PENTAGONAL NUMBER RECURRENCE RELATIONS FOR p(n)

KEVIN GOMEZ, KEN ONO, HASAN SAAD AND AJIT SINGH

ABSTRACT. We revisit Euler’s partition function recurrence, which asserts, for integers n > 1, that
p(n) =p(n—1)+pn—2)—pn—5) —pn—")+---= > (=) 'p(n—w(k)),
kez\{0}

where w(m) := (3m? +m)/2 is the mth pentagonal number. We prove that this classical result is the v = 0 case of
an infinite family of “pentagonal number” recurrences. For each v > 0, we prove for positive n that

p(n) = m (al, coop—1(n) + Tra,(n) + Z (-1)**1g,(n, k) - p(n — w(k))) ,

kez\{0}
where o2, —1(n) is a divisor function, Tra, (n) is the nth weight 2v Hecke trace of values of special twisted quadratic
Dirichlet series, and each g, (n, k) is a polynomial in n and k. The v = 6 case can be viewed as a partition theoretic
formula for Ramanujan’s tau-function, as we have
33108590592

Triz(n) = 691

7(n).

1. INTRODUCTION AND STATEMENT OF RESULTS

A partition of n is any nonincreasing sequence of positive integers that sums to n. The number of partitions of
n is denoted p(n) (by convention, we agree that p(0) := 1). To compute these numbers, Euler famously offered the
recurrence (see p. 12 of [1])

(1.1) p(n) =pn—1)+pn—2)—pn—>5)—pn—T)+---= > (=1)"'p(n—w(k)),
keZ\{0}

where w(m) := (3m? 4+ m)/2 is the mth pentagonal number. This recurrence, which is one of the most efficient
methods for computing partition numbers, is obtained by multiplying the generating function

o0 o0 1
> pn)g" = HW=1+q+2q2+3q3+5q4+7q5+...
n=0 n=1

with Euler’s Pentagonal Number Theorem (see p. 11 of [I]) infinite product

oo

3k24k
[Ta-o"=> (D¢ =1-¢-F++¢ —¢”+....
n=1 kEZ

Indeed, (1.1)) follows by comparing the coefficient of g™ on both sides of the trivial identity

(1.2) (ZMH)Q”) : <Z(—1)kq3k2’é’+k> =1
n=0

keZ

We prove that Euler’s recurrence is the v = 0 case of an infinite family of rich recurrence relations satisfied by
the partition numbers. To make this precise, we make use of Dedekind’s eta-function

(1.3) n(r) = f [ = S (-0kg 5,
n=1

keZ
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where 7 € H, the upper half of the complex plane, and where q := ¢2™7. To define these relations, we employ the
falling factorials

z(x—1)---(r—m+1) ifm>1,

(1.4) ()m:=4q1 if m=0,
o if m < —1,
and the differential operator D := %% = qd%. For non-negative integers v, we define
(2v—-1)(2v—2)2_, (25 — 1) 1 ,
1.5 P,(7) = z -1 -D" -D*® .
(15) ") g X W g 2 () 2
r—i—ss_:u

These g¢-series arise in the theory of modular forms as the Rankin—Cohen brackets P, (7) := [1/n(7),n(7)], (for
example, see [0} (10, 13]). The first four P,(7) are

‘ -

PO(T) - n<7_) ’ 77(7_) =1,
1 1 1
Ai(r) = =3 (D0 00 ().
Par) = =5 (=02 + 60 () Do) - 300?15 ).
(L U prrien — a5t {2 bt 4 e
Pa(r) = =5 (5 D20 + 150 () D0(r) = 450° () D)+ 5000° (-5 ) )
A straightforward calculation shows that
(1.6) P(7) =Y (=1)**g,(n, k) - p(n — w(k))q",
=
where
0 k) = 2T 1;;2/:_ Do ;0(_1)V+Tm - (6k — 1)27(24n — (6k — 1)2)" .

In analogy with the derivation of (1.1)) from (1.2)), which is equivalent to the fact that Py(7) = 1, we obtain a
partition function recurrence relation for every v > 1 because we are able to explicitly determine P, (7). With this
goal in mind, we begin with the following crucial fact.

Theorem 1.1. If v > 0, then P,(7) is a weight 2v holomorphic modular form on SLo(Z).

Remark. We have that Py(7) =1 and P;(7) = 0, as there are no nontrivial holomorphic modular forms of weight
0 and 2. By comparing coefficients, these identities give two proofs of (|1.1)).

For v € {2,3,4,5,7}, we find that P,(7) is a scalar multiple of Es,(7), where

(1.8) Ea(r) i=1——— oop_1(n)q"

is the weight 2k Eisenstein series. As a consequence, we obtain the following simple recurrence relations.

Corollary 1.2. Ifv € {2,3,4,5,7} and n is a positive integer, then

p(n) = # *471/ <2V B 2) U2u—1(n) + Z (71)k+lgu(n7 k) p(n - w(k)) )

g, (n,0) By, \ v —2 v

where B, is the n'® Bernoulli number and o2, _1(n) := Zd‘n dzv—1,
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Remark. For v > 0, we have that g,(n,0) is nonzero for positive n. To see this, observe that

(v —1)(2v —2)%_,
22v=2(2y)! '

9u(n,0) = h,(24n — 1)

for h,(n) a polynomial with integer coefficients and constant term +1. Since 24n — 1 > 1 whenever n > 1, there is
a prime ¢ | (24n — 1), and so we have that h,(24n — 1) = £1 (mod ¢). The desired nonvanishing is an immediate
consequence.

Ezample. For positive integers n, Corollary [[.2] with v = 2 gives the relation

48003(n)
P(n) = =516 72671 1
+ _ Z (=1)FF1 (21602 — 36(6k — 1)*n + (6k — 1)*) p(n — w(k)).

2 _
216n? — 36n + 1 ke ZN {0}

For v € {6,8,9,10,11, 13}, the space of weight 2v cusps forms is So, = CAy,(7), where

A(T) if v =6,
A(7)Ea(r) ify =8,
(1.9) Poy(7) = g+ 3 ma(n)g" = iﬁii?ﬁﬁgz i - ?6
. A(7)Ey(7)Eg(T) if v =11,
A(T)E4(1)?Es(7) if v =13,

with A(7) := n(7)?*. For these v, we obtain the following recurrence relations.

Corollary 1.3. Ifv € {6,8,9,10,11,13} and n is a positive integer, then

1 v (2 —2
_ E : k+1
p(n) = - 0'21/71(”) + ﬁu : T2V(n) + (_1) gu(nv k) p(TL - w(k)) )
g,(n,0) By, \ v —2
kez\{0}
where we have
33108590592 e
— ST if v =206,
187167592415232 e
- 3617 ifv =3,
28682634201661440 e
- 43867 ifv =9,
51/ =
8294726176465158144 e
- 174611 if v =10,
101475065073734516736 e
77633 ifv =11,
1195065734266339700244480 e
- 657931 if v =13.

Ezample. Corollary |1.3|with v = 6 gives a partition number formula for Ramanujan’s 7-function 7(n) = 712(n).
Namely, if n is a positive integer, then we have
7(n) =
2275 691 691

22t -7 v Do (n. k — w(k).
51723017 " ~ 331085005027 (™ OP(M) + 33708500502 > (D) gs(n k) pln — w(k))

kez\{0}

Finally, we turn to the case of general v, where Ss, is non-empty, extending Corollary These relations also
are rich in structure, and involve infinite weighted sums of Dirichlet series which are easily described in terms of
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the normalized Hecke eigenforms and their Petersson norms. To make this precise, suppose that

—q+Zaf n)q" € Sa,

n>2
is a Hecke eigenform. For s € C with R(s) > 2v + 1, we define the twisted quadratic Dirichlet series

E:Gﬂ-w(ﬁf)

nS

(1.10) D(f;s) =

)

n>1

where (2) is the Kronecker symbol. Furthermore, if v > 2,0 < j < v — 2 and m > 0, we define constants

Jlu—f v 2v-1 Utm—2)! V_-_v;?
@) Bgm) = T W(+)(® Grim=2! _ == 1"()

27T (3) ™ gtml-@Qu—j—2)! (=17 (3)’
where I'(+) is the usual Gamma-function, and where we employ the rising factorial notation

— faer D) @1 ij>1,
mw=L

1.12
(1.12) if j=0.

Finally, we recall the Petersson norm (see Section E

wu—// APy
H/SL2(Z

We obtain an infinite family of pentagonal number partltlon function recurrence relations in terms of divisor
functions and “Hecke traces” of an infinite sum of values of twisted quadratic Dirichlet series. To make this precise,
if f € Soy, the space of weight 2k cusp forms on SLy(Z), then we define these sums of values of Dirichlet series by

k—2 oo

(1.13) Dy =Y "> B(k,j,m)- D(f;2k + 1+ 2m + 2j),

j=0m=0
and we define the weight 2k Hecke trace by

(1.14) Trox(n) := Y ag(n)- |1|)ff||,
f

where the sum runs over the normalized Hecke eigenforms f € Soy.

Theorem 1.4. If v > 6, with v # 7, then for positive integers n we have

n:# Av (2v =2 Gop_1(n ro, (N S (k) - ol — w
p( ) g,/(’I’L,O) BQV<V—2> v— ( )+T y( )+kezz\{0}( ].) gu( ’k) p( (k))

Ezample. Here we consider the v = 6 case of Theorem [T.4] where we have

1 13759200

p(n) = n0) op () + Trio(n) + > (=1 ge(n,k) - p(n — w(k))
g6 kez\{0}
Thanks to Corollary we find that
33108590592
Tr = _29TTO0TDIS )
12(n) 691 7(n)

Therefore, using the fact that ||A(7)|| ~ 1.035362 - 1076, we find that

4 )
33108590592
=Y > B(6,5,m) - D(A; 13+ 2m + 2j) = g 1A = —49.608362......
7=0m=0
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To numerically illustrate this example, we let

D(A,N;s) = iW,

n=1
and
R 4 M
DA(M,N):=>">"B(6,j,m) - D(A, N;13 + 2m + 2j).
j=0m=0

A short computer calculation reveals that ﬁA(loo, 2000) = —49.608382... ..

To obtain the results in this paper, we make use of the theory of Rankin—Cohen bracket operators, which in
turn implies that each P,(7) is a weight 2v holomorphic modular form (i.e. Theorem orollaries and
follow from straightforward calculations as dim¢(Ss,) € {0,1}. The proof of Theorem is far more involved,
and it requires the explicit calculation of the Petersson inner product of P,(7) with the Eisenstein series Eo,(T)
and with each Hecke eigenform in Ss,. To carry out these calculations, we use the method of “unfolding”, which
applies because we are able to describe the generating function for p(n) as a Poincaré series. With such inner
products, we are then able to decompose P, (7) as a sum of a multiple of Fs, (7) with Hecke traces of an infinite
sum of values of twisted quadratic Dirichlet series.

This paper is organized as follows. We prove Theorem and Corollaries and in Section 2. Although
Theorem [I.1] is not new, for completeness, we offer a simple and short proof based on an argument of Zagier,
which relies only on classical identities of Ramanujan. In Section 3, which includes most of the work in this paper,
we recall and derive new facts about relevant Poincaré series, the method of unfolding, Petersson inner products,
and special twisted quadratic Dirichlet series. Finally, in Section 4 we use these results to prove Theorem
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2. PROOF OF THEOREM [I.1] AND COROLLARIES AND [L3]

Here we give an elementary proof of Theorem [I.1] following an argument of Zagier, which relies on classical
identities of Ramanujan. Then we apply these results to obtain Corollaries [1.2] and

2.1. Proof of Theorem To prove Theorem [I.I] we need three lemmas. The first lemma recalls some of
Ramanujan’s famous differential formulas involving Ea(7), E4(7) and Eg(7).

Lemma 2.1. [9, p. 181] We have that
Es(1)? — Ey(7)

D(Ex(7)) = = |
D(E,(r) = BB BT,
D(Es(r)) = DL D)

We will also require the modular transformation laws for Es(7),n(7), and 1/n(T).

Lemma 2.2. Ifvy = [i Z] € SLo(Z), then we have

By (7(7)) = (e7 + d Ba(r) + = (c7 + d),
n(1(r) = e(v)ez + d) (7).

(
1 -~ 1
Ny~ et Ao,

=1
2
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where the multiplier system e(-) is given by

oz L () ep (Rhlcla + d=3) - bae - 1) i is odd,
() o (B(cla—20) — bd( — 1) + 30— 3)) e(c,d)  if c is even

Here (g) is the Kronecker—Legendre symbol and

ele,d) = -1 when ¢ <0 and d <0
T 1 otherwise.

Finally, as the series P, (7) is assembled by differentiating n(z) and 1/n(7), we shall require the following useful
formulas.

Lemma 2.3. If v is a nonnegative integer, then the following are true.
(1) We have that

v

v T mic)Y "™ (cr v+m—+1/2 m T
SR o § et g,

VT (v + 1/2)

m=0

(2) We have that

v 1 v . m 1
b (n(v(f)) ) (2mic)’~™(cr +d)vtm-t/2 D (77(7'))
A —1/2) e v —m)! miT(m — 1/2)°
Proof. We prove (1) by induction on v, and we note that the proof of (2) follows similarly. The cases where
v € {0,1} follow by Lemma [2.2] For the induction step, let

174

D"(a((r) _ (2ric)’ ™ (er + )P D y(r)
vID(v+1/2) =) Z (v —m)! m!T(m +1/2)

m=0
Differentiating above both sides with respect to 7 to get

D" (n(y(r)) _ ) XV: (2mic)”” " (v + m + 1/2)(er + )2 D™ (n(7))

VID(v +1/2) = (v —m)! m!L(m +1/2)
"\ (2mic)’ "™ (er + d)rTmHS/2 DL ((1)
+5(7)£ (n—m)! m!T'(m +1/2)

After straightforward algebraic manipulation, we obtain

D ((y(r) _  @mie) v+ 1/2) (er + )+ (r + D> 52
u!r(un+71/2) =<0 VIT(1/2) 1)+ p 1 27 )
e+ 1)+ 1/2) 3 B e+ TR D ()

pa (v—i+1)! i(i+1/2)

The claim follows by multiplying both sides by m

Proof of Theorem[I.1, We consider the formal power series (for example, see page 58 of Zagier [13])

~ = D¥(n(r N
f(r, X) = ;0 y!r(u(i( 1)/)2) (2miX)",

o DY _1
9, X) =Y M(QmX)”.

n=0
A straightforward calculation reveals that

~ N B > P,(7)
[ =X)ar X) =3 T(v+1/2)T(v —1/2)

v=0

(2miX)”.
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Applying Lemma to the vth coefficients of f and §, then using the Taylor expansion for eX, we obtain the
following transformation laws for v € SLy(Z):

F (20 g ) = er + )2 g ),

7 (20 ) = EO)er )2, ),

This in turn shows that P, (7) is a holomorphic modular form of weight 2v for all ¥ > 0. In particular, thanks to
Lemma 2] and the identities

1 1 1 1
D =—F dD|—= | =—E(1)—
(1(7)) = g Ba(rnlr) and D () =~ Batr)— s,
it follows that P,(7) is a polynomial in Es(7), E4(7), and Eg(7), which in turn must be a polynomial in E4(7)
and FEg(7) as they generate all holomorphic modular forms on SLy(Z) (for example, see Theorem 1.23 of [7]). O

2.2. Proof of Corollaries and For v € {2,3,4,5,7}, we have that S, = {0}. Therefore, it follows that
P, (1) is a constant multiple of the Eisenstein series Eo, (7). For Corollary we have that S, = CAg,(7) (see
, and so P,(7) is a linear combination of Fs, (7) and As, (7). By explicitly computing these expressions, these
two corollaries follow from by comparing coefficients of ¢".

3. PETERSSON INNER PRODUCTS AND TWISTED QUADRATIC DIRICHLET SERIES

Theorem|I.1]asserts that each P, () is a weight 2v holomorphic modular form on SLs(Z). As it is straightforward
to compute the constant terms of these forms, which in turn determines the Eisenstein series pieces, the main
objective underlying the proof of Theorem is the explicit determination of the cuspidal pieces. This task is
rather involved. The first step is the determination of a new representation of 1/n(7), the generating function for
p(n), which we offer as a Poincaré series. We carry out all of the subsequent calculations related to P, (7) with
this knowledge. The remaining steps lead up to and culminate with the method of “unfolding,” which uses the
theory of Petersson inner products to express these cuspidal components in terms of Hecke eigenvalues and the
desired infinite sums of values of twisted quadratic Dirichlet series. In this section we offer these steps in detail.

3.1. Harmonic Maass form Poincaré series. The main observation that allows us to prove Theorem
is the realization that the weight —1/2 modular form 1/7(7) has a convenient description as a Poincaré series.
Here we recall the construction of negative weight harmonic Maass form Poincaré series as offered in the work
of Bringmann and the second author [4]. We then specialize this work to the case of the weakly holomorphic
modular form 1/n(7).

We first recall notation from the theory of modular and harmonic Maass forms (see Chapter 4 of [3]), which
we employ to carry out this construction. Let (g) be the extended Legendre symbol and let v/ be the principal
branch of the holomorphic square root, and for odd integers d set

1 ifd=1 (mod 4),
Ed ‘=
Vi ifd=3 (mod 4).

Furthermore, let €(-) be a multiplier system on SLy(Z). If H is the upper half of the complex plane, k € %Z, and

f+H — C is a smooth function, then for all v = (CCL Z) € SLy(Z), we define

ct+d
(et (er+d) ety (5)  ifkel+
We consider negative weight k£ harmonic Maass Poincaré series, which are obtained by averaging certain modified

Whittaker functions over the action of modular transformations modulo translations. To make this precise, for
s€CandyeR\ {0}, let

et +d)"Fe(y) L f ((azEl if keZ,
Ulen)(ey o= {7700 (5553) i

_k
Ms(y) = |y| 2Msign(y)§,87%(|y|)7
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where M, , is the usual M-Whittaker function. If 7 = z + iy, we let
(3.1) ¢s(7) = M (dmy)e(z),
where e(z) := 2™, Finally, if ' is a finite-index subgroup of SLy(Z) and p := M;loo isa cusp of I, let I', be the

stabilizer of p in I', and we let T and fp be the uniformizations of I' and I', respectively. In this notation, if s € C
and R(s) > 1, then we define the Poincaré series

Po(r,m, T, k,5,¢) ;:ﬁ 3 qu((mt*”)MpT)

MeT,\T

M,
ke

where t and k are the cusp width parameter (see Section 3.3 of [I1]) respectively, and I'(-) is the usual Gamma-
function. At special values of s, these Poincaré series are harmonic Maass forms (see Definition 4.2 of [4]).

Lemma 3.1 (Lemma 3.1 of []). Ifk < 0, then the Poincaré series P,(1,m, ', k, 25% ) is uniformly and absolutely

convergent and defines a harmonic Maass form on T of weight k and multiplier .

These Poincaré series have a Fourier expansion that are generally more complicated than those of usual
holomorphic modular forms (see Lemma 4.3 of [3]). More precisely, if f(7) is a harmonic Maass form of weight k
and multiplier € on I', then it admits a Fourier expansion of the form

flr)= Z alf(n)q” + Z ay (n)I'(1 — k, —4mny)q",
n>>—o00 n<;%0

where T'(s, z) is the incomplete Gamma function. This implies that f(7) decomposes into two pieces, its holomorphic
part

frry= Y afm)g"

and its non-holomorphic part
f7(r)=+ z a; (n)I'(1 -k, —4mny)q".

Furthermore, it is important for our purposes to note that a harmonic Maass form with vanishing non-holomorphic
part is a weakly holomorphic modular form. It is in this way that we will determine a Poincaré series expression
for 1/n(7). Namely, we will produce a harmonic Maass Poincaré series, with vanishing non-holomorphic part,
which then must equal 1/n(7).

To this end, we consider the case where I' := SLo(Z), p := o0, and M, := <(1) (1)> . To describe the Fourier
expansion of the Poincaré series, we recall the generalized Kloosterman sums (see the proof of Theorem 3.2 of [4]).

Ifc>0,n>0,and m € Z, let

1 2t (m+ Kk)a+ (n+ k)d
K.(e,m,n) := ——exp | — ,
i %3 =(S) p( t >

where the sum runs over all matrices S = (Z Z

0<d<ect and 0<a<ct.

) € SLy(Z) for which

Proposition 3.2. Assuming the notation and hypotheses above, the holomorphic part P+ (1, m, k,€) of Poo(T,m,SLa(Z), k, 1—
k/2,¢) is given by

(32) PH(rm.ke)=q T +at(0)+ Y at(n)g" ",
n>0
where a*(0) = 0 if k # 0, and where for all n > 0 we have
+ _ _2—k (_m + '%) = 1 Kc(ga —m, TL) am

c>0
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3.2. The generating function for p(n) as a Poincaré series. We now describe 1/n(7) as a Poincaré series. If
f(7) is a harmonic Maass form of weight & whose holomorphic part is

o= S ab)gn,

n>-—oo

then its principal part at oo is defined as

Pioo(r) == af(n)q".

n<0

The definition at other cusps is analogous (see Definition 4.2 of [3]). Our goal is to construct a suitable weight
—1/2 harmonic Maass Poincaré series that has principal part q_714, which not only shares the principal part of
1/n(7), but also turns out to be this weakly holomorphic modular form.

To this end, we make use of the fact that under very general conditions, a harmonic Maass form of negative
weight is determined by its principal parts. Namely, let I" be a finite-index subgroup of SLy(Z) and let € be a
multiplier system for I' which is trivial on a congruence subgroup. Under these assumptions, we have the following
lemma.

Lemma 3.3. Let k < 0 and f(7) a harmonic Maass form of weight k on I' with multiplier system €. If the
principal parts of f(7) at all cusps vanish, then f(r) = 0.

Proof. Under the aforementioned conditions on I" and ¢, we find that f(7) can be decomposed as a sum of harmonic
Maass forms on subgroups of the form I'g(V). By a straightforward refinement of a proposition of Bruinier and
Funke (see Lemmas 2.2 and 2.3 of [4]), we have that f(7) is either 0, or is a holomorphic modular form. However,
there are no negative weight holomorphic modular forms, and so f(7) = 0. O

As a consequence, we obtain 1/7(7) as a Poincaré series as follows.
Proposition 3.4. We have that
1
—— = Poo(1,24,-1/2,7),
n(r) 7
where () is the multiplier system in Lemma .

Proof. By Lemma we have that 1/n(7) is a weight —1/2 modular form on SLy(Z) with multiplier system .
Furthermore, since the cusp width is 24 and the cusp parameter is 23, it follows immediately from that
the principal part at co is given by ¢~/24. On the other hand, implies that the principal part at co of
Poo(1,24,—1/2,2) is also ¢~ /2%, Therefore, noting that # clearly vanishes on I'(24%), Lemma gives the desired
equality. |

Remark. Proposition and the corresponding expression in (3.3]) is equivalent to Rademacher’s celebrated
formula for p(n) as an infinite convergent sum. In other words, the method of Poincaré series gives a proof of this
formula that is different from Rademacher’s original “circle method” proof [§].

3.3. Rankin—Cohen brackets. To prove Theorem [T.4] we apply the method of unfolding to the modular forms
P, (1), which are Rankin—Cohen brackets of (7) and the Poincaré series 1/n(7). This decomposes P,(7) as an
infinite-sum of Rankin-Cohen brackets of 7(7) and the functions ¢,(7) defined in (3.I)). Here we recall some
important facts about Rankin—Cohen brackets, and we explicitly compute the constituent derivatives that arise in
the resulting formulas.

To this end, let f and g be smooth functions defined on H, and let k£, € R and v € Ny. The vth Rankin—Cohen
bracket of f and g is

_ . T(k+0)(+v) , S

r,5>0
r4+s=v

The next proposition describes the modularity of general Rankin—Cohen brackets. Furthermore, from here on we
shall frequently drop the dependence on the modular variable 7 to ease exposition and simplify formulas.
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Proposition 3.5 (Proposition 2.37 of [3]). Let f and g be (not necessarily holomorphic) modular forms on a
subgroup T' of SLo(Z) with multiplier systems e and €4 respectively. Then the following are true.

(1) We have that [f, gl, is modular of weight k + 1+ 2v on T' with multiplier system € re,,.

(2) If v € SL2(R), then under the usual modular slash operator, we have

[fl&v: 9livle = [fs glvlb+iv207
Remark. Theorem offers an elementary proof of Proposition (1) when f=1/nand g =n.
By applying unfolding to [1/n,n],, we require Rankin—Cohen brackets of the form [4(7),n(7)], where

o) =61 (57) = (1) ()" any (22).

where we write 7 := z + 4y. To compute D"(§(7)), we recall the definition of the rising factorial. If a € C and
n > 0, we define

(3.5) (a)™:

Lemma 3.6. If n > 0, then we have
d" 1/4 _ (_1)n < g™ -3\" 1_J ‘ .
g (M140) = 5= 22 () (5) A0

Proof. We require the derivative identity (see [0, 13.15.15])
O (220, () = (1) (2T Py 0)

dim K—5n,u—35n

é( ) e—t/2( t/2t1/4M
' 4

(3.6)

Writing t1/4M% 1) %( )), the general Leibniz rule grants

d™ (2, /2,14 _ =~ (n\ d"~/ t/2 & /24174
el R Mizo))—; 0 g e g M 4 (0).

dtm

We then apply (3.6) to obtain

ar ; _ "L /n\ (—1)"iemt/? /_3 L
i (e ”2““]‘413())):20(]')%><<—1)j 5 ) TEMy sy (0)
j:
(D) oy (1 (=3) 1y
= Z)Qﬂj - i QM%%%f%(t)
J:

The next lemma computes D" ().

Lemma 3.7. Ifr > 0, then we have

D(5(r)) = o (‘;’)

Proof. First, we note that D" = ) (%

o= 02

By applying Lemma we get

o= () () Q) £ 0) (2) ) s ()

) and then applying the binomial theorem, we obtain

< ) o Mya-s ()
)
J

(55) () () s ().
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After changing the order of summation, we obtain

. (-1 T2 « <3 R A\ (3 TY\ i35 Y
oo -(2) ()5 () (E0)0) @ i ()
We complete the proof of the lemma by observing that the sum Z;:S(—l)j (;) (75) = (—1)", when s = r, otherwise
it is zero. g

3.4. Petersson inner products and unfolding. Here we describe Petersson inner products and the method of
unfolding which is essential to the proof of Theorem For convenience, we restrict our attention to SLy(Z). Let
f and g be two holomorphic modular forms on SLo(Z) with trivial multiplier, and assume g is a cusp form. We
define the Petersson inner product of f and g as

= x +iy)g(z + iy)y*
(3.7) (f,9) _//H/SL2<z>f( +iy)g(z +iy)y

This inner product gives the vector space of cusp forms the structure of a finite-dimensional Hilbert space.
Therefore, in order to describe P,(7) as a linear combination of cusp forms, we aim to determine (P, (1), f), where
f runs over an orthogonal basis of the space of cusp forms.

We now describe the method of unfolding.

Lemma 3.8. If f is a cusp form of weight 2v on SLa(Z) with trivial multiplier, then

(/. f / / (0,7 (z + iy) f(z + iy)y* ~2dzdy,

where 6(7) := @3 (%) -
Proof. By Proposition we have that the Poincaré series for 1/7 is

1
= = Poo(7,24,-1/2,%) = > ¢ (() ) M.
! (5) MeP\b Sz
Ignoring the convergence issues, we have that
1 T TY\ 3 Y
[L/n.m]y = E Z e (*) (*)4 My s ( ) M, n(r)
(5) ~— . 24 6 PIN6/ |,
MEeTD AT 3 € v
1
=—= > |60 M, nr) M M
F(i) Melb \T =1 = 1 1
el o\ [ € 3:€ € 1,

Since 7 is modular form of weight % on SLo(Z) with a multiplier system, Proposition yields that
1
L(3)

By the definition of the Petersson inner product and modularity of f, we have that

[1/n,nly Y [6(r), n()l

Mel  \I'

2v

— ) L dzdy
(/b S / [ w3 B0l M T
H/SLa(Z M FOO\F 2v 4
- ) L dxdy
é Z // -1 [6(7), n(T)]w - f(z+ Zy)yQ y2
3) e (H/SL>(2))
We complete the proof by nothing the fact that H/I'c = Uyep_\p M~ (H/SLy(Z)). O

We now expand the integral in Lemma [3.8] as a finite sum of integrals.
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Lemma 3.9. If v > 6 and f(7) € Sa, has real Fourier coefficients, then we have

“T T —5) (12) oy (7P 1
it =iy 3 SRR (2) o ()

o) iz —a(2n? =1
" (Ly) SV (Ly).exp —r@n” =)y a2y,
0 6 iT2iT2\ 6 12

Proof. By Lemma and the definition of Rankin—Cohen bracket, we have that

(/nml, f) = / / SHHTIEE‘ : )%I(E ++ )2)D7'(5(7')) - DA(n(7)) - F(r)y dygy.
r+s=v

r,s>0

’7l2
Applying Lemma [3.7/and using Euler’s Pentagonal Number Theorem in the form n(7) = > (%)qﬂ, and expanding
out the s-th derivatives of 1, we obtain

e =55 [ 2 St e (3) < (5)

r+s
r,5>0

1 r
TY\i~3 Y 1 12\ 55 n2 — 9 dxdy
() M () sp 2 <n> IOy
n>0
We next expand f as Fourier series, and a simple algebraic manipulation gives

(o) = e S CEULE g 00 2y) ity (20

ST, 22, A= DN ) Lo 535
7,520
12 s 24m +n? -1 —7r(24m_|_n2) L dxdy
XZZ/ / ( ) 2a(m)‘e<24>exp( 12 92 y2 .
n>1m>1

By observing that the integral with respect to = vanishes unless (n? — 1) — 24m = 0 and noting the fact that
24|(n? — 1) if ged(n, 12) = 1, we get

1 (-1)T(v— 5T+ H(r—2) 12\ ., n?—1
L/n,nlv, = 1 1 Ny a
((1/n,nlw, f) > D(r — 5)T(s + 1)1 <) f( 24>

24”1“(%) - stril'(r — 2)I'(s+ 5)T —%) n
r+s__l/
r,s>0
o] 1_r 2
TY\1 3 Ty —m(2n = Dy\ 9, o
[T s (B) e ()
This completes the proof of the lemma. O

3.5. Twisted quadratic Dirichlet series and Petersson inner products. We now turn to the final technical
task. We describe the Petersson inner product of [1/7,7n], with a cusp form f as an infinite weighted sum of values
of twisted quadratic Dirichlet series. Namely, we prove the following key inner product formula.

Theorem 3.10. If f(7) € Sa, has real Fourier coefficients, then we have

Dy =24"-([1/n,nlv, f)-

To prove this theorem, we require a number of lemmas. The following lemma describes the evaluation of the
integral in Lemma
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Lemma 3.11. Ifn>1 and 0 <r < v, then

0 1_r 2
TY\ i~ % TY —m(2n* — 1)y 22
/o ( 6 ) My_5.3-3 ( 6 ) 'eXp< 12 Yy

/6 v —r+3) e lyow—r 1
=\ et 2 5. =3

where oI is the classical hypergeometric function.

Proof. We first perform the change variables t = 7 to obtain the integral

N 1
() / tTTET2NL s () ex (— <n2 — ) t) dt.
T 0 1472047 2 2

We then make use of the following integral identity (see [0 13.23.1])
o0 1 A+ pu+13) Lbpu—r L4+ 1
A-1 ) Y _ 2/ . 7 TH 2 o2

/o " My, (t) - exp < <z 2> t) dt = v oy | ,

which grants

By Lemmas [3.9] and if f(7) € Sy, has real Fourier coefficients, then

12

(W/mler ) = 557 (f;) o (M5rt) ek wtem,

n>1

where

Y (-1)T(w -+ D0 + 20 —1r) —3\" 1 . 1
w(y,n):zz( )"I( 2) ( 12) (2 - )() ~2F1<1 5t+2v—r )
— -l —-3)Iv—r+3) 2

The following two lemmas are necessary to rewrite w(v,n) in a form which will give rise to the twisted Dirichlet
sums D(f,s).

Lemma 3.12. Ifv > 1 and 0 < r < v, then

1 l42w— LR o\ (B o)
2F1< 2L |z>:(1—z)1 2N Mz
27 i=0 G-

Proof. We first apply Euler’s transformation formula (see [2, 2.2.5]) to obtain

1 24207 o S_r 2—2
2F1< 2 5 |Z>(IZ)122F1(2 5 |Z .

5_7" 5_7'

We write this as an explicit series,

o 3 i 7
2F1(§—7‘ 25—21/ |z>zz(27’) (2*7'2’/) 2,

27" i=0 i3 —r)

and observe that 2 — 2v < 0, whereby (2 — 2u); =0 if ¢ > 2v — 2. Thus, by a straightforward rewriting,

3r 22w Fany =2\ (2 1) .
ST B B M C T (g e
e 1) = 200 sy
and the claim follows. O
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Lemma 3.13. Ifv > 1, then we have

7

NP w2\ () (G Tev o (e
Z(l)z( . ) ( x

=0

Proof. For fixed 0 <7 < 2v — 2, set

We find by straightforward algebraic manipulation that

a1 (r=v)(r=5 —i)(r—v+3)

Q- (T+1)(T—%—i)(r—2y+%)’

whereby we see that, since a,, =0if r > v + 1,
1% 3 . 1
-V —5—1 —V+3
Zar_a0'3F2< f i 21 |1>
=0 —3 i 2ty
We then apply the Pfaff-Saalschiitz identity ([2, Thm. 2.2.6]) to obtain

- o (v—i—1)7
g R (S N

2

Writing out ag explicitly, then noting that (v —i — 1)V = 0 if i > v — 1, we obtain the lemma.
With these lemmas, we prove Theorem [3.10]

Proof of Theorem[3.10, Combining Lemmas [3.9) and we get

1 6\2" n2-1\ (2) & (-)Tw-Hre+ld)
(/e 1) T (3) (w) 2 ( 24 ) 'n(2V+)1 P> (v —r)rl(r — 1)

n>1 r=0
XF(%+2I/—7”)' -3 ".2F1 1 I+2w—r 1
1 5 _ 2]
Fv—r+3) 2 5T n

Applying Lemmas and consecutively with z = 1/n?, we obtain

Fv—HIv+3) /6 vt n?—1 (12) 1
(/n,nlw, f) = oUrT (g) ' (W> nzaf ( 24 ) " p2vtl (1— L)1

(@)L i)
<o (") (=3 =i T(=4) - (B)F

=0
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Using the Taylor series expansion of (ﬁ) at infinity (z = 2 at z = 0) and changing the order of

n

summation and performing straightforward manipulations, we obtain

() <A ()T Sy () () A

2 i=0 m=0
iz 7(3) -~ <n1> ()
= ) ay 5
(=5 =) (g)l n>1 24 et
V=2 oo 12
L ~ n?—1 (%)
:24711226(”7%”7}) af( 24 >.n2u+2i+2m+1’
=0 m=0 n>1
where
Blvim) = & DW=l +3) (6\*7'  (@+m-2)! (-i-1)7(3)
Y 2y7-T () ™ iml- Qu—i=2)l (=1 —q)7. (2)F
Thanks to (|1.13)), this completes the proof. |

4. PROOF OF THEOREM [I.4]

Here we prove Theorem using the results of the previous section. Thanks to Proposition |3.5, we have that
P, :=[1/n,7n], is a holomorphic modular form of weight 2v on SLy(Z). Hence, we have

(4.1) P, =[1/n,m], = ay Eay (1) + Z'Yi fi(7),

where the f;’s are an orthogonal basis of Hecke eigenforms for Sy,,. It is well-known that these Hecke eigenforms
have real Fourier coefficients (see p. 105 of [12]), and also satisfy

where f;(7) = q+ 3,550y (n) ¢". Using the orthogonality of f;’s, we obtain

(4.2) (1/n,nlw, fi) = v {fi, fi)-

By combining (4.1)), (4.2) with Theorem we obtain an explicit description of P, involving the coefficients of
Es,,, Hecke eigenvalues, and infinite sums of values of twisted Dirichlet series. Finally, by comparing the coefficients
of ¢" and employing ((1.6) to solve for p(n), we obtain the claimed recurrence relations.
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