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A characterization of quotient algebras of LX{G)

B Y DONALD E. RAMIREZj

University of Virginia

(Received 22 June 1968)

Let G be a locally compact Abelian group; F the dual group of 0; C0(T) the algebra
of continuous functions on F which vanish at infinity; CB(T) the continuous, bounded
functions on F; M (G) the algebra of bounded Borel measures on G\ ̂ (G) the algebra of
absolutely continuous measures; andJtf(6r)HhealgebraofFourier-Stieltjes transforms.

Let E denote a compact subset of F, and let A(E) be the set of all functions on E
which are restrictions to E of functions belonging to X1(G)A. The norm in A(E) is the
quotient norm; i.e.

Wf\UE) = ini{\\g\\Ll(G):geL^G) and g\E = / } .
For feC(E), let

\BUS) = sup fdA :AeM(E) and ||AA

Let B(E) consist of those functions/e C(E) for which ||/||BtE) is finite. Now
A tf?\ i— Tit1P\ r~ (~if1?\ nn/1 II 1̂1 <* II 1̂1 *-* || ̂ || -fXy fa A IT?\

^^\ / — \ ) — \ / cli-lvi / I Qtw) <z \\J \\ BiE) ^ \\J IL4(E)> J-"-»- J^'^\ ) '

THEOKBM 1. B(E) is a commutative, semi-simple, self-adjoint Banach algebra with
unit under point-wise operations.

Proof. Katznelson and McGehee have noted that B(E) is a Banach space (3). Let
{/«} De a Cauchy sequence in B(E) and/i ts limit point in C(E). Let 0 =f= AeM(E), then

»)dAIf (/-/„)dA < f (f-f
\JE JE

Let e > 0, and N be such that if n,m ^ JV, then \\fn —fm\\ B(E) < \e. Pick m > N such
that| | /-/m| | cCE) < e/(2||A||).Thus||/-/n||BtE) < eforalln ^ JV. Hence/is the limit point
of {fn} in B(E).

B(E) is an algebra since for A + 0,

f fgdA f fgdA
JE = JE

UgdAy
IIA1

11/11B(E)

sup
yeO

jygdA

\\B(E)-
yeG

HA
= \\J\\B(E)\\9\\BUS)-
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548 DONALD E. RAMIREZ

Thus for/, geB(E), \\fg\\B{JS) < ||/ |UE)IMI B(E)- Similarly, B(E) is self-adjoint since for
A + 0,

[fdX jfdA (fdl

war i

I t is natural to ask when is A(E) = B(E) and when is B{E) = C(E). If B(E) = C{E),
then the closed graph theorem implies that E is a Helson set; i.e. A(E) = C(E). Thus
B(E) = C(E) if and only if E is a Helson set. (This was pointed out to the author by
C. Dunkl.) If E is a compact subset of F which is of uniform positive measure, then
A(E) = B(E) (see (7) for a stronger result). Katznelson and McGehee(3) have given
examples of compact sets such that A(E) 4= B(E) (see also (8)). In all examples known
to the author, A{E) is, however, a closed subspace of B(E) from which it follows that
the A(E) and B(E) norms are equivalent on A(E). For such E we characterize
A(E) in C(E). Our proof yields a characterization of the .B(.E)-closure of A(E) in
C(E).

We-pa,iv(A(E),M(E))by(f,/iy = | fd/i. If </,/*> = 0, for a\\fieM(E), in particular
JE

for point measures, t hen / = 0. If </,/*> = 0 for all f eA(E), then fi = 0 since 4̂(1?)
is sup-norm dense in C(E). Let w denote the weak topology on M{E) from this

pairing; i.e. Aa — -̂> 0 in w; if and only if fdAx " > 0 for all / e -4(2?). Finally, let

.B* denote the set of /ieM(E) such that lfiA\\m =* n.

THEOREM 2. Let A(E) be a closed subspace of B(E). For feC(E), the following are
equivalent:

(A) feA(E).

(B) [i -> I fd/i is w-continuous on J5^.
JE

Proof. We use a technique introduced in(5).
Now .B* is a convex circled set in M(E). It is ̂ -bounded since

\<f,M>\ * MU\f\U>

I t is w-closed since the restrictions of the continuous characters to E are in A(E).
Let T denote the topology on A(E) of uniform convergence on the sets B^. Our

hypothesis asserts that T is the B(E)-novm. topology.
The Grothendeick completeness theorem ((4), p. 149) yields the result since A(E) is

-B(2?)-norm closed. I
If A(E) is not a closed subspace of B(E), then the above proof yields a characteriza-

tion of the jB(#)-closure of A{E) in C(E).
Let E be such that the set M0(E), consisting of /ieM(E) such thati«eC'0(G

t), has the

property that fovfeC(E) if I fd/i = 0 for ail/j,eM0{E), then/ = 0. We call E a Tauber-
J E

ian set. For example, if E is of uniform positive measure, then E is Tauberian.
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Quotient algebras of L\G) 549
MATJST THEOREM 3. Let E be a compact, Tauberian set. Then A(E) = B(E), and for

feC(E), the following are equivalent:
(A) feA(E).

(C) If /ineM(E), H/̂ lla, < 1, and/*A n > Opointwise on G, then fd/in — -̂> 0.
J E

Proof. LetfeB(E). Consider the linear functional on M0(E)A defined by /tA -> fd/i.
JE

Since feB(E), the linear functional is sup-norm continuous and has an extension to
C0(G). Thus there is AeM{G) such that

/#/* = /4AdA = AAd/i,
JE JG JE

for all /ieM0(E). Since i? is Tauberian,/ = AA|.E and hence/£^4(^7).
Assume (A). Thus there is g e LX{G) such that §\E = / . Thus for {/*„} as in (C), we have

that C C f C n
fd/tn = 0d/tB = gd/in = / ^ • 0

JE JE JT JG

by the Lebesgue dominated convergence theorem.
Assume (C). If A(E) is separable, then the w topology on B^ is metrizable and it

follows easily that JLI ->• I fdju, is w-continuous on B^.
JE

Since we are following our proof from ((5), p. 329), we just outline this proof.
Represent the continuous bounded functions on G, CB(G), as operators on C0(G)

by Tf(g) =fg, feCB(G), geC0(G). Let WO denote the weak operator topology on
CB(G) via this representation and SO the strong operator topology, (2). The$0 topology
is Buck's 'strict' topology, and it agrees with the compact-open topology on sup-
norm bounded sets, ((l), p. 98). Viewing M(E) as a subspace of GB(G) via the Fourier-
Stieltjes transformation induces the WO and SO topologies on M(E). I t suffices by

Theorem 2, to show that ju, -> fd/i is w-continuous on _BA.
J E

Now fia——> 0 in w if and only if fd/ia—^-> 0 for all feA(E) if and only if
J E

A"dju,a——»• 0 for all A e M(G) since E is compact. If follows that the weak topology
J E

is equivalent to the TTO-topology on B^. Thus we show that /i -> I fdju, is WO-con-
JE

tinuous on i?A. This is equivalent to showing that /i -> fdA is #6>-continuous on .BA.
JE

From (C) it follows that fi ->• fd/u, is #0-continuous on the sets
JE

and hence TFO-continuous on CA and hence w-continuous on CA. We extend /% -* fd/i
J E

from M0(E) to M(E), ((4), p. 49). The extended linear functional has the form

H -> I gd/i, geA(E), and is w-continuous on BK
n. Since E was chosen to be a Tauberian

JE
set,f = g. I

available at https:/www.cambridge.org/core/terms. https://doi.org/10.1017/S030500410004531X
Downloaded from https:/www.cambridge.org/core. University of Virginia Libraries, on 08 May 2017 at 14:43:40, subject to the Cambridge Core terms of use,

https:/www.cambridge.org/core/terms
https://doi.org/10.1017/S030500410004531X
https:/www.cambridge.org/core


550 DONALD E. RAMIREZ

The technique used to characterize A(E) in C(E) can be used to characterize other
linear spaces. Let Md(G) denote the discrete measures on G. We may pair Md{Gf and

M(F) by (ji", A) = /i*d\. Let T denote the weak topology on M{T) from this pairing.
Jv

Let Bn = {Aeif(F):||A|| ^ n). Let AP(T) denote the algebra of continuous almost
periodic functions on F.

THEOREM 4. Let G be a locally compact Abelian group. For feCB(T) the following
are equivalent:

(A) f is almost periodic.

(B) A ->• /dA is 7-continuous on Bn.
Jr

(C) / / {Aa} <= i?n and A* — Û- 0 pointwise on G, then fdXa — ^ 0.
Jr

Proof. Now 5^ is a convex circled set in if (F). It is r-bounded since

It is r-closed since

sup { /i*dA
' r

Let T' denote the topology on Md(Gy of uniform convergence on the sets Bn. Since

sup I /j,"d\ :XeM(T), ||A|| ^ ll = |/*A||oo, T' is the sup-norm topology.

The Grothendieck completeness theorem yields that (A) is equivalent to (B) since
the sup-norm completion of Md(G)K in CB(F) is AP{T).

That (B) is equivalent to (C) is immediate. I
The previous result is due to R. Edwards ((9), p. 254). His method is based on the

bipolar theorem. Finally, we give a simple proof of a known result on almost periodic
functions ((10), p. 449).

THEOREM 5. Let f be a continuous almost periodic function on the locally compact,
non-compact, Abelian group F. Let K be a compact subset of F. Then

sup{\f{x)\:xeK} < Bup{\f(x)\:z$K}.

Proof. Since F is non-compact, we let F' denote the Bohr compactification of F
((6), p. 30). Let /?: F -> F' denote the natural continuous isomorphism of F into F'.
Since K is compact and fi is continuous, fi{K) is also compact in F'.

Suppose by way of contradiction that

a = sup{|/(x)| :xeK} >y = Bvp{\f(x)\:x$K}.

Extend / to a continuous function,/', on F'. Since fi{K) is closed in F', \f'(y)\ ^ y
for yeY'\P{K). Thus K contains an open subset U of F. It follows that /? is a homeo-
morphism on U. Since /? is a homomorphism, /? is a homeomorphism on all of F. Thus
F is compact. This contradiction completes the proof. I
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