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ABSTRACT. Classical hypergeometric functions are well-known to play an important role in
arithmetic algebraic geometry. These functions offer solutions to ordinary differential equations,
and special cases of such solutions are periods of Picard-Fuchs varieties of Calabi-Yau type.
Gauss’ 2 F1 includes the celebrated case of elliptic curves through the theory of elliptic functions.
In the 80s, Greene defined finite field hypergeometric functions that can be used to enumerate
the number of finite field points on such varieties. We extend some of these results to count
finite field “matrix points.” For example, for every n > 1, we consider the matrix elliptic curves

B? = A(A - I,)(A — aly),
where (A, B) are commuting n X n matrices over a finite field Fy and a # 0,1 is fixed. Our
formulas are assembled from Greene’s hypergeometric functions and g-multinomial coefficients.

We use these formulas to prove Sato-Tate distributions for the error terms for matrix point
counts for these curves and some families of K3 surfaces.

1. Introduction and Statement of Results

Classical hypergeometric functions are well known to give periods of elliptic curves. To be
precise, if n is a nonnegative integer, then define (), by

1 ifn=0,
(V)n = .
Y+ +2) - (y+n—1) ifn>1.
The classical hypergeometric function in parameters oy, ..., ap, B1,...,3; € Cis defined by
e n
F»CI (041 Qg ... Qp LL‘) — (a1)n(a2)n(a3)n~-~(ah)n ] i
" Proo By 2 (B)n(B2)n -+ (Bj)n n!

n=0

Perhaps the most famous example illustrating the role of these functions in geometry involves the
Legendre elliptic curves
’)

(1.1) Er(a): v =z(x—1)(x—a), acC\{0,1}.

There is another kind of hypergeometric function, the finite field hypergeometric function,
that gives further information about these elliptic curves and higher dimensional varieties. These
functions count points over finite fields. To make this precise, we first recall their definition which

1
The theory of elliptic integrals shows, for 0 < a < 1, that the function o Ff!(z) := o Ff! | 2

[

(for example, see page 184 of [11]) gives the real period Qy,(a) of Eyr(a) by the formula
(1.2) Qu(a) =7 oFf ().
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is due to Greene [8]. If ¢ is a prime power and A and B are two Dirichlet characters on F,

(extended so that A(0) = B(0) = 0), then let (g) be the normalized Jacobi sum

A) B(-1) —.  B(-1) —

= J(A,B) = ——= A(x)B(1 — x).

(5) = 2Hoam = 20 3 4w -2

Here B is the complex conjugate of B. If Aqg,...,A,, and By,..., B, are characters on Fy, then

the finite field hypergeometric function in these parameters is defined by

Ay Ay ... A, q Aox\ [A1x Apx
P 0 1 — 0 - .
n+14p ( $>q q— 1 . < b% le BnX X(.f)

B, ... B,
Here 3 denotes the sum over all characters x of .

It has been observed by many authors (see [8], [9], [12], [13], [16], and [18], to name a few)
that the Gaussian analog of a classical hypergeometric series with rational parameters is obtained
by replacing each + with a character x, of order n (and ¢ with x2). Let g be a power of an odd
prime, €, be the trivial character on F; and let ¢, be the character of order 2. Then the finite
field analog of o F{!(z) is

q

2Ff(a)y = f (%

q

More generally, we let

(13 wr B = B (P 00 )
€ ---€q .
M. Koike proved [13] that if p is an odd prime, ¢ is a power of p and a € F, \ {0,1}, then
—1
(14 o), = =2 asg)

where ¢+ 1 — ar,(a; ¢) counts the number of F,-points on Er,(a). This expression is the finite field
analogue of Gauss’ period formula .

Motivated by and , it is natural to ask whether other finite field hypergeometric
function evaluations give point counts for other varieties. This is indeed the case, and perhaps the
most beautiful example involves the analog of the celebrated classical Clausen identity [5]

2
b+c 2b 2c b c
cl _ cl
(1.5) 3f3 ( b+c+3 2b+2c x)_QFl ( bt+c+3 x) '
Using this identity, D. McCarthy [14] proved that if @ > 0, then
101 1 T
(3 3 3 a _ 1+a ) 2
st < 11 a+1>_ o fenle)
where Q¢ (a) is the real period of the Clausen elliptic curve
Ecp(a): v* = (z —1)(2* +a).

In the finite field case, the second author proved [Theorem 5 of [16]] that if F, is a finite field
of characteristic char(F,) > 3 and a € F, \ {0, —1}, then

1-v=a\>
1.6 2 1) .. Y _ )2 = 2
(1.6) 1+ q dgla+1)-3F, (‘H'l)q acL(a;q)” = q" - 2F 11v-a )

where ¢+ 1 —acy(a; ¢) is the number of Fy points on Ecr,(a), and where the second equality holds

whenever —a is a square in Fy by noting that Ecr,(a) is a quadratic twist of Ef, (; FV:Z) and

using ([1.4]). This equality is an analogue of a special case of Clausen’s identity. Furthermore, this
identity can be interpreted in terms of K3 surfaces whose function fields are given by

Xo: S =ay(z+1)(y +1)(z + ay),
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where a € Fy \ {0, —1}. In this notation, it is known (see Theorem 11.18 of [I5] and Proposition
4.1 of [1])) that

(1.7) |Xo(F)| =1+ ¢ +19¢ + ¢* - 3Fi (—a),.

In this note we show that the hypergeometric identities and , combined with the
combinatorial input from partitions and g-multinomial coefficients, count suitable “matrix points”
on these curves and surfaces. To make this precise, we first introduce some notation. If n,m
are positive integers and K is a field, then let C), ,,(K) denote the set of pairwise-commuting m-
tuples of n X n-matrices over K. Due to the noncommutativity of matrix multiplication, geometric
problems related to studying matrix rational points on curves and higher varieties only make sense
when the matrices are commuting, that is, when the matrix points are in C,, ,,(K). We will be
interested in counting tuples in C,, ,,, (K) which satisfy the equations defining some affine varieties.
More precisely, we will consider the sets

{(A,B) € C,,2(F,) : B> = A(A—1,,)(A—al,,)}

and
{(A,B,C) € C,,3(F,) : C* = AB(A+ L,)(B+ I,)(A+ aB),C € GL,(F,)}

as matrix analogues of (the smooth affine parts of) the Legendre elliptic curves Ey, and the K3
surfaces X, considered above.

To express our results, we introduce some notation. If A is a partition of a nonnegative integer
k, we write n(\; 1) to denote the number of times i is repeated in A. Furthermore, we write |A| = k,
and write [(A) = > n(A;4) to denote the number of parts of A. Additionally, we introduce certain
polynomials in g. More precisely, if z and ¢ are any complex numbers, and n is any positive integer,
then we define the g-Pochhammer symbol

(1.8) (z:@)n = (1= 2)(1 = 2q)... (1 - 2¢" ")
with (z;¢)o = 1. The series expansion of (g; )5 will play a special role in our results. For clarity
of results, we define b, for integers r > 0 by

00 00 5
(1.9) ZquT — (Q;Q)io = <1 + Z(_l)mqm(fﬁm—l)/?(l + qm)> 7
r=0 m=1

where the last expression due to Euler’s pentagonal number theorem [2 Corollary 1.7] allows
explicit computation for each b,..

Finally, for an integer n > 0 and m1+...+my = n a partition of n, we define the g-multinomial
factor

< n ) _ (@ )n
mi,ma, .. me) o (G D (G Dms - (45 @)y,

" ) approaches the usual
mMi,..., k 1 ME/ g

It is known that (

multinomial coefficient as ¢ — 1.
We start by expressing the number of commuting matrices on a Legendre elliptic curve. More
precisely, if n is a positive integer, ¢ is a prime power and a € F,, we let

(1.10) Nyo(a;q) == |{(A,B) € C,2(F,) : B> = A(A—I,)(A — al,)}|.

In this notation, we have the following theorem that determines these counts, and also explains
the connection with the classical o Fif'-hypergeometric function.

THEOREM 1.1. If ¢ =p" is a prime power with p > 3 and a € Fy \ {0,1}, then
Nn72(a3 q) = P(n, O)q - Z ¢qk(_1) : P(n, k)q ) QFIH(C‘)q’“a
k=1

where
n—k J

173
n(n— k(kt1) E s(s—n n
Pln K)o 1= (-1)'q e ey <S n—k—2sk+ S) .
s=0 ) ) q
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n

, o , ) E op2_ k(=1
Moreover, P(n,k)q is a polynomial in g with leading term (—1)% - ¢ 7 and

lim P(n, k nE(M) e (T STy
tiy P(n, k), = (-0 (1) ot (21 4).
REMARK. Although the number theoretic results in this paper require that each ¢ is a prime

power, we included the limiting behavior lim,_,1 P(n, k)4 to illustrate that these number theoretic
quantities are g-analogues of a classical o Ff! evaluation.

As a corollary, we consider the matrix analog of the Sato—Tate distribution for point counts
for elliptic curves over finite fields. In direct analogy, we find that the limiting distribution of the
“random part” of matrix point counts on Legendre elliptic curves is semicircular. More precisely,
if n is a positive integer and ¢ is a prime power, then we let

(111) aL,n(a; q) = Nn,Q(G’; q) - P(’I’L7 O)q
In this notation, we have the following result.

COROLLARY 1.2. If =2 <b< ¢ <2 and n and r are fired positive integers, then we have

F. .- Z_prn? T 1 c
lim |{a S P D2 aL7n(a7p ) S [b7 C]}| — 27/ /4 — tht
™ Jo

p—o0 pr

ExampLE 1.3. For the prime p = 93283, we compare the histogram of the distribution of
p~"2ar o(a;p) for a € F, with the limiting distribution.

—7/2

P ar, 2(a; p) histogram for p = 93283

We also consider the matrix version of the K3 surfaces described above. If n is a positive
integer, ¢ is a prime power, and a € F,, then we let
(1.12) Nyn3(a;q) := [{(A,B,C) € Cp3(F,): C?* = AB(A+1,)(B+1,)(A+aB),C € GL,(F,)}|.

In this notation, we have the following theorem that gives matrix point counts in terms of the
3 Fi-hypergeometric function, 6-tuples of integer partitions, the coefficients b, in (1.9), and g¢-
multinomial coefficients.

THEOREM 1.4. If ¢ =p" is a prime power with p > 3 and a € Fy\ {0, —1}, then we have

N’n,3(a; Q) = R(n7 ¢q(a + 1))(1 + Q (Tl, Oa ¢q(a + 1))q + Z Q (n7 ka (bq(a + 1))(1 : ?)F12Irf (_a)qk )
k=1

where

n(n—1) - n—m
Qb )g:=q "7 Y bur D ODHODFAC) IO (gynomiede)

r=k A, A6
[A1]+...4+]Xe|=r
I(Xs5)—1l(Xe)=Ek

( . ) ) Zn(kixj)(nz(%iwj)*l) ) n
qu n—m()\l,...,)\g) q n()\z,j),n—m(Al’7)\6) .
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and

n n

n(n—1) n—m
Ry = —a T2 S b Y 4RO HOD 00 00 (o
k=1 =1

ALy, A6
[A1]+...+|Xe]|=T
I(As)—L(Ag)=F
n(Xi,d)(n(X;,3)—1)
(& Dnm(rs,re) * 4 2

n
' <n()\i,j),n—m()\l,...,)\ﬁ)>q
6
with A1, ..., X¢ being partitions and m(Ai,..., ) = D U(N;). Moreover, Q(n,k,v)q is a polyno-
i=1

4
? )

mial in q with leading term q”2+” and

n—k s
i — (™). n—k n—k (3 ol kfr21+s k+15n+s
(L1 etk = (k) ! Z( s ) (7) 21 k+1

s=0
4
9/

REMARK. Although the number theoretic results in this paper require that each ¢ is a prime
power, we included the limiting behavior lim,_,1 Q(n, k,¥)4 to illustrate that these formulas are ¢-
analogues of natural weighted sums of 5 Ff! evaluations (i.e. see (1.13))) that enjoy nice recurrence
relations. Namely, if we let

)
22 )’

F(z;m—2,k+1),

when v # 0, and

1~ n n—=k cl k;n k+é—n
qL)HiQ(nalﬁo)q:(k)g '2F1 ( kE+1

m m 3 s . s—m s—m+1
F(z;m,k‘)::zmz<s> (z) o FY ( 2 kil
s=0

then we have

2m(m — 1)
o k+1
where F'(2;0,k) =1 for & > 0. This follows immediately from the fact that

d _afa b _ab afa+1 b+1
£2F1 ( c Z)—C~2F1 < C+1 z].
Theorem allows us to determine the Sato—Tate type limiting distribution of the “random

part” of matrix point counts on the K3 surfaces X,. More precisely, if n is a positive integer and
q is a prime power, then we let

(114) An(a7 Q) = Nn,B(a; Q) - Q(na 07 ¢q(a + 1))q - R(nv d)q(a + 1))‘1

In this notation, we have the following result.

d
zd—F(Z;m, k) =mF(z;m, k) — 3mF(z;m — 1,k)
z

COROLLARY 1.5. If =3 <b<c<3 andn and r are fized positive integers, then we have

lim {a’ GF;DT p B An(CL’p ) € [bvc]} — %/ f(t)dt,
T Jo

p—00 p"
where
3—|t )
1+=tl if 1 < Jt] < 3,
) =95+ /32 i<,
0 otherwise.

ExXaMPLE 1.6. For the prime p = 93283, we compare the histogram of the distribution of
p~°As(a;p) for a € F,, with the limiting distribution.
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08

02-

,-y—F""'.F"F‘ i ‘-zh-:b"“\hﬂ

-3 -2 -1 1 2 3

p~5As(a; p) histogram for p = 93283

REMARK. The results of this paper can be extended almost mutatis mutandis to other hyper-
geometric families of varieties of dimensions 1 and 2 such as those introduced by Beukers, Cohen,
and Mellit in [3].

This paper is organized as follows. In Section 2 we recall properties of zeta functions for curves
and surfaces in the commuting matrix situation. These results [10] are due to the first author.
In Section 3 we recall results of the second two authors, which we then combine with these zeta
functions to obtain our results.

Acknowledgements
The authors thank the anonymous referees for their remarks and corrections.

2. Some zeta functions

Let g be a prime power. Recall that GL, (F,) is the group of n x n invertible matrices over
the finite field I, with ¢ elements. It will be repetitively used in this paper that

p n(n=1)
(2.1) IGLn(Fo)| = (=1)"¢" 7 (¢; @)n-
Now, let X = Spec R be an affine variety over F,. Say
F,[T1,. .., Tm)
2.2 R:=-1 T
22 (i)

Following the work [L0] of the first author, we define the set of n x n matriz points on X as
the set of commuting tuples of matrices satisfying the defining equations for X:

(2.3) Co(X) = {A—(Al,...,A ) € Mat,, (F,)" [Az,mo,fi(A)—o}.

Note that C1(X) = X (F;). Though not needed in this paper, it is worth pointing out that
the cardinality of C,(X) is independent of the choice of defining equations for X; in fact, by
comparing [10, Eq. 4.2] and [10, Eq. 4.15], there is an equation-free equivalent characterization
for the cardinality of C,(X):

|GL,,(Fy)| e, HO XM= \AutM|
where the sum ranges over all isomorphism classes of zero-dimensional coherent sheaves on X of
degree n. This characterization also makes |C,,(X)| well-defined for any variety X over F,.
The number of matrix points on a smooth curve or a smooth surface is given by infinite

product formulas for a zeta function associated to it. For any (affine) variety X over Fy, consider
its Cohen—Lenstra series (terminology of [10]):

(2.5) Z | GL
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and recall the local zeta function
— | X (Fyn
(2.6) Zx(t) :=exp (7; |(ni‘1)‘ t") .
PRrROPOSITION 2.1 ([10) Proposition 4.6(a)]). If X is a smooth curve over Fy, then
(2.7) Zx(t) =[] Zx(tg™).
i1
PROPOSITION 2.2 ([10} Proposition 4.6(b)]). If X is a smooth surface over F,, then
(2.8) Zx(t) =[] 2xtq™).
ij>1

Proposition is essentially due to Cohen and Lenstra [6], and Proposition is essentially
due to the Feit—Fine formula [7] for counting commuting matrices and ideas of Bryan and Morrison
[4]. We remark that both formulas heavily exploit the local geometry of X, namely, smoothness
of dimension 1 or 2. In fact, in light of the main theorem of [10], Proposition ceases to hold
if X is a multiplicative reduction of an elliptic curve over a number field (but holds if it is a good
reduction).

3. Proofs of Theorems [1.1] and [1.4]

Here we use the results of the previous section to prove Theorems [I.I] and and their
corollaries.

3.1. Proof of Theorem Fix a prime power ¢ = p” with p > 3 and r > 1, and fix
a € F,\ {0,1}. Then, denoting by X the affine part of Fr,(a), Theorem V.2.4 of [19] states that
(1—at)(1—at)
1—qt
where o and @ are the eigenvalues of Frobenius acting on the Tate module of Ey,(a). Note that
there is a missing factor of %_t in this expression since we are only considering the affine part of

EL(CL).
By Proposition 2.1} we then have that

Zx(t) =

b

5 (1—atg?)(1 —atqg7)
Zx(t) =] e .
jz1

It is well-known due to Euler [2, Corollary 2.2] that

(3.1) [0 etg )= 3 D"
m>0 m

i (¢:9)

and

) _1\ym,m(m—1)/2 , ct)™
(3.2) [[a-cta) ' =3 (=)™ (ct)™

S = (¢ m

This implies that

Zx(t) = Z(O.ét)T ) Z(ét)s ) Z

= (@G a)r = (49)s = (43 Q)

(_1)uqu(u+1)/2 L

By the definition of Zx(t) and by (2.1), we then have

u(u+1)
2

No2(a;q) = (=1)"¢" "V (g;q), - .
59 =(-1) 9 m;:n CHORCHARCRS
r,s,u>0
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Furthermore, again by Theorem V.2.4 of [19], we have that a@ = ¢ and therefore, we can rewrite

this sum as
u(u+1)

_ (_1)uar—sqs+ 5
Nus(aiq) = (=1)"¢"" D 2(g q)n ) -
s tu=n (3 0)r(4:0)s(¢ @

7,5,u>0

Dividing this sum according to the value of r — s, we then have

1
Ny o(a;q) = (,1)nqn(n71)/2(q; On ok . (71)uqs+u(u+1)/2
zk: ;) (4 0)r (45 0)s(¢5 @)
r=s+k>0
u=n—2s—k>0
(—1)" n(nfl)/2( ) Z k anz:kJ ( 1)”*’“ st (n=2s=k)(n=2s—k+1) 1
={=1)q q;9 « - q 2 .
! k s=max{—k,0} (q7 q)S(q7 Q)SJrk (qa q)n72sfk
L=5") y o ] @9

_ . n(n—-1)/2 k k E _kn—S42- 42 2ks—2ns+2s yY)n
=q « (—1) q? 2T T2 g .

zk: s—maxz{:m} (4 9)s(@5 @) 50 (%5 Dn—25—k

L3]
_ q’ﬂ(nfl)/Q . . q%2+%+2s272ns . (qa q)n
pore (00)s(0:0)s (4 @)n—2s
[25%] , ) .

+ qn(n—l)/Q Zak(_l)k q%—kn—g-&-%ﬁ-% 'q2ks—2ns+252 . (q,Q)n

k>0 5=0 (¢ 0)s(¢ D st1 (G D25k

[25E ] &2 b | m2 5 (q,q)

+ qn(n—l)/Q qka—k(_l)k qT—kn—g-‘r%—‘r% A q2k5—2n5+25 . sd)n .

kz<0 S:z_:k (4:9)s(@; @) sk (%5 Qn—25—k

Replacing £ in the last sum with —k and then s with s 4+ k, we then have

L2z*)
kX _kn—E4n? — 2 (qaq)n
Nn,Z a;q —p TL,O 4 Oék —1 k qkz kn ’2“+n 'q2ks 2ns+2s° |
(%9) = Pl O ,;0 =y = (4:0)s(0 @)s4#(G5 Dn—25-1
'3 g : : (4:0)
+ Ek(—l)k q%+k7z—§+n q—2ks—2ns+25 . yd)n
,Z% z::k (4D s(@ D s (@ Dn—25 48
n—k
— P(TL O) + Zak(_l)k & qgfknngrnQ . q2k372ns+252 . (q;Q)n
R pors (¢ 0)s (4 @)% (0 Qn—25—k
["%’“J K2 E_ 2 2 (Q'q)
+ Ek(—l)k q7+kn—§+n q—2nk+2ks—2ns+25 . y4)n
kz>0 Z:O (030)s(0 @) s+1 (@ D n—25—k
P(,0)g + 3 (~1)H ok +34) g% ok 2% ka2 (4: )
— n’o + _1 o] +a 'q77 n7§ n q s§—4ins S . ) .
! = (4:9)s(@3 @) sk (G Dn—25—k
Since ar,(a; ¢*) = o + @, (1.4)) implies that
Nn,Z(a; Q) = P(nv O)q - Z ¢qk(71) ' P(na k)q . 2Flﬂ(a)qk;
k=1
where
k n(nfkr)+M LnTik 2s(s—n+k) (Qaq)n
P(n,k), = (~1) - S '

e (49)s(6 Qs 56(0 D25k
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The leading coefficient of P(n, k), is clear from the expression. Since the g-multinomial
approaches the usual multinomial as ¢ — 1, we have

- 1kL%J " e L5 Ki(n — k).
s} (n k) = (=1) Z (s,n—k—Qs,k—i-s)() (k) ; sl(k + s)/(n — k —2s)!"

s=0

It is easy to see by induction that if m and s are integers with m < 0 and 2s + m < 0, then

(5).(5+3) - o

Furthermore, it is evident by definition that for & > 0, we have (k + 1)s = (k+9) . Applying this
above with m = k — n, we have

[25%]

lim P(n, k)y = (— 1)k<n> Z (k_Tn>s (%)s 457

oo k) 2 k+ 1), 5!

which is our statement since the summand vanishes for s > L"T_’“J

3.2. Proof of Corollary [1.2l We prove this corollary by implementing the method of mo-
ments, as employed in previous Work by the second two authors in [I7]. By Theorem [1.1|and the
fact that p2oFff(a),r € [-2,2], we have

r_rn? T z —Z
p* apn(a;p") = ¢pr (1) 'pQZFlﬁ(a)pT + Orn(p™2).

Therefore, if m is a nonnegative integer, we have that

=Y tea) = Y @ (- DphaFf ()"

pT aEFT‘T\{Ovl} CLE]FPT\{O,l}
I &1 m\ 1 _
+Z(k> > (@G (CLpEFT (@) + omrn(1)
Pioipe P aer 0,1}

1
=— 3 (G (~DpEF (@) )™ + 0rn(L) as p - 0.
a€F,r\{0,1}

By Theorem 1.1 of [17], this implies that as p — oo we have

1 r_rn? r m Omrn(l) if m is odd
— Z (P2 ag,n(a;p )) =93 _ @) .

P sesirtion ity +omen(1) i m =2 s oven

The proof of Corollary 1.2 of [I7] then implies the limiting distribution.

3.3. Proof of Theorem Fix a prime power ¢ = p” with p > 3 and r > 1, and fix
a€F,\{0,-1}. If A, denotes the smooth affine surface given by

s? = xy(e + 1)(y +1)(z + ay), s # 0,
then X := A, and X, differ by a connected union of rational curves (see [1, §1]). In particular,
we have
[Xo] =[X]+24L -6
in the Grothendieck ring of F,-varieties, where L is the class of the affine line (cf. the term

|v=1(U,)| = (24¢q — 6) at the end of the proof of [1 Proposition 4.1]). Therefore, by Theorem 1.1
of [I], the local zeta function of X is given by

(1—qt)°
Zx(t) = —5—
(1=1)"(1 = ¢®t)(1 = yqt)(1 — vat)(1 — yat)
where v = ¢4(a + 1) and o, @ are the Frobenius eigenvalues for the Clausen elliptic curve
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Therefore, by Proposition we have that

Zeto = T] S H 1
) e =gt ¢t (lqulfjt")(l*W%”’ti)(l*WQQ*J'ti)
= H(l - ti)5 ’ H ( ]tz H H H bt’q i’
i>1 i,j>1 i>1be{q?,vq,va? ya?} j>1

By (3.2) and a@ = ¢, we then have

m(m—1) . m('m 1)

PROECD | DI H I Xt

bmt’bm

i>1 \m>0 (@ @)m i21be{q?,vq,va?,ya?} m=0
my(ms—1)
) —1)m S e ma+ms+me | ,2mz+my | 2m5~2me
R 1 DD (=1)"q * 4 ¥
i>1m>0 mi+...+meg=m (@ @Dy -+ (3 @)me

Mo, v (Mmay,v—1
Z ¥qz 2mu.3+mu,4ryz My, 4+ My, 5+Mu6 . o2 > My, 5 52 > Muse

T 1) M ’ '
EPBUED I [1(¢:@)m..,

r>0
where the latter sum is over all possible combinations of nonnegative integers m,, , withv =1,...,6
and positive integers ,, such that > 4,m,, ., = r. To simplify this expression, for each v = 1,...,6,

we denote by A, the partition given by adding ¢, with multiplicity m., .
Then, in the notation of theorem, the coefficient of t" in Zx (¢) is given by

n Z”()\ixj)(;(*i’j)*l) 21()\3)+l()\4)
Zb - Z (_1)1(A1)+...+1(A6)‘1 q ,Yl()\4)+l()\5)+l()\6)a21()\5)521(}\6).
o (@ Dnai
Ao de @ 9)n(xi.g)

1
[A1|+.. ‘H)\Gl_"'

Dividing those partitions into {(A5) — I(A¢) = k for 0 < k < n, using the deﬁnitio of Zx(t), the
equation (1.6) and the relations a@ = ¢ and bgr(a+1) = ¢g(a + 1)*, we have that

Nys(a;q) =S (n,0,dq(a+ 1)) + S(n, k,pq(a+1)), ((ak +ak)? - Qakak)

2
S(n,k, ¢q(a+1))q (aCL (ajral;qk> - 2qk>

S(n,ky6q(a+ 1)y (4% - dq(a+DF -5 Ff () = d*),

NE

~
Il
-

NE

=5(n,0,¢q(a+1)) +

k=1

M=

= 5(n,0,¢q(a+1)) +

E
Il
-

where

n n(n 1) m
S(n7ka7)q = (_1) q an T Z (—1) (A1, ’AG)’yl(A‘l)J’_k

r=k [A1 |4+ e =r
I(As)—L(xe)=k

2(As)H(Aa)+2U(Ag) o ZOERGEIDZL

[1(4 Dneneg)

4q

The expression for N, 5(a; ¢) follows immediately.

IThe set in (T.12) is indeed Cp(X) as is defined in (2.3): a closed equation for X is s2 = zy(z + 1)(y +
1)(z +ay), sz = 1, so the corresponding matrix equation is (4, B, C, D) € Cy, 4(Fq),C? = AB(A+1,)(B+1I,,)(A+
aB),CD = I,,, which is equivalent to (1.12) by setting D = C~1.

b
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To obtain the leading term for Q(n, k, )4, note that the leading term of (¢;¢); is given by

1(1+1)
l 2

(-1)'q

. Therefore, the leading term of the summand for fixed r, & and A1,..., \g is given by

G b PIOSHODA2U00) SO (L nemO, k) | g3 MR
. (_1)nq"("2+1) ) (_1)Zn(k’“])q_ E "(kivj)(nz(xivj)+1)
_ bn_T,yl(A4)qn2+2l(A3)+Z(A4)+2l()\5)—m(>\1,...,Ag)

_ bn_rfyl(’mq”2’l(’\l)’l()‘Q)H()‘g')H()‘i”)’l(’\f").

The exponent of ¢ is maximized when (A1) = I(A2) = I(XAs) = 0 and I(A3) + I(X5) is maximal.
This implies that I(Ag4) = 0, 7 = n and A3 and A5 are of the form (1,...,1). However, since
I(As) — l(A6¢) = n, we thus have that A5 = n - 1, and therefore, the leading term of Q(n, k,v), is
n2+n
q .
It remains to show the behavior of this polynomial as ¢ — 1. To this end, note that
(}iﬁrri(q;q)nfmul,..‘,xf}) =0

if m(Aq,..., ) < n. Therefore, the only contributing partitions are those with » = n and I(A1) +
...+ 1(A¢) = n. This implies that the partitions Ai,...,Ag are of the form A\, = (1,1,...,1).
Therefore, since by = 1, we have

' n!
mQ(n. k)= Y,
' xr1+...+x6=n 1-...Tg"
z5—ze=k
= Z ,7954 n!
x1! .. xglwg! (xe + k)

x1+...+x4+2x6=n—k

= n n—s -
Z ( Z (ml,xg,xg,n—s>> . Z <x4,x6,x6+k>’y

s=0 \z1+x2+x3=5 ra+2x6=n—k—s

The rest of the computation proceeds exactly as that of Theorem [1.1

3.4. Proof of Corollary We prove this corollary by implementing the method of mo-
ments, as employed in previous work by the second two authors in [17]. By Theorem [1.4] and the
fact that p"3Fi(a), € [—3,3] which follows from (1.6) we have

2
prfrn 7TnAn(a;pr) = pr3F2ﬁr(7a)p7' + Or,n(pir)'
Therefore, as in the proof of Corollary and using Theorem 1.3 of [17], for positive integers m,
we have that
Om.rn (1) if m is odd

1 m
— Z pT*Tn27TnAn (a§pr)> = i (_1)i (m) 4 (gi)! +o,. . (1) if m is even
a€lF,r\{0,1} i) al(i4+1)! m,r,n .

=0

The proof of Corollary 1.4 of [I7] then implies the limiting distribution.
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