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A characterization of quotient algebras of L(G)

By DONALD E. RAMIREZ{

University of Virginia
(Received 22 June 1968)

Let G be a locally compact Abelian group; I' the dual group of G'; Cy(T') the algebra
of continuous functions on I" which vanish at infinity ; C®(T") the continuous, bounded
functions on I'; M (G) the algebra of bounded Borel measures on G; L}(G) the algebra of
absolutely continuous measures; and M (G)" the algebra of Fourier-Stieltjes transforms.

Let E denote a compact subset of I', and let A(Z) be the set of all functions on E
which are restrictions to £ of functions belonging to L}(G)*. The norm in A(E) is the
quotient norm; i.e.

1l sy = inf{|gll xer:9€ LHG) and Q|E = f}.

For fe C(E), let

I£]l 5> = Sup{ fEfd/\':/\eM(E) and |AY, < 1}.
Let B(E) consist of those functions fe C(E) for which | f| p) is finite. Now

A(E)= B(E)< C(E) and |flow < Iflpw < flam» for feA(E).

THEOREM 1. B(E) is a commutative, semi-simple, self-adjoint Banach algebra with
unit under pornt-wise operations.

Proof. Katznelson and McGehee have noted that B(E)is a Banach space(3). Let
{f.} be a Cauchy sequence in B(E) and f its limit point in C(E). Let 0 + Ac M(E), then

[ (f—f,,>dA}< [ AL PR AU
E E

Let € > 0, and N be such that if n,m > N, then |f, —ful s < 3¢. Pick m > N such

that | f—fllca < €/(2|A|]). Thus ||f ~ £l < eforalln > N. Hence fis the limit point
of {f,} in B(E).
B(E) is an algebra since for A = 0,

[ 2 |72 oy, < U] LT L
P T V. S Vime T,

sug‘ 7gd/\’

< |flze LW
sup |[(y dA)"].
M B(E)"g”B(E)ZW—

= [lf| sl 5z
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548 DoxarLp E. RAMIREZ

Thus for f, ge B(E), ||fgl s < |f] swl9l 5. Similarly, B(E) is self-adjoint since for
A %0,

fro|_[f]_|f
Mo~ I TN

It is natural to ask when is A(E) = B(E) and when is B(E) = C(E). If B(E) = C(E),
then the closed graph theorem implies that E is a Helson set; i.e. 4(E) = C(E). Thus
B(E) = C(E) if and only if F is a Helson set. (This was pointed out to the author by
C.Dunkl.) If F is a compact subset of I' which is of uniform positive measure, then
A(E) = B(E) (see (7) for a stronger result). Katznelson and McGehee(3) have given
examples of compact sets such that A(E) + B(E) (see also (8)). In all examples known
to the author, A(X) is, however, a closed subspace of B(E) from which it follows that
the A(E) and B(E) norms are equivalent on A(E). For such E we characterize
A(E) in C(E). Our proof yields a characterization of the B(E)-closure of A(K) in
C(E).

We pair (A(E), M(E)) by {f, x> = fEfd,u. If {f, n) = 0,forallpe M(E),in particular

for point measures, then f = 0. If {f, x> = 0 for all f € A(E), then x = 0 since A(X)
is sup-norm dense in C(F). Let w denote the weak topology on M(E) from this

pairing; i.e. A, —> 0 in w if and only iff fda,—=> 0 for all f ¢ A(E). Finally, let
B} denote the set of y € M(E) such that || ,u:‘Tg"go <£n

TrrEoREM 2. Let A(E) be a closed subspace of B(E). For feC(E), the following are
equivalent:

(A) fe A(E).

(B) p— fE fdu s w-continuous on B,

Proof. We use a technique introduced in(s).
Now B is a convex circled set in M(F). It is w-bounded since

<] < 18 olf o

It is w-closed since the restrictions of the continuous characters to E are in A(E).

Let T denote the topology on A(E) of uniform convergence on the sets BZ. Qur
hypothesis asserts that 7' is the B()-norm topology.

The Grothendeick completeness theorem ((4), p. 149) yields the result since A(E) is
B(E)-norm closed. 1

If A(E)isnot a closed subspace of B(Z), then the above proof yields a characteriza-
tion of the B(E)-closure of A(¥) in C(E).

Let K be such that the set My(F), consisting of 4 € M(E) such that peCy(G), has the

property that for fe O(E) if f fap = Ofor all p e M(E), then f = 0. We call E a Tauber-
E

ian set. For example, if Z is of uniform positive measure, then ¥ is Tauberian.
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MaN THEOREM 3. Let E be a compact, Tauberian set. Then A(E) = B(E), and for
feC(E), the following are equivalent:

(A) feAE

(C) If,u,neM(E) (4% < 1, and ph —=> 0 pointwise on G, thenf fdu, — 0.

Proof. Letfe B(E). Consider the linear functional on My(Z)* defined by u* —>f fap.
E

Since fe B(%), the linear functional is sup-norm continuous and has an extension to
Cy(@). Thus there is Ae M (@) such that

[ gt~ war{ xau

for all e My(E). Since E is Tauberian, f = A*|E and hence fe A(E)
Assume (A). Thus there is g € LY(G) such that §|E = f. Thus for {x,,} asin (C), we have

that . . n
j fap, = f G, = f ddu, = f phdg—" 0
E E T G

by the Lebesgue dominated convergence theorem.
Assume (C). If A(E) is separable, then the w topology on B2 is metrizable and it

follows easily that u —>f fdu is w-continuous on Bj.
E

Since we are following our proof from ((5), p. 329), we just outline this proof.

Represent the continuous bounded functions on G, CB(G), as operators on Cy(G)
by Ty(9) = fg. fe OF(G), geCy(G). Let WO denote the weak operator topology on
CcE (G) via thls representation and SO the strong operator topology, (2). The SO topology
is Buck’s ‘strict’ topology, and it agrees with the compact-open topology on sup-
norm bounded sets, (1), p. 98). Viewing M (¥) as a subspace of CB(() via the Fourier-
Stieltjes transformation induces the WO and SO topologies on M(E). It suffices by

Theorem 2, to show that u — f fdu is w-continuous on Bj,.

Now p,—> 0 in w if and only if f fdu,—>> 0 for all fe A(E) if and only if
fE Ardp, —=> 0 for all Ae M(G) since E is compact. If follows that the weak topology
is equivalent to the WO-topology on B). Thus we show that x — fE fdu is WO-con-
tinuous on B%. Thisis equivalent to showing that x —>fE fdA is SO-continuous on Bj,

From (C) it follows that u - f Jfdu is SO-continuous on the sets
E
Cr = (AeMy(B): | A%, < n}
and hence WO-continuous on €}, and hence w-continuous on C;,. We extend x ——>f Jdp
E
from My(E) to M(E), ((4), p.- 49). The extended linear functional has the form

B> f gdu, g€ A(E), and is w-continuous on Bj,. Since & was chosen to be a Tauberian
E

set, f=g. |
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550 DoxaLp E. RAMIREZ

The technique used to characterize A(E) in C(¥) can be used to characterize other
linear spaces. Let M;(@) denote the discrete measures on G'. We may pair M;(G)* and

M(T") by {p*, A) = f u*dA. Let 7 denote the weak topology on M(I') from this pairing.

r
Let B, = {Ae M('):|A| € n}. Let AP(I") denote the algebra of continuous almost
periodic functions on I'.

THEOREM 4. Let G be a locally compact Abelian group. For fe CB(T) the following
are equivalent:
(A) fis almost periodic.

(B) A —>f fdA is T-continuous on B,,.
r
(©) If {1} < B, and X — 0 pointwise on G, then f fdr, — 0.
r
Proof. Now B,, is a convex circled set in M (T'). It is 7-bounded since

| | [t 23] < lal .
It is 7-closed since

sup | [ was pedtu@) o < 1} = A1

Let 7" denote the topology on M;(G)* of uniform convergence on the sets B,,. Since

sup{ f pwhaA
r
The Grothendieck completeness theorem yields that (A) is equivalent to (B) since

the sup-norm completion of My(G)" in CB(I') is AP(T").
That (B)isequivalent to (C) isimmediate. 1
The previous result is due to R. Edwards ((9), p. 254). His method is based on the
bipolar theorem. Finally, we give a simple proof of a known result on almost periodic
functions ((10), p. 449).

AeM(I), A < 1} = |#*|> T" is the sup-norm topology.

THEOREM 5. Let f be a continuous almost periodic function on the locally compact,
non-compact, Abelian group I'. Let K be a compact subset of I'. Then

sup {|f(z)|: x€ K} < sup{|f(x)|:x¢ K}.

Proof. Since I' is non-compact, we let IV denote the Bohr compactification of I'
((6), p. 30). Let §: I' > I'” denote the natural continuous isomorphism of I" into I'.
Since K is compact and £ is continuous, #(K) is also compact in T".

Suppose by way of contradiction that

o = sup{|f(w)|:ze K} > ¥ = sup{|f(@)|:x ¢ K},

Extend f to a continuous function, f’, on I'". Since f(K) is closed in I, |f'(y)| <y
for yeI"\ B(K). Thus K contains an open subset U of I'. It follows that g is a homeo-
morphism on U. Since £ is a homomorphism, £ is a homeomorphism on all of I". Thus
T is compact. This contradiction completes the proof. 1
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