]. Then, coverage is defined as Cg = fu b fw () dt, so that the
density of Wr is fw, () = Cg_lfW(~) on |a,b].

Guidelines are sought in choosing points of truncation. Without loss of generality, we take
ﬁl > 0, correspondingly S,, > 0; otherwise reflect {Uy,...,U,} and {Z,,...,Z,} about zero;
and take [a, b] € ]Rl as points of truncation with a > 0. In practlce it often suffices to restrict /31
to [c,00) with ¢ > O Regarding the choice of ¢, we note that a typical calibration, if effective,
will have squared correlation over 90%. Moreover, the squared correlation R%x, vy 18 functionally

related to the OLS estimator f by the standard relationship

R2
X, 0) — :31 S

uu

In order to assure finite negative moments {u_ 1(/§T), M—Z(BT)}, as required subsequently, we
stipulate a working rule of thumb as follows, subject of course to user discretion.

Remark 1 (Rule of Thumb) Take the squared correlation to satisfy R(x vy > 5%. With {S.,, S.u.}
as given by the data, requiring that 5% < R(X’U) necessarily restricts Bi to the interval

[v/0.058,/Sxx, 00).

Remark 2 It can be seen in Section 6 that this choice on occasion yields coverage near unity, so
that £(B7) and L(B;) largely coincide.

3.3. Error analysis

If instead (B, B1) were known, then {Y; = (Z; — Bo)/B1; 1 < i < n} would be recovered without
errors of calibration, in which case E(Y;) = (u; — Bo)/B1 = uy(B1), Var (¥;) = Var (Z,-)//312 =
2(;3 1), and p(Y;,Y;) = p(Z;,Z;). This ‘ideal’ case serves as a reference against which recovery
under calibrative errors may be gauged From expressmn (4), the conditional correlation param-
eter becomes p(Y;, ¥ | ,31) = (o + 60)/[(0,, + oo)(ajj + 002)]1/2 independently of ,31 Even if
V(Z) = UZI,,, Where o;; = 0 for i # j, conditional correlations will have been induced through
calibration. Unconditional properties of {Y},...,Y,} follow through deconditioning, to include
negative moments k; = ,u,l(/éT), Ky = ,u,g(/éT), and xy; = Var (,3;1) of /§T, as follows.

THEOREM 1 Let {Y; = (Z; — BO) / BT;l <i<n} be the measurements inverse to outputs
{Zi,...,Z,} from a calibrated instrument obferved indepengently of {Uy, coe U,}, such tAhat
E(Z) = pyand V(Z) = X;andlet of = Var (By), 07 = Var (Br), k1 = u—1(Br), k2 = p_2(Br),
and k1, = Var (B; Y. Then, unconditional moments, to be designatedas E(Y) = py and V(Y) =
=, are given by

(1) my =«ki1(uz — Boly).
(i) E = k(T + 0o31,1) + k11 (pz — Bol)(y — Boly).
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(iii) Moreover, if L(Z) = N,(1z, X) independently of Gaussian calibrative errors, with BT as ,31
restricted to [a, b] in Ri, then the unconditional joint density of the elements of Y is the
translation—scale mixture

b
Lnyipy, E,Gy) = Cg_I/ gn(y; (1), E(1)) dG1 (1) &)

as in Equation (1), where pn(t) = t’l(uz —Boly), E@) =12+ agl,,l;), C, =
fab dG(t), and with mixing distribution G1(-) = N1(f1, 012).

Proof Conclusion (i) follows directly frorp Equation (3), and cqnclusion (iiA) from Equation (4),
on using Cov (¥;,Y)) = Eg [Cov (Y, Y; | Br)] + Covy [E(Y; | Br), E(Y; | Br)] for covariances
and similar}y for variancqs. Notir}g for fixed /§T that Y is a linear function of (Z, ,30), we see
that L(Y | Br) = N,,(y(Br), E(Br)) as in Equations (3) and (4). Expression (5) now follows on
mixing over the conditioning distribution. |

Further irregularities, beyond induced correlations, are now apparent. Conclusion (ii) asserts
that {Var (Y;) = k2 (0j; + 002) + k11 (i — Bo)?; 1 < i < n}. Even if the elements of {Z,,...,Z,)
are homoscedastic, such that V(Z) = azzl 1, it follows that the homogeneity of the unconditional
variances of {Y7, ..., ¥, } is tantamount to the homogeneity of their means. We next examine these
and other issues incurred in the analysis and interpretation of measurements classically calibrated
and subject to errors of calibration.

4. Topics in inference

Model irregularities, to include induced correlations and possible heteroscedasticity, violate the
tenets of conventional data analysis in estimation and hypothesis testing. We focus on normal-
theory inferences, lacking the independence often required by non-parametrics. We next specialize
earlier findings, as they apply in a single sample and in selected comparative experiments.

4.1. Single sample

The elements of Z =[Z,...,Z,]' now are taken to be uncorrelated and homogeneous in
mean and variance in keeping with conventional assumptions, that is, E(Z) = uz1, and
V(Z) = 021,. At issue are the properties of £(Y) and of (Y,S3,73,R) as the sample mean,
the sample variance, Student’s statistic 3 = n(Y — u3)?/S? with reference to two-sided alter-
natives, and R = [(¥Y; = Y),..., (Y, — Y)] = B,Y as the ordinary residuals. Conditional and
unconditional means are E(Y | ,éT) = ,3{](#2 — B, and E(Y) = k1 (uz — Bo)1,. Second
moments exhibit common correlations, namely V(Y | 3T) =E (BT) = ;§T_ 2(JZZ + 0’02)2(,0) with
p=o03/(c;+03) and V(Y) = E = ka(0 21, + 031,1,) + k11 (uz — Po)*1,1,, the latter with
po = [k208 + K11 (17 — Bo)21/[k2(02 + o) + k11 (17 — Bo)?]. Recall here that k1 = p_i(By),
Ky = /L_z(,él), and k1 = Var (Bfl) =Ky — /{12. The means and variances of {Y1,...,Y,}, both
conditionally and unconditionally, are homogeneous, but correlations may become large. Essential
moments and related properties are considered next; it is seen that S; may grossly underesti-
mate the actual measurement variance o and that induced dependencies preempt conventional
asymptotics for ¥, = (Y} 4+ --- + ¥;,)/n.

THEOREM 2 Let {Y; = (Z; — ,30) / ;éT; 1 <i<n} be the measurements inverse to outputs
{Zi,...,Z,} from a calibrated instrument observed independently of {Uy,...,U,}, such that
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E(Z) :_,u,zln and V(_Z) = GZZI,,, and consider the sample quantities (I?H,S)Z,,R), with R =
[(Y1 =Y),...,(Y, — Y)] as the ordinary residuals. Then,

(i) Y, is unbiased but inconsistent for estimating E(Y;) = k1(uz — Po)-
(>i1) E(S,z,) = KQO'ZZ = a,% — [K20'02 + k11 (z — Bo)?1, so that S,z, underestimates Var (Y;) = a%.
(i) {ER;) =051 <i <n}.

Proof The unbiasedness of Y, follows routinely, and its variance from

Var (n'1Y) = n 21, [k (071, + 0¢1,1) + k11 (z — Bo)* 1,111,

Y002 + 16008 + k11 (z — Bo)*

= n7
Since lim,,, o, Var (¥,) = [k205 + k11 (142 — Bo)*] > 0, its limit distribution is not degenerate at
Wy, so that the consistency of Y, does not hold in probability or in mean square or, almost surely,
in agreement with assertion (i). Conclusion (ii) follows on evaluating the expected value of the
quadratic form (n — 1)S7 = Y'B,Y as E[(n — 1)S7] = tt B,V(Y) + pyB,pty. The details are

E[(n — 1)S}] = tr Bulia (071, + 05 L, 1)) + k11 (z — Bo)* L, 1,1 + wyBupty

= (n — Diyo2,

where u} B, py = Kf(uz — ,30)21;3,,1” = 0, since B,, is idempotent of rank (n — 1) and B, 1,, =
0. Conclusion (iii) follows from E(R) = E(B,Y) = «;(iz — Bo)B,1, = 0, to complete our
proof. ]

The following consequences are noteworthy.

e Conclusion (i) preempts the usual expectation that lengths of (1 — o) confidence intervals for
wy will decrease at the rate O(n~'/?).
e Conclusion (i) asserts that S underestimates Var (Y;) = o2, with bias B = [k20¢ + «11(z —

Bo)?1.

To continue, unconditional moments of calibrated measurements are seen to depend on those of
the conditioning variable Br. It remains to examine the effects of calibration on unconditional
distributions, to include those of the sample statistics (l_/ , 82 tg,R). Under Gaussian calibration
without exclusion, we have E(;él) = N(B1, 012) and E(ﬁf/of) = x%(1,8) with 8 = ﬂlz/olz. With
exclusion, the mixing distributions in expressions (1) and (2) now are G](/§T) = N([; (ﬁr,a%),
whereas G, (ﬁ%; 8) is a version of Ff(l, ) found on restricting x2(1,8) to [c,d] in R}r. Details
follow.

THEOREM 3 Let {Y; = (Z; — ,30) / ,BT; 1 <i <n} be the calibrated measurements based on
{Zy,...,Z,} as iid N, (/,Lz,o’zz) random variables independent of (30’3T) under Gaussian
calibration, with /§T restrictedto [a,b]inRL, andlet§ = ,312/012. Consider statistics (Y, S%,, té,R),
where tg =n(Y — u?,)z/S%, and R =[(Y, = Y),...,(Y, — V)] consists of ordinary residuals.
Then, the following properties hold.

(i) L(Y) has the density fi(u; 1, 72(n), G) as in Equation (5) for distributions on R!, where
w= (uz — Bo) and t>(n) = n’l(crz2 + nog), with mixing distribution G,(t) = N,(B1, (712)
on R,
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(i) L(R) has the density

b
f2r:0,07B,,G)) = C;! / & (;0,120;B,) dG/ (1) (6)

a

as in Equation (5), with mixing distribution G{(t) = N1(B1,0 ) onR!.

>iii) L[(n — l)S 12/ ]has the density f (u; o, 2, Gp) = (u*~ l//3"‘1"(05))[ we /2 dG,(w) as
in Equation (2) witha = v/2 and v = (n — 1) and mixing distribution Gz(ﬂl ;8)as I'(1,08)
onR! such that ¢ = a* /o and d = b*/o}.

(iv) The unconditional density of t(% is the mixture

b
gu;v, A, Gy) = C;/ kgp (u; v, (1)) dG 1 (1) @)

with k = GZ/(UZ + nooz) v=((m-—1), non- centrallty At) =nl[(uz — Bo) — tuy] /(crZ
nao) and mixing distribution G|(t) = Ni(B1, 0§ 2y on R,

Proof Begin with L(Y | BT) = Nn[BT_l,uln,,BT (UZI +0021 1))] to determine directly that
LR BT) N,(0, B7%62B,), since B, is idempotent and B,1, =0 and that £(Y | fr) =
N (/ST 12 ,8T21:2(n)) where u = (uz — Bo) and t2(n) = n 1(02 + noo) The unconditional den-
sity of ¥ thus is f; (u; i, 72(n), Gy) on specializing Equation (5) from R” to R!, to give concluswn
(i) with mixing distribution as asserted. Conclusion (ii) follows similarly on mixing L(R | ﬂT)
over G (7). Since (n — 1)S2 = R'R, we infer that L(R'RB? o} | B?) = XZ(U 0) withv =n — 1,
so that £((n — 1)S? /ch | ,312) is a central chi-squared variate scaled by ,31 On identifying (n —
1)S202 /02 with U and (82 /o?) with w in developments leading to Equation (2), we thus estab-
lish conclusion (iii) on spec1allzmg from gamma to chi- squared dlstrlbutlons under the restriction
B2 € [a®, b*]in R, so that (B?/o}) is now restricted to [a® /o2, b? /o 2]. To continue, observe that

LI(Z - ,30 — IBTMy) | ,BT] N1 (uz — Bo — ﬁT;LY) n"(oz + nao)] Properly standardized, the
quantlty 2 =n[(Z — ,60 — ,BT M ) /S%][O‘Z / (O’Z + no 2)] conditionally has Student’s distribution
L | Br) = (v, A(Bp)) withv = (n — 1) and A(Br) = nl(uz — Bo) — BriY /(0 + nog). so
that tO = ?/k with k = 02 /(0} + noo) In particular, [,(tg | ,3T) = L(?/k | ,3T). It follows on
scaling and mixing that the unconditional density is Equation (7), to complete our proof. |

4.2. Effective calibration

Enough evidence is now in hand to support a qualitative assessment of classical calibrations based
on X (Y) from the linear calibration Y (X). Anomalies are seen to depend mainly on the parameters
Ky = [U_p (BT), k11 = Var (,3; 1, and |z — Bol. Lemma A.1 gives expansions approximating the
negative moments {k| = _| (BT), Ky = M—Z(BT)a k11 = Var (3;1)}, together with orders O(-) of
the approximations. The following consequences emerge from Section 4.1 and the aforementioned
expansions.

e The parameter iy = u_»(Br) & 1/B2 + 307 /B4 is increasing in o7 and decreasing in |Sr|, up
to the order of approximation.

e The quantity |z — Bo| pertains to centring of the calibrating values {Uy, ..., U,} relative to
subsequent readings {Z,...,Z,}. Here, |uz — Bo| becomes smaller, the more effectively are
{Uy,...,U,} centred near the mean uz of {Z,,...,7Z,}.

e Effective centring in turn diminishes the effects of extrapolating beyond the calibrating data.
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e The bias B = [K20’02 + k11 (z — Bo)?*] of S% for estimating a%, as in Theorem 2(ii), increases
(i) with increasing uncertainty (002, a%) in estimating the line of calibration, (ii) with increasing
|z — Bol, and (iii) with increasing {«7, k11}.

e On the other hand, the expectation E(Sy) = k202 may be compared with Var (Y;) = o7/87, as
the ideal variance to be attained under linear calibration with known (B, 81).

e The conditional correlation p = o} /(02 + o) increases with decreasing /0.

e The unconditional correlation

_ [k208 + k11 (pz — Bo)?]
[k2(02 + 08) + k11 (1tz — Bo)?]

Lo

increases (i) with increasing uncertainty in estimating fy, (ii) with increasing |uz — Bol, and
(iii) with increasing {«», k11 }, with other parameters held fixed.

e The conditional non-centrality parameter A(Ar) = nf2[uy(Br) — ud12/(03 + nol) is an
increasing function of | BT | and the discrepancy |/Ly(,éT) — ,u()),l, and it decreases with

increasing o7 and o with other parameters fixed, where py (Br) = (11z — o)/ Br-
e The expected value

n{B7luy (Br) — uyl + o7 (uy)*}
O'ZZ + naoz

EL(Br)] =

is an increasing function of | Br |, |uy(Br) — 19|, and o7, and it decreases with increasing o7
and 002 with other parameters fixed, where wy(8r) = (uz — Bo)/Br-

4.3. One-way experiments

Here, we model observations {Z,...,Z,} as from a one-way experiment in k samples of sizes
{n1,...,m}, with ny + - - - 4+ ng = n. Accordingly, partition Z' = [Z, ..., Z;], such that {Z} =
(Za,.. s Zin, ;1 <i < k},andsimilarly Y = [Y, ..., Y, with{Y; = [Yi1,..., Yi, I; 1 <i <k}.
We suppose that {E(Z) = w;; 1 <j < n},sothat py = [ui1,,..., 1, ] Itis known that the
normal-theory test for Hy : u; = --- = uy is exact under V(Z) = a)ZEo(y) as in Section 2.3.
From its block-partitioned form, we extract {V(Z;) = a)ZE(yi, y) = o n + 1oV + yilil[ —
y1, 1;’_); 1 <i <k}, where y' = [y],...,»;] has been partitioned conformably such that {y; =
[Vils ... vin,] € R"; 1 < i < k}. Note that the test remains exact despite heterogeneity of the vari-
ances {Var (Z;) = w2(2yij —v) 1 <j<n;,1 <i<k} within and among samples, attributable
to the structural parameters of X, (). We next proceed to examine the consequences of superim-
posing calibrative errors onto those structures in the analysis of one-way experiments, to include
conventional analysis of variance and comparisons among the sample means and variances.

Accordingly, take V(Z) = w*X(y) to model the ambient background experimental noise,
subject to external scale changes for each of the k designated samples. To model such changes,
pre- and post-multiply Xo(y) by Dor = Diag (wil,,, ..., wil, ) toget B, (@, ¥) = DuprXo(Y)Der,
which in partitioned form is

OiZ(,7)  wimAn ... ool
6026()1A21 w%Z(yz, ]7) e a)za)kAzk

®)

En(@,y) =

a)ka)lAkl a)ka)zAkg e w’l‘):(yk, )7)
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with {X(y;,v);1 < i < k} as before and with {4;; = 1, yj + yll’l_ — )71,1‘.1;/}. Specializing from
Equations (3) and (4) gives the conditional moments

E(Y | Br) = uy(Br) = Br' (my — Boln)
= B [y — B, ..., (ke — Bo)1,, 1, 9
V(Y | Br) = Z(Br) = B2 1En(@, p) + 031,11, (10)

together with L(Y | 3T) =N, (;Ly(,éT) E(BT)) under Gaussian errors. Unconditional moments
are E(Y) = k1[(u1 — Bo)1}, .. ... (e — Bo)1;, 1" and V(Y) = [ E (@, ¥) + 05 1,1,] + k1M,
where M = [M ;] = (n; — ﬂoln)(uz Boly) with My = (i — Bo) (i — Po)ls1,,

To examine the effects of calibration on sample quantities of note, consider transformations
such that 7, (Y) = Y = [V}, ..., ¥;]' comprise the k sample means; T»(Y) = R = [R],...,R,]
consists of the ordinary within-sample residuals, with {R; = B,,)Y;;1 <i <k} and B,, = (I,, —

_11 1 s and T5(Y) = [vlSlz,...,ka,f]’ are the residual sums of squares {v,Sl-2 =RR; =

YIB,IIY,,l <i <k}, with {v;=n —1;1 <i <k}. We require 6 = [y1,...,y:] as the means
of the partitioned elements of " = [y}, ..., y;] as in Section 2.3. Essential properties follow.
THEOREM 4 Consider calibrated measurements Y' = [Y',....,Y;] from Z' =1[Z),...,Z;]

such that E(Z) = py =1, ,..., w1, 1 and V(Z) = E,(®,y) as in Equation (8); let

=[p1,....,mkl’s and let Ty(Y) =[Y1,.... Y], T.(Y) =R=I[R},....R.], and T5(Y) =
[vle, e, ka,%]’, with{v; = n; — 1;1 < i < k}. Moreover, a Gaussian model asserts that L(Z) =
Ny(pz, E,(®,)) independently of (30, ﬁr) under Gaussian calibration.

1) (Afonditional and unconditional means of T\ (Y) = Y are given by E(Y | ,éT) = T(BT) =
Br'(m— Boly) and E(Y) = 7 = i (i — Boly).
(ii) Conditional dispersion parameters of Y are V(Y | ET) = El(BT) = ,3;2[3/((&), 0,n) +
lk o), where B (w,0,n) = w[D,f + A (0, ¥)1D,,, with D,, = Diag (w1, ...,w), Dy =
Dlag (n1,....m), and Ag(0,7) = 1,0+ 01, — y1,1;, where 0 =[yy,...,y] are the
means of the partitioned elements of y' = [y}, ..., ¥} ]. Unconditional dispersion parameters
are V(Y) = E| = o[ E(@,0,n) + o5 L]+ k11( — Boli) (i — Bolr)'.
(iii) Under Gaussian assumptions, the unconditional density of L(Y) is the translation—scale
mixture

b
fe(w; T, B1,Gy) = C;/ gk T(1), E1(1) dGy (1) an

with mixing distribution G{(t) = N,(B1, 012) onR! as in Equation (5), where T(t) =t~ (n —
Boly) and E(t) = 2 [Er(w,0,n) + 0021/(1}(] as in conclusion (ii).

(iv) Conditional and unconditional means of the residuals are E(R | ET) =0 = E(R). Dis-
persion pammeters are V(R | ,BT) = E2(BT) = /§;zDiag (a)%Bm, ... ,wlank), and V(R) =
E) = koDiag (w?B,,, ..., o B,,).

(v) Under Gaussian errors, the joint density of residuals R =[R),...,R;] is given by
12130, B2, Gy) as in Equation (5), with mixing distribution G| (t) = N, (B, 012) onR', where
Ey(t) = t °Diag (0?B,,,. .., B,).

(vi) Under Gaussian errors, the joint density of elements of [viSiof/wl, .. ka ol /X1 is
given by

Fav,...v G)—/dﬁ w2 dGyow) (12)
s Vs e ooy Vis 2) — . i=1g0 1,2’W 2
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with{v; =n; — 1;1 <i < k}and go(u;; o;, B/w) = (w/ﬁ)""‘uf”fle_wui/ﬁ/l"(a,-),havingmix-
ing distribution Gz(,éf;é) as I'(1,68) on IR_'F such that [c,d] = [a2/012,b2/c712], with § =
Bt/ot.

Proof Arguments follow step by step as in the proofs given in Section 4.1. While details
differ, proceed beginning with E(Y | ,37) from Equation (9) and V(Y | ,ér) from Equation
(10). Observe that ¥ = LY with L/ = Diag (nl—ll;” .....n;'1,) and that R = BY with B =
Diag (B,,,...,B,,). Starting with E, (@, y) = D12 (y)D,r from Equation (8), where X (y) =
I, +A,(y.7) =, + 1,y +y1, — y1,1)), we record the identities L D,y = D,L,,L/I,L, =
D,' = Diag (n;',...,n;"), with D, Dlag (@1, ..., o), and LnAn(y,y)L = A0, 7) as in

Lemma2(iii), with @ = [y}, ..., yi]" as the means of the partitioned elements of y’ = [y}, ..., y,].
It follows directly that E(Y | fr) = B7 'L, [(u11),..... w1, ) + Bola]l = By ' (m — Boli) with
=[1,..., ) and that E(Y) = /q(;L Boly) as stated in conclusion (i). Moreover, V(Y |

ﬂr) = E1(Br) = B *[Ex(@,0,n) + 031, 1;], where E(w,0,n) = L,E,(@, )L, = D,[D," +

A(0,7)ID,, with D, = Diag (ny,...,m), and Ax(6,y) = 1,0 + 6’1}< — y1,1;.. Unconditional
dispersion parametersare V(Y) = £ = [ Ex(w, 0,n) + o lkl}(] + k(e — Bolr) (e — Boly)',
to give conclusion (ii). Conclusion (iii) follows dlrectly as before and conclusion (iv) on
using V(R | Br) = B;°BV(Y)B = p;°Diag (w?l,,, . ..,o'T,,) since B, Z(y;,7)B,, = B, and
B, A iiBn, = 0 from the idempotency of {B,,, ..., B, } and the annihilations {B,,1,, = 0;1 <i <
k}. Conclusion (v) follows directly from conclusion (iv). Conclusion (iv) asserts under Gaussian
errors that {Ry, ..., Ry}, and thus {S?, ... ,S,f}, are conditionally independent given ,37. As in the
proof for Theorem 3(iv), the marginal density of £(v;:S?07/w? | Bi) is the scaled chi-squared den-
sity go(ui; v;/2,2w) as defined in (2), with w = (82/0'2). Their unconditional joint density now
follows on mixing as in Section 2.2, as asserted in conclusion (vi), to complete our proof. |

We turn next to comparisons among {S7,.. S2} Recall from Equation (10) that
(Var (Y; | r) = Br??Qyy — 7 + o)1 <j <n) and {Var (Yy) = kaaf Qyy — 7 +08) +
k(i — Bo)*; 1 <j <nm;),foreach{i = 1,2, ...,k}. These are heterogeneous within and among
samples by virtue of the structural parameters Eo (y), even when the external scalings {wy, . . ., wi}
are equal. However, Theorem 4(iv) establishes notonly that £(S?, ..., S,f) isindependent of Xy (p),
but that their scale parameters {w? /o?, . .., ok /o?} are equal if and only if {?, . . . , !} are homo-
geneous. To continue, let 74 (S, . . ., S?) be any scale-invariant statistic, thatis, 74(cS3, . . ., ¢S7) =
T4(S?,. .., S,%) for ¢ # 0. This is the substance of the following.

THEOREM 5 Let {S?,. .. ,S,f} be the within-sample variances from the calibrated measurements
{(Yi;1 <j<mn,1<i<k}in a one-way experiment; let T4(S?,. .. ,S,%) be any scale-invariant
statistic; and consider a Gaussian model with L(Z) = N, (1, E (@, y)) independently of (Bo, ,31)
under Gaussian calibration. Then, the distribution of Ty (S%, el S,f) is identical to its conventional
normal-theory form, as if {(Y; — p;)/0oi; 1 <j < n;,1 <i <k} wereiid N1(0, 1), independently

of (Bo. Br) and To(p).
Proof Gaussian errors and Theorem 4(iv) assert that E(,BTRI /D1, .. ﬂrRk/wk | ﬁr)

N,(0,B) with B = Diag (B,,,...,B,,), so that {(n; — l)SzﬂT/a)l,.. , (ng — I)S,%,Br/w’f} are
conditionally independent chi-squared variables, given Br. However, we have that

(sh sh\_. (s 8
4 a)z RS ] a)k — 14 wz»-'~3a)k
1 1 1 1
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by its scale invariance, so that [T} (52, ... ,S,f) | ﬁr] = L[T4(53,..., S,f)] unconditionally, inde-
pendently of (Bg, ,3T), and depending on E,(®, ) only through @ = [wy, ..., w;]’, to complete
our proof. |

Conventional comparisons among variances are necessarily scale invariant. Moreover, it

is seen that procedures based on {SZ,...,S,E} support tests for conditional hypotheses Hj, :

37_ za)f =...= 3; za)’f or, equivalently, Hy : w% = a)% =-...= w’l‘ against appropriate alterna-
tives. Theorem 5 applies for both null and non-null distributions of invariant test statistics. Tests

in common usage include the following:

Modifications of Bartlett’s [26] likelihood ratio test.

Cochran’s [27] test based on 2, /(ST + - - - + S7).

Hartley’s [28] F-max test based on the maximal ratio max{Si2 / sz}.

Gnanadesikan’s [29] simultaneous comparisons of treatment variances with a control.

In summary, in view of {Var (Y} | ,37) = ﬁT_za)iZ(Zyij -y + 002);1 <j <mn;}, it is seen that
conventional tests based on {S7, ..., S7} cannot discern heterogeneity among variances owing to
the structural parameters Xo(y), but only the external scalings {wy, . . . , @i} within the k samples.
Fortunately, it is seen next that the homogeneity of {a)f, ceey a)’l‘} is enough to validate the one-way
analysis of variance, irrespective of the structural parameters X((p) and additional complications
arising through classical calibration.

To examine the effects of calibration on the one-way analysis of variance, we suppose
that V(Z) = 0*Zo(p), so that V(Y | Br) = pr2w’[Zo(¥) + 031,11 = B2’ E(y,$) as in
Section 2.3, with¢p = y — 002/(1)2. Call this V(Y | ﬁT) =E (BT). We proceed to validate the anal-
ysis conditionally, given A7, where E(Y | A1) = A7 ' (m, — Bol,) with p, = (V758 V7S I |8
Recall thatI, = Ay + A + A, partitions Y'I,Y = Y'AqY + Y'AY + Y'A,Y suchthat YAy)Y =
n¥?, with Y as the grand mean and Ag = n~'1,1,; YA\ Y = Y~ n;(¥; — ¥)?; and Y'A,Y =
Zle Z]’?;I(Y,-j — Y;). Here, {Ag,A,A,} are idempotent matrices of ranks {1,k — 1,n — k} such
that {A;A; = 0;i # j} and thus {4;1, = 0;i = 1,2} since Ag = n“l,,lfl. In particular, we parti-
tion Y'(I, — Ag)Y as Y'B,Y = Y'A|Y + Y'A,Y. The validation of the Fisher—Cochran theorem
conditionally requires that {AiE(ﬁT)Aj = 0;i # j} with {i,j € {1, 2}}. Moreover, scale parame-
ters to be associated with the quadratic forms are found as {EizG =GE (3T)G; G € {A,A,,B,}};
their degrees of freedom are determined by ranks; and non-centrality parameters derive from the
expected mean squares. This programme of study is carried out next in support of the following.

THEOREM 6 Let {Y;; = B;I(Zij — Bo); 1 <j <n; 1 <i<k}bethe calibrated measurements in
a one-way experiment such that L(Z) = Nn(uz,wz):o(y)) independently of Gaussian errors

of calibration, where ., = [,ullnl, e, ukliu]’, so that My(ﬁr) =E | ,37) = ﬁT_' (ny — Boly)
and V(Y | Br) = E(Br) = B 0*T(y, ¢) with ¢ = 7 — o w?.

(1) To test the equality of elements k1[it1, ..., 1) of Ly = k1l 1:1] s ,u,kl;k]’, pertaining to
the group means of calibrated measurements, the analysis of variance test is identical in level
and power to its conventional normal-theory form where L(Y) = N,(Ly, 0)31 n)-

(i) Supporting tests, based on linear contrasts among the group means, are identical in level and
power to their normal-theory forms, as if L(Y) = N,(Ry, O')%I,,).

Proof Given the partition Y'B,Y = Y'A,Y + Y'A,Y, we proceed conditionally, given fBr, to
examine (i) consistency of their scale parameters, (ii) the conditional independence of Y’A Y and
Y'A,Y, and (iii) conditional expectations of {Y’AY,Y'A,Y,Y'B,Y}. Accordingly, scale param-
eters are found as {sizG = GE(,@T)G;G € {A,A,,B,}}, where GE(BT)G = ,3T_za)2G(In +
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Ly +y1,—¢1,1)G = 3;2a)2G since G is idempotent and G1, = 0 for G € {A|,A,,B,},
thus confirming that their scale parameters are equal, namely BT_ 2w?. The conditional indepen-
dence of {Y'A 1Y, Y'A,Y} follows since A1 E (Br)A> = B;szAl(In + 1,y +y1, —¢1,1)A; =
Br_zszlAz =0and A1, = 0 = A,1,. Conditional expectations of {Y’'A,Y,Y'A,Y,Y'B,Y} are
found as

{E(Y'GY | Br) = e GE(Br) + [y (Br)IGlry(Br));G € {A1,A2,B,}},

where tr GE (Br)G + [y (B Glry (Br)] = B0t G, + Ly + y1, — pL,1,) + B (my —
Bol,)'G(p, — Bol,) = B w?tr G + Bru,Guy since G1, = 0 and tr Gy, = 1,Gy’ = 0 for
G € {A|,A,, B,}. Moreover, the quadratic forms are those for the one-way analysis of {Z;;; 1 <j <
n;, 1 <i < k},namely p,A p; = Zle ni(wi — )%, with it = n~! Zle nipis kyAspy = 0;and
w,B,pu; = Zf:, n;(w; — ). Now, combine these facts into the conditional test statistic

Y'A\YBr/(k — Do?

F(Br) = .
O = A e/ (n— b2

13)

suchthat [F(Br) | fr] = F(k — 1,n — k, A(Br), withA(Br) = B> Yoiy mi(ui — i)/ Br o =
b mi(ui — 1)%/o?. 1t follows that LIF(Br) | fr] = F(k — 1,n — k, A(fr)) unconditionally,
with A = Y% mi(u; — )2 /w?, to establish conclusion (i). To continue, let C'Y be a collec-
tion of linear contrasts among the within-sample calibrated means, and let S3 = Y'A,Y /(n — k)
be the pooled within-sample variances. The test for conditional independence of (C'Y, S2) is
that C'L},E (Br)Az = 0, with L, = Diag (n; '1,,,...,n;'1, ). We directly evaluate C'L},(I, +
1L,y +y1, —¢1,1))A, =CL A, + C'l;y’A;, =0 since LA, = 0,14, =0, L1, = 1, and
C’'1; = 0 as linear contrasts, so that (C'Y, S%,) are conditionally independent given ,3T. It follows
that the standardized variables C'Y /Sy satisty p7'C'(Z — Boly)/B; 'S, = C'Z/Sz, with their
conditional and unconditional distributions being identical to their normal-theory forms when
LX) =N,(ny, 0,%1 1), to establish conclusion (ii) and thus complete our proof. |

5. Diagnostics

At issue is the capacity of available diagnostics to uncover the types of model violations induced
through calibration based on X (Y). If effective, then the routine use of these diagnostics in the past
would have alerted users to such anomalies. We now face these concerns with regard to induced
correlations and non-normality of calibrated data. This assessment is carried out in the context of
a single sample as in Section 4.1, where correlations may be attributed exclusively to calibration.

5.1. Detecting correlation

Correlations induced through calibration clearly may be excessive. Conventional tests for correla-
tion invoke matrices V(Y) = 12E(w) = t2(I, + wA), with A fixed and w such that Z(w) € S;.
Specializing gives 72 E (w) as X(p) under equicorrelation. Tests due to Durbin and Watson [30—
32], Anderson and Anderson [33], Theil [34], and others, utilize versions of von Neumann’s
[35] ratio U = R'BR/R'R, with R as the observed residuals and with B(n x n) fixed; see [36],
for example. Here, the unconditional distributions £(U) are all identical to their normal-theory
forms, as if R = B,Z with L(Z) = Nn(uzln,azzl,,), so that L(R) = N, (0, O’Zan). This is seen
from the proof for Theorem 3, where L(R | ,3T) = N, (0, BT_ 20223,,), together with the scale
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invariance of U = R'BR/R'R, assuring that L(R'BR/R'R | fr) = L(R'BR/R'R) uncondition-
ally. Accordingly, all such diagnostics for correlative dependencies are blind to the induced
correlation structures given in Section 4.1. In short, correlative dependencies induced through
classical calibration, however excessive, cannot be discerned through the use of conventional
diagnostics.

5.2. Detecting non-normality

Conventional diagnostics for normality include graphics and hypothesis tests. Graphics utilize
plots of ordered residuals against their normal-theory expectations, to include the scaled resid-
uals {R;/Sy; 1 < i < n}, or the Studentized residuals {W;R;/Sy;i = 1,2, ...,n}, standardized so
that Var (W;R;) = 03. See Sections 2.12 and 5.7 in [37], for example. However, in calibrated
data, these residual plots are indistinguishable from those for the conventional Gaussian model
N,(ul,,021,), whatever be the joint mixture density of type (1) for the calibrated measure-
ments {Y; = (Z; — Bo)/Br;1 <i < n}. This follows from the fact that L(R/(R'R)'/? | Br) =
LR/ (R'R)'/*) from scale invariance, having a scaled multivariate Student’s z-distribution with
v = n — 1 degrees of freedom, depending on neither Br nor o}

The regression tests of Shapiro and Wilk [38] utilize the statistic W = (Z;’:, w,-Y[,‘])2 /
(n— l)Slz,,where{Ym < Yy < --- < Yy} aretheordered valuesof {Y1, ..., Y, }and {wy, ..., w,}
are the fixed weights. These tests are powerful against a wide range of alternatives, especially
against skewed distributions or those having short or very long tails, even in small samples; see
[39], for example. Accordingly, these would appear to be promising for detecting non-standard
mixture distributions of type (2.1) for classically calibrated measurements. For the latter, we have

_ Qo wiY)? _ [ wiZy — Bo S wol?
(n—1)S} (n— 1S} '

(14)

However, since Y ;_, w; = 0 for the regression tests of [38], and since S%,é% = SZ, we infer that
w=[QL, wiZl?/(n — 1)SZ, so that L(W | BT) = L(W) holds unconditionally from cancel-
lation. Accordingly, these regression tests fail to distinguish between Gaussian distributions and
Gaussian mixtures of type (1) from classically calibrated data. On the other hand, these tests
do offer a clear check on normality of L(Z,,...,Z,), on which the mixtures (1) are predicated.
Variations on these regression tests were surveyed in [40], with none being able to distinguish
between Gaussian data and the mixtures (1) induced through calibration.

Hypothesis tests based on the central moment ratios {b; = m3/m3, by = my/m3}, where
m, =Y i (Y;— Y)’, are especially useful for distinguishing between Gaussian and skewed
distributions or against distributions having excessive or short tails [40]. These ratios, when
based on classically calibrated measurements {Y1, ..., Y,}, are precisely those obtainable from
{Z1,...,Z,}, so that their null distributions are identical to those under conventional assump-
tions where £(Y) = N, (11, 0%1,,), whatever be the actual joint mixture distribution of type (1)
stemming from calibration.

In short, conventional diagnostics for normality, as listed, cannot distinguish between Gaussian
errors and Gaussian mixtures of type (1). Thus, radical departures from conventional Gaussian
models, as induced through the use of calibrated instruments, cannot be discerned through routine
screening using any of the listed diagnostic tools.

In Section 5, we have reexamined the capacity for conventional diagnostics to detect the correla-
tions and non-normality induced through calibration. Even radical departures from conventional
assumptions cannot be discerned through routine screening using any of the listed diagnostic
tools.
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6. Numerical studies

Here, we examine the effects of calibration in two case studies. Case 1 couples octane number (U)
with percent purity (X) in gasoline. Since octane numbers are evaluated routinely in production, it
is expedient to use these quantities as surrogates to access percent purity through calibration. Case 2
typifies the universal calibration of laboratory and field instruments, specifically, the calibration
of a colorimeter in the determination of phosphorus. Here, the milligrams (X) of phosphorus were
measured directly on an analytical balance; an added reagent then developed a yellow solution;
and the transmittance (U) from the photocell of the colorimeter was observed for each specimen.
Linearity of the calibration is known from Beer’s law, stating that the intensity of the transmitted
light relates inversely to phosphorus concentration.

For a calibration {U; = By + B1X; +€;;1 <i < m}, we denote as before the OLS estima-
tors {,30, ,31} and their values {by, b} as computed from the data. Collateral values given in
Section 3.1 include S, = > 1" (U; — U)%, Su = Y 1y Xi(U; — U), and Sy, = Y 1o (X; — X)?,
with X = 0 as in Section 3.1. Moreover, S7, is the residual mean square and Ry ,, the squared
correlation between X and U. The data are reported in Table 1, and the summary statistics
{m, by, b1, 8%, Sxes Suws S /A/Sxxs R%X,U)} are listed out in Table 2 from the linear calibration.

Much less scatter appears in the phosphorus data of Case 2 than in the octane data of Case 1,
as is borne out in the scatter plots not shown and by the squared correlations given in the last
column of Table 2. By comparison, the estimated slope is considerably greater in the gasoline
data of Case 1, with estimated standard error of the slope as given by S5 = Sy/ /Sy = 0.1848;
in contrast, S5 = 0.003335 for Case 2. Both features influence the magnitudes of irregularities
in calibrated data, which we next examine numerically for the two case studies.

To continue, consider cut-off values [c, 00). Invoking the rule of thumb of Remark 1 with
{Sees Suus /§1} as given, for Case 1, the rule 5% < R%X ) restricts ﬁl € [0.3481, 00). For Case 2,

the restriction is ,31 € [0.01166, 00). These correspond to the interval [a, b] given in Sectlon 3.1
that defines the exclusion rule for L(,BT) = E(,Bl | /31 € [a, b)) for the restrlcted estimator ,BT

The estimates for the inverse moments {u_; (ﬂr), ,u_z(ﬂr)}, Var (,BT )} for the two case studies
are reported in Table 3. These are approximated using inverse moment estimators in expres-
sions from Lemma A.l, assuming Gaussian errors during calibration with 3 (,31) =0 and
u4(/§1) = 3[u2(/§1)]2, equivalently, with skewness y, (ﬁl) = 0 and kurtosis yz(,él) = 3. These
assumptions are shown to be justified for ,3T by computing the skewness and kurtosis for the
truncated distribution of ,ér. Table 3 reports these values, which were computed with Maple, to
be {0, 3.0000} for both Case 1 and Case 2.

Table 1. Percent purity (X) and octane number (U) of gasoline for Case 1 and milligrams phosphorus (X) and
transmittance (U) in calibrating a laboratory colorimeter for Case 2.

Case 1 99.8 99.7 99.6 99.5 99.4 99.3 99.2 99.1 99.0 98.9 98.8

87.6 87.4 87.2 87.4 87.2 86.8 86.5 86.3 86.4 86.6 86.1

X
U

Case2 X 0.00 2.28 4.56 6.84 9.12 1140 1368 1596 1824 2280 27.36
U 0.00 0.56 1.02 1.74 2.01 2.68 3.28 3.87 432 523 6.38

Table 2. Summary statistics for Case 1 and Case 2.

Case m bo by g Sx Suu Su/~/Sxx Ry 1) (%)
1 11 86.8636 1.4545 0.037580 1.10 2.6655 0.184800 87.3
2 11 2.8264 0.2330 0.008219 739.12 40.1875 0.003335 99.8
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Table 3. Estimates for inverse moments of ,37 from Lemma A.1 when ;1,3(/@7) =0 and
14(Br) = 3[u2(Br)]? and values for {y1(Br), v2(Br)}.

Case —1(Br) n—2(Br) Var (671 nBr) y2(Br)
1 0.6992 0.4974 0.008606 0 3.0000
2 4.2935 18.4376 0.003782 0 3.0000

Remark 3 This in part exemplifies Remark 2. For both Case 1 and Case 2, the coverage exceeds
0.9999. Using extended precision in Maple, the estimates 8; and Br differ in the ninth decimal
place for Case 1, as do their estimated standard deviations.

The estimates for u_ (,37) and ,u,g(ﬁT) are considerably greater for the phosphorus data than
for the octane data, reflecting the smaller slope of the former. Conversely, Var (ﬁT_ 1 is smaller in
the phosphorus data, no doubt reflecting the substantially smaller value for Sy /+/S...

Further computations take UZ2 = alz,, as estimated by S%, during calibration. Note, however,
that this equality might be contraindicated in the calibration of some biomedical instruments,
where {0} < 02} is often obtained [7]. The initial calibration is assumed to have been centred
with X = 0, so that 8y = U and Var (Bo) = o2 = o /m, as estimated by S /m. The variance of
{Y:; 1 <i < n},under O'Z = O'U and the additional assumption that {Uy, ..., U,}and {Z,,...,Z,}
have been centred such that E(U;) = E(Z;), is estimated by /czS (1 + 1/m) from Theorem 1 and
is given under o Z(6y) in Table 5.

To demonstrate the accuracy of the estimates for the inverse moments of BT fromLemmaA.l, we
used Maple software to compute the inverse moments {k, k2, Var (B; Y of ,37, having restricted
,3} to[c, 00) = [0.3481, co) for Case 1 and to [0 01166, co) for Case 2, as noted These ranges have
coverage over 0.9999; that is, for Case 2, Pr] [B1 € [c,00)] > 0.9999, with (B — b1)/(Sy//Sw) =
(B1 — 0.2330) /(0.003335) as an approximate standard normal distribution. Table 4 reports
the inverse moments for ﬁT € [c,00), as computed from E(ﬂr) =NX(ur,o ) as Ni(u,0?)
restricted to [c, co]. The inverse moment estimators given in Table 3 are in agreement (to the
accuracy of the data) with the inverse moments, using Maple, for the truncated distribution L’(,éT),
as shown in Table 4.

To study the unconditional moments for {Y; = (Z; — 30) / ﬁr; 1 <i < n}asinTheorem 1, itis
germane to examine the parameters common to {Yy, ..., Y,} as the bias 0 = |uz — By| is allowed
to vary. We treat four cases, namely 6 € [0y, 6;,6,,605] = [0,07/2,02,302/2], so as to adjust for
scale, with corresponding estimates as fractions of S7,. The estimates for the unconditional means
wy(6) = k16 and unconditional variances 02 (9) = k2(02 + o) + k110> common to (Y1, ..., ¥,},
derived using the inverse moment estimates {k, k2, k11} of ,3T given in Table 3, are reported in
Table 5 for each of the two case studies.

The unconditional mixture distribution for {Y; = (Z; — ,30) / ,37; 1 <i < n} from Equation (5)
can be computed using Maple The unconditional mixture distribution for Y uses as parameters
{uz = ﬂo, Z = UU = S% o 0 = SU/m 01 = 5?2 i7/Sxc}.] From the unconditional mixture distri-
bution, the estimates for the mean and variance of L(Y|0), with bias 6 = |uz — Byl, are

Table 4. Inverse moments of ﬁr for the distribution L(,B}) = Nfo(ﬂr,o%) restricted to

Bi € [c,00).
Case t—1(Br) 1—2(Br) Var (A7)
1 0.6992 0.4976 0.008606

4.2935 18.4376 0.003782
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Table 5. Estimates {uy(6;} for the unconditional moments of L£(Y) using the inverse moments
taken from Table 3 and estimates {E(Y|6;)} from Theorem 1, where 6 = |uz — Bo| takes values
6 € [60,61,62,63] = [0,02/2,02,302/2] and Sy is used for o7.

Case  uy(B)  E(Yl6o)  wpy()  EXI61) uy2)  EY|62) ny©3)  E(Y]63)

1 0 0 0.06776 0.06777 0.13550 0.13550 0.20330 0.20330
2 0 0 0.19460 0.19460 0.38920 0.38920 0.58390 0.58390

Table 6. Estimates {(r%(@i)} for the unconditional moments of £(Y) using the inverse moments taken
from Table 3 and estimates {Vy(6;) = Var (Y|6;} from Theorem 1, where 6 = |uz — Bo| takes values in
[60,01,62,63] =[O, 02/2, 022, 3022/2] and Sy replaces oz.

Case  o02(6h) Vy(60) o2 (61) Vy(61) 02 (62) Vy (62) 02 (63) Vy(63)

1 0.02039 0.02040 0.02254 0.02048 0.02900 0.02073 0.03975 0.02033
2 0.16530 0.16530 0.16630 0.16530 0.16910 0.16540 0.17380 0.16540

Table 7. Estimates for the skewness {y;(6;) = y1(Y16;)} and kurtosis {y2(6;) = y»(Y|6;)} parameters
for the unconditional mixture distribution £(Y | 6;) using Maple where 6 = |z — Bo| takes values
6 € [60,61,62,65]1 = [0,02/2,02,302/2].

Case 71(60) ¥2(60) 71(01) y2(01) 71(62) y2(02) y1(03) ¥2(03)
1 0.0000 3.2360 0.0531 3.2413 0.1056 3.2568 0.1571 3.2821
2 0.0000 3.0025 0.0006 3.0025 0.0012 3.0025 0.0018 3.0025

denoted as {E(Y|0), Vy(0) = Var (Y|6)} and are given in Tables 5 and 6 for 6 € [0y, 6,,6,,03] =
[0, 022/2, 022, 30’22/2].

The estimates {{ty(6;);i = 0, ..., 3} using the inverse moment estimates given in Table 3 are in
agreement (to the accuracy of the data) with the corresponding estimators {E(Y6,);i = 0,...,3},
computed using Maple and the unconditional mixture distribution for ¥ from Equation (5),
while the corresponding variance estimator (), using the inverse moment estimators given in
Table 3, show an overestimation compared with Var (Y |#) from the unconditional mixture distribu-
tion. The skewness {y (Y | 6;)} and kurtosis y» (Y | 6;) for the unconditional mixture distribution
L(Y | 6;) for Case 1 and Case 2 were computed using Maple for values 6 € [0y, 61,6;,05] =
[0,02/2,02,302/2] and are given in Table 7. These show an increase in both skewness and
kurtosis as the bias is increased.

Table 7 reports the skewness y;(Y|6;) and kurtosis y,(Y|6;) for the unconditional mixture
distribution £(Y | ;) from Theorem 1 using Maple, with bias 8 = |uz — By| taking values in
[60,61,65,605] = [0,02/2,02,302/2].

We next examine the underestimation of Var (Y;) by S,z, as shown in Theorem 2. To these ends,
we estimate E(S%,) = UZZM_Q(BT) using S%] in lieu of 022 and M—z(,ér) as estimated in Table 3.
These values are listed out in the second column of Table 8. Observe from Theorem 2 that the bias
may be written as B(0) = o2 u_»(Br) + 6> Var (Br), with 6 = |z — Bo| as before. The values for
the bias for 0 € [0y, 61,65, 03] = [0,02/2, 022, 3022 /2] are estimated as fractions of S2 as reported
in the succeeding columns of Table 8. In the parentheses, the fractional errors B(0) /03 (0) are
given, with denominators taken from Table 5. The values within the brackets in Table 8 are the
fractional errors B(6)/Var (Y|0) using the estimates for the denominator taken from Table 5 for
the unconditional mixture distribution £(Y|6) from Theorem 1 computed with Maple. When the
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Table 8. Estimates for E(S%) and its bias B(6) for estimating Var (Y|0) with 6 = |uz — Bo| taking values in

[60,01,02,65] = [0,62/2,02,302 /2] as estimated using S, for o2.

Study ozin-2(Pr) B(6) B(01) B(62) B(63)

Case 1 0.01870 0.001699 0.002020 0.002983 0.004588
(0.08333) (0.08962) (0.10290) (0.11540)
[0.08333] [0.09867] [0.14390] [0.21700]

Case 2 0.15150 0.01378 0.01378 0.01378 0.01378
(0.08333) (0.08286) (0.08147) (0.07926)
[0.08333] [0.08333] [0.08332] [0.08330]

Note: The fractional errors within the parentheses are B(0) /0}3 (6) and those in the brackets are B(6)/Var (Y|6) taken from Table 5.

bias 0 is zero, the fractional error is

B(0) K20'02 o?/m 1
— = - === —— = = 0.08333
0y0)  Kk(o*+0y) o +o*/m m+1

and similarly B(0)/Var (BT |60 = 0) = 1/(m + 1). The third column of Table 8 reports these values
for the fractional errors. This concludes our numerical studies.

7. Conclusions

Our findings bear variously on contemporary statistical practice. In statistical process control,
for example, evidence for a tightened process resides in the sample variance S2, often monitored
using an S2-chart. For calibrated data, underestimation of the actual variance by Sf, would tend
to present an overly optimistic view that the target variance had been achieved when, in fact, it
had not. In consequence, the average run lengths of such charts typically would be longer than
intended, even when the process is in control.

To continue, the means of the measured product characteristics are routinely monitored using
X-charts, which are tantamount to monitoring a succession of Student’s #-statistics. But our studies
on Theorem 3 show that these statistics are inflated in magnitude, so that the lower and upper
control limits for such charts will be exceeded more frequently than intended. In consequence,
the average run lengths would be smaller, perhaps much smaller, than intended even when the
process is in control. This fact alone could wreak havoc in the use of three-sigma or six-sigma
control limits.

In summary, the widespread and necessary use of calibration may have devastating effects,
even on elementary data-analytical procedures pertaining to location and scale parameters. It
is unfortunate that these difficulties cannot be flagged by the ever-expanding use of available
diagnostic tools. It is thus incumbent on knowledgeable users of statistical methodology, and the
statistical consultants advising them, to assess the extent of these difficulties as they might impact
the analysis and interpretation of a particular set of calibrated data.
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Appendix 1

We require various moments /¢, (-), to include negative moments. In particular, {t,(Z) = E(Z");r € [—2, —1, 1]} designate
moments about zero, whereas {i,(Z) = E(Z — u1)"; r € [2,3,4]} identify central moments. Approximations to selected
negative moments are undertaken in the following. We apply the delta method for the fourth-order (¢ = 4) Taylor series
approximation on the transformation g(¢) = 1/1.

LEMMA A.1  For a random sample of size n, let Z, € R! be a statistic with range [c,00) C (0,00) for some ¢ > 0
and with finite moments up to order 2(q + 1) = 10 such that E(|Z, — 1t |19 = O(n=). Then, the fourth-order (g=4)
approximations to j(t—1(Z,), t—2(Z,), and Var (Zn’l) are given by

1 w _
noa@y=—+ 2 B B 0w,

N R R

1 3 4 5
Hoa @) = — + 2 = T2 4 284 0,

wout oy w

2 Bua—pd 2 2 +ui 2
Var (Z;l) _ iﬁ _ L: + M4 _ 1253 + ;1,27,11,3 _ IJ'ZI'M8 U3 + M39M4 _ H«4 +0( ,3)
23] 1231 231 123 123 1251 IL]

Proof As the distribution Z,, has a range [c, 00) C (0, 00), the delta method for bounded functions with bounded deriva-
tives can be applied with the transformatlon g(t) = 1/t; for example, see [41,42]. We compute the fourth-degree (q =4)
Taylor series expansion for {Z~ ~2} with error bound, as shown in Equation (1) in [41] and in Equation (3) in [42],
to be

n’n

1
EZ) = —+ 55 - B By o,
L T

1 3 4 5
E(Z,Tz) ==+ # _ L; + ﬂ +Om 4Dy,
1 Ky M1 1

Expanding Var (Z, Y = u_2(Z,) — [1—1(Zy)]? yields the Taylor series estimate for Var “Z; b,

23 Bpa—p3 2 Qopg + 13 | 2 B
Var(z;hy =12 28 DRGSR M3+H39M4—f+0( w2y

uwt o ué w] u¥ w wl

where the bound O(n~“+2/2) ig given in Equation (2) in [41]. | |

Remark A.1  For developments leading to the case studies described in Section 6, identify n of Lemma A.1 with the
sample size m in determining the calibration line, and let B (m) = B, be its slope and o7, its standard deviation, with
ol = 02/Sn(n) depending on n. Then, the truncated distribution is that of Z, = ﬁT,n with L(ﬁr’n) = ﬁ(}él,nhél,n S

In —
[¢, 00)) and with the untruncated distribution £(B,,) = N1 (1, ‘712,,1) having finite moments for p > 1 as given by

p 2T+ 1/2)

Epra—pil) = ol —— = 0@, "),

To apply Lemma A.1 for Z, = /§T,,1, the requirement that E(|Z, — 11]'%) = O(n>) is verified as follows.

LEMMA A2 Let Z, = Pr such that L(Brn) = L(B1alBra € [c,00)), with L(B1n) = Ni(Br1.0},). Then, E(|Br. —
EBrml'®) = 0(n™).

Proof To continue, we assume that the data {X1,...,X,} have comparable variation such that Sy, (n)/n LY Q. with
{A1,A7} such that forall n,0 < A| < Sy, (n)/n < Az, equivalently, that 0 < o2/(nA;) < a/; =02/Sw(n) < 02/(nAr),
I.n

and in particular,
E(Bin— i) = O P/?).

The OLS estimator for the slope is a consistent estimator with \/ﬁ(ﬁl,n - B1) i N(0, 02 /QOxx). We have assumed that
¢ < f1. so the coverages Prlc < B1.,] = Prly/n(c — B1)/vV02/Ox < 1B — B1)/v52/Oxc] — 1. In particular, the
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coverages {C,(n)} are bounded away from zero with 0 < B < Pr[/§ 1.n € [c,00)]. For the truncated distribution, we have

~ 1 o0
B~ i) = oo [ =g,
8 c

IA

1 [ »
E/_oo It = Bilf;, (0 de

1 N
FEUBL = BN = om™").

By Holder’s inequality

IEBr.) — Bil = |EBrn — BI < (E(Bra — BIIPNP,

SO
\EGra) — Bil? < E(Bra — Bil) = 07>,

To apply Lemma A.1 to the truncated statistic ﬁr,n, the requirement that E(|Z, — 11 |10y = O(n=?) is verified through
the binomial expansion by

E(Brn — EBr)FP) = E(Bra — b1 + B1 — EBr.)IP)

=

(‘r’ ) (E(Brn — BUINUEBr.a) — B1IP™")

O(nfr/Z)O(nfp/ZJrrZ) — O(nfp/Z),

M~ 104

‘
Il
=}

to complete our proof. |



