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CM EVALUATIONS OF THE GOSWAMI-SUN SERIES

MADELINE LOCUS DAWSEY* AND KEN ONO

Abstract. In recent work, Sun constructed two q-series, and he showed that their limits
as q → 1 give new derivations of the Riemann-zeta values ζ(2) = π2/6 and ζ(4) = π4/90.
Goswami extended these series to an infinite family of q-series, which he analogously used
to obtain new derivations of the evaluations of ζ(2k) ∈ Q · π2k for every positive integer
k. Since it is well known that Γ

(

1

2

)

=
√
π, it is natural to seek further specializations of

these series which involve special values of the Γ-function. Thanks to the theory of complex
multiplication, we show that the values of these series at all CM points τ , where q := e2πiτ ,
are algebraic multiples of specific ratios of Γ-values. In particular, classical formulas of
Ramanujan allow us to explicitly evaluate these series as algebraic multiples of powers of

Γ
(

1

4

)4
/π3 when q = e−π, e−2π.

1. Introduction and Statement of Results

Recently, Sun [10] obtained two q-series identities which allowed him to prove that

(1.1) lim
q→1
|q|<1

(1− q)2
∞
∑

n=0

qn(1 + q2n+1)

(1− q2n+1)2
=

3

2
ζ(2) =

π2

4

and

(1.2) lim
q→1
|q|<1

(1− q)4
∞
∑

n=0

q2n(1 + 4q2n+1 + q4n+2)

(1− q2n+1)4
=

45

8
ζ(4) =

π4

16
.

Sun’s formulas lead to the natural question: Are these q-series a glimpse of an infinite family
that offers new derivations for the evaluations of ζ(2k) for all positive integers k? Goswami
elegantly answered this problem in [5]; he defined a natural family of identities whose limits
as q → 1 with |q| < 1 give Euler’s formula for the Riemann-zeta values at all even integers.

These results have been described as q-analogues of Euler’s identities for ζ(2k). Here
we offer further support of this view. Namely, to be a strong q-analogue, one hopes for
further specializations of q which are expressions in related special functions. We address this

question by observing that ζ(2k) ∈ Q · π2k = Q ·Γ
(

1
2

)4k
, and we ask if Goswami’s series have

evaluations involving algebraic multiples of naturally corresponding Γ-values. We show that
this is indeed the case, thanks to the theory of complex multiplication and modular forms.

In order to state our results, we first recall the q-series that Goswami assembled which
extended Sun’s original identities into an infinite family. Throughout, k is a positive integer.
If we denote the Stirling numbers of the second kind by { n

k }, then we define ak(m) and bk(ℓ)
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by

ak(m) :=
2k−1
∑

j=0

j!(−1)j
{

2k−1
j

}

( j
m ) ,

bk(ℓ) :=

2k−1
∑

m=0

(−1)mak(m)
(

2k−m−1
ℓ

)

∈ Z.

Using these quantities, we define the degree 2k − 2 polynomial

P e
2k−2(z) :=

2k−1
∑

ℓ=1

(−1)ℓbk(ℓ)z
ℓ−1,

and the degree 4k − 2 polynomial

P o
4k−2(z) := (1 + z)2kP e

2k−2(z)− 22k−1zP e
2k−2

(

z2
)

.

For notational convenience, we define Goswami’s q-series as follows.

(1.3) G2k(q) :=



























∞
∑

n=0

q2n+1P o
4k−2 (q

2n+1)

(1− q4n+2)2k
, if k is odd.

22k−1
∞
∑

n=0

q4n+2P e
2k−2 (q

4n+2)

(1− q4n+2)2k
, if k is even,

Remark. When k = 1 and k = 2, these are essentially Sun’s q-series. A critical feature of the
results obtained here is that the G2k(q) are holomorphic modular forms on Γ0(4) of integer
weight 2k.

As usual, we let Q denote the algebraic closure of the field of rational numbers. Suppose
that D < 0 is the fundamental discriminant of the imaginary quadratic field Q(

√
D). Let

h(D) denote the class number of Q(
√
D), and define h′(D) := 1/3 (resp. 1/2) when D = −3

(resp. −4), and h′(D) := h(D) when D < −4. We then let

(1.4) ωD :=
1√
π





|D|−1
∏

j=1

Γ

(

j

|D|

)χD(j)




1
2h′(D)

,

where χD(•) :=
(

D
•

)

. In terms of this notation, we obtain the following theorem.

Theorem 1.1. If D < 0 is a fundamental discriminant and τ ∈ H ∩Q(
√
D), then

G2k

(

e2πiτ
)

∈ Q · ω2k
D .

Thanks to classical formulas of Ramanujan [1], it is simple to explicitly evaluate G2k (e
−π)

and G2k (e
−2π). To make this precise, we define the rational number1

(1.5) Z(2k) := −(−16)kB2k

(

4k − 1
)

8k
= 4k−1

(

4k − 1
)

(2k)! · ζ(2k)
π2k

,

1In [5], Goswami refers to Z(2k) as dk. We use Z(2k) to emphasize that these numbers are simple rational
multiples of ζ(2k)/π2k.
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where B2k is the index 2k Bernoulli number. Furthermore, we let (a; q)∞ :=
∏

n≥0 (1− aqn)
denote the usual infinite q-Pochhammer symbol. If k ≥ 2, then define α2k(1), . . . , α2k(k − 1)
to be the unique rational numbers satisfying

(1.6)
k−1
∑

j=1

α2k(j) ·
qj (q4; q4)

16j
∞ (q; q)8j∞

(q2; q2)24j∞

=

(

G2k(q)−Z(2k) · q
k (q4; q4)

8k
∞

(q2; q2)4k∞

)

· (q; q)
8k
∞ (q4; q4)

8k
∞

(q2; q2)20k∞

.

Since the jth summand on the left is of the form α2k(j)q
j + O (qj+1), the α2k(j) are easily

computed by diagonalization. In the case where k = 1, there simply are no α2k(j) numbers.
In terms of this notation, we obtain the following corollary.

Corollary 1.2. If k is a positive integer and a :=
√
2− 1, then

G2k

(

e−π
)

=

(

Z(2k)

27k
+

1

22k

k−1
∑

j=1

α2k(j)

25j

)

·
(

Γ
(

1
4

)4

π3

)k

,

G2k

(

e−2π
)

=

(

Z(2k)a2k

29k
+

1

25ka2k

k−1
∑

j=1

α2k(j)a
4j

24j

)

·
(

Γ
(

1
4

)4

π3

)k

.

Examples. Here we illustrate Corollary 1.2 for k = 3 and 4. If k = 3, then we have that

G6

(

e−π
)

=

(Z(6)

221
+

1

212

)

·
(

Γ
(

1
4

)4

π3

)3

,

G6

(

e−2π
)

=

(

Z(6)
(√

2− 1
)6

227
+

1−
(√

2− 1
)4

219
(√

2− 1
)2

)

·
(

Γ
(

1
4

)4

π3

)3

.

If k = 4, then we have that

G8

(

e−π
)

=

(Z(8)

228
+

1

212

)

·
(

Γ
(

1
4

)4

π3

)4

,

G8

(

e−2π
)

=

(

Z(8)
(√

2− 1
)8

236
+

1−
(√

2− 1
)4

221

)

·
(

Γ
(

1
4

)4

π3

)4

.

These examples will be explained further in Section 5.

This paper is organized as follows. In Section 2, we recall the Goswami-Sun identities and
the relation between G2k(q) and modular forms. In Section 3, we recall essential facts about
modular forms, and in Section 4, we use these results to prove Theorem 1.1 and Corollary
1.2. In Section 5, we conclude with a discussion of the examples given above.
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2. The Goswami-Sun Identities

We now recall Goswami’s work. Let Tn = n(n + 1)/2 denote the nth triangular number,
and define the generating function of Tn to be

ψ(q) :=
∑

n≥0

qTn.

Then Goswami [5, Theorems 3.1 and 3.2] proves the following theorem.

Theorem 2.1. For any positive integer k, we have that

T2k(τ) := G2k(q)− Z(2k) · qkψ
(

q2
)4k

is the Fourier expansion of a weight 2k cusp form on Γ0(4), where q := e2πiτ and τ ∈ H.

In Section 3, we apply the theory of modular forms and complex multiplication to study

T2k(τ) and q
kψ (q2)

4k
at all CM points.

3. Some Facts about Modular Forms

Here we recall some basic facts about modular forms.

3.1. CM Values of Modular Forms. In Goswami’s work [5], the limit of the q-series
identity in Theorem 2.1 as q → 1 gives the constant term of a weight 2k Eisenstein series,
which is described in terms of ζ-values. Our work depends on the values of modular forms at
CM points.

Classically, the Chowla-Selberg formula [3] was developed in order to evaluate the Dedekind
eta-function

η(τ) := q1/24
∞
∏

n=1

(1− qn)

at CM points whose discriminants are fundamental discriminants. This was refined by van der
Poorten and Williams [9, Theorem 9.3], who gave a closed formula for values of η(τ) in which
τ is still required to be a CM point whose discriminant is fundamental. More generally, we
have the following theorem (for example, see p. 84 of [2]) regarding evaluations of all modular
forms at all CM points.

Theorem 3.1. Suppose that D < 0 is the fundamental discriminant of the imaginary qua-
dratic field Q(

√
D). Then the number ΩD ∈ C∗ defined by

ΩD :=
1

√

2π|D|





|D|−1
∏

j=1

Γ

(

j

|D|

)χD(j)




1
2h′(D)

has the property that f(τ) ∈ Q ·Ωk
D for all τ ∈ H∩Q(

√
D), all k ∈ Z, and all modular forms

f of weight k with algebraic Fourier coefficients.

In the special cases of the CM points τ ∈ {i/2, i, 2i, 4i}, Theorem 3.1 can be made explicit
using the following formulas of Ramanujan (see p. 326 of [1]),

f
(

−e−π
)

=
π

1
4 e

π

24

2
3
8Γ
(

3
4

) ,

f
(

−e−2π
)

=
π

1
4 e

π

12

2
1
2Γ
(

3
4

)
,
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f
(

−e−4π
)

=
π

1
4 e

π

6

2
7
8Γ
(

3
4

)
,

f
(

−e−8π
)

=
π

1
4

(√
2− 1

)
1
4 e

π

3

2
21
16Γ
(

3
4

) ,

where f(−q) :=
∏

n≥1 (1− qn). The above formulas can be rewritten in terms of the Dedekind

eta-function by noticing that η(τ) = q1/24f(−q). By applying the functional equation of the
Γ-function, namely Γ(1− z)Γ(z) = π/ sin(πz) for z 6∈ Z, in terms of

Ω−4 =
1

2
√
2π

· Γ
(

1
4

)

Γ
(

3
4

) ,

we obtain

(3.1) η(i/2) = 2
1
8 · Ω

1
2
−4, η(i) = Ω

1
2
−4, η(2i) =

1

2
3
8

· Ω
1
2
−4, η(4i) =

(√
2− 1

)
1
4

2
13
16

· Ω
1
2
−4.

We shall make use of these formulas to prove Corollary 1.2.

3.2. Modular Forms on Γ0(4). Here we recall standard facts about modular forms on Γ0(4).
Recall that the theta function given by

θ(τ) :=
∞
∑

n=−∞

qn
2

is a weight 1
2
modular form on Γ0(4), and that the weight 2 Eisenstein series

F (τ) :=
∞
∑

n=0

σ1(2n+ 1)q2n+1

is a modular form on Γ0(4) as well, where σ1(n) denotes the sum of the positive divisors of
n. It is known that every modular form on SL2(Z) and Γ0(4) can be expressed as a rational
function in η(τ), η(2τ), and η(4τ) (see [8, Theorem 1.67] for SL2(Z) and [7] for Γ0(4)). In
the case of Γ0(4), this fact relies on the observation that F (τ) and θ(τ) are given in terms of
Dedekind eta-quotients in the following way:

(3.2) θ(τ) =
η(2τ)5

η(τ)2η(4τ)2
, F (τ) =

η(4τ)8

η(2τ)4
.

It is also very well known that the two Eisenstein series E4(τ) and E6(τ) generate the
algebra of all modular forms on SL2(Z) (for example, see [8, Theorem 1.23]). The analogous
statement for modular forms on Γ0(4) involves the forms F (τ) and θ(τ). Namely, the following
complete description of the spaces Mk (Γ0(4), ψk) for k ∈ 1

2
N and

ψk :=

{

χ0, if k ∈ 2Z or k ∈ 1
2
+ Z,

(

−4
•

)

, if k ∈ 1 + 2Z,

where χ0 is the trivial character, is proved in [4, 6]. As a graded algebra, we have that
⊕

k∈ 1
2
Z

Mk (Γ0(4), ψk) ∼= C[F, θ].
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Moreover, we have the following proposition (see [7, Corollary 3.3]) describing canonical
representations of modular forms on Γ0(4) in terms of F (τ) and θ(τ).

Proposition 3.2. If k ∈ 1
2
N, then each f(τ) ∈ Mk (Γ0(4), ψk) has a unique expansion in

terms of F (τ) and θ(τ) of the form

(3.3) f(τ) =

[k/2]
∑

j=0

αk(j)F (τ)
jθ(τ)2k−4j .

Moreover, f(τ) is a cusp form if and only if the coefficients αk(j) satisfy:

(i) αk(0) = 0,

(ii) αk(k/2) = 0 when k ∈ 2Z, and

(iii)
[k/2]
∑

j=0

αk(j)
(

1
16

)j
= 0.

Combining the above decomposition in terms of F (τ) and θ(τ) for the cusp form T2k(τ)
with the eta-quotients in (3.2), we obtain new expressions for the series G2k(q) in Section 4.

4. Proof of Theorem 1.1 and Corollary 1.2

We may write the product on the right hand side of Theorem 2.1 in terms of eta-quotients
as follows:

(4.1) Z(2k) · qkψ
(

q2
)4k

= Z(2k) · qk
∞
∏

n=1

(1− q4n)
4k

(1− q4n−2)4k
= Z(2k) · η(4τ)

8k

η(2τ)4k
.

Now, by (3.3)2 we can express the cusp form T2k(τ) as

(4.2) T2k(τ) =

k
∑

j=0

α2k(j)F (τ)
jθ(τ)4k−4j ,

and by (3.2) we can write (4.2) in terms of eta-quotients in the following way:

T2k(τ) =
η(2τ)20k

η(τ)8kη(4τ)8k

k
∑

j=0

α2k(j) ·
η(4τ)16jη(τ)8j

η(2τ)24j
.

By Proposition 3.2 (i) and (ii), we may simplify this expression to

(4.3) T2k(τ) =
η(2τ)20k

η(τ)8kη(4τ)8k

k−1
∑

j=1

α2k(j) ·
η(4τ)16jη(τ)8j

η(2τ)24j
.

Now, combining (4.1) with (4.3), we see that the series G2k(q) can be expressed as

(4.4) G2k(q) = Z(2k) · η(4τ)
8k

η(2τ)4k
+

η(2τ)20k

η(τ)8kη(4τ)8k

k−1
∑

j=1

α2k(j) ·
η(4τ)16jη(τ)8j

η(2τ)24j
.

2The weights in Theorem 1.1 are 2k as opposed to k in the section above.
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From the above expression for G2k(q), it is clear that if k ≥ 1, then the α2k(j) are the unique
rational numbers such that

k−1
∑

j=1

α2k(j) ·
η(4τ)16jη(τ)8j

η(2τ)24j
=

(

G2k(q)− Z(2k) · η(4τ)
8k

η(2τ)4k

)

· η(τ)
8kη(4τ)8k

η(2τ)20k
.

This implies the definition for the α2k(j) in (1.6).
Theorem 3.1 along with (4.4) immediately imply that evaluations of the Goswami-Sun

series at CM points τ ∈ H∩Q(
√
D) give values in Q ·Ω2k

D , which proves Theorem 1.1 because

ω2k
D = 2k|D|k · Ω2k

D .

�

Proof of Corollary 1.2. If D = −4, then Q(
√
D) = Q(i) and by (1.4) we have

ω−4 =
1√
π
· Γ
(

1
4

)

Γ
(

3
4

) .

We apply the functional equation of the Γ-function to rewrite ω−4 as

ω−4 =
Γ
(

1
4

)2

√
2π3/2

.

In particular, applying the values of η(τ) in (3.1) to all of the eta-functions in (4.4), we
evaluate G2k (e

2πiτ ) at τ = i
2
and τ = i to obtain the values in Corollary 1.2. �

5. Examples

Example 5.1. If k = 3, then Theorem 1.1 becomes

G6(q) = Z(6) · η(4τ)
24

η(2τ)12
+

η(2τ)60

η(τ)24η(4τ)24

(

α6(1) ·
η(4τ)16η(τ)8

η(2τ)24
+ α6(2) ·

η(4τ)32η(τ)16

η(2τ)48

)

,

and we calculate that α6(1) = 1 and α6(2) = −16. Then we have that

G6(q) = Z(6) · η(4τ)
24

η(2τ)12
+

η(2τ)60

η(τ)24η(4τ)24

(

η(4τ)16η(τ)8

η(2τ)24
− 16 · η(4τ)

32η(τ)16

η(2τ)48

)

.

Corollary 1.2 in this case gives

G6

(

e−π
)

=

(Z(6)

221
+

1

212

)

·
(

Γ
(

1
4

)4

π3

)3

= 0.0633804556 . . .

and

G6

(

e−2π
)

=

(

Z(6)
(√

2− 1
)6

227
+

1−
(√

2− 1
)4

219
(√

2− 1
)2

)

·
(

Γ
(

1
4

)4

π3

)3

= 0.0018690318 . . . .

Example 5.2. If k = 4, then Theorem 1.1 becomes

G8(q) = Z(8) · η(4τ)
32

η(2τ)16

+
η(2τ)80

η(τ)32η(4τ)32

(

α8(1) ·
η(4τ)16η(τ)8

η(2τ)24
+ α8(2) ·

η(4τ)32η(τ)16

η(2τ)48
+ α8(3) ·

η(4τ)48η(τ)24

η(2τ)72

)

,
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and we calculate that α8(1) = 0, α8(2) = 128, and α8(3) = −2048. Then we have that

G8(q) = Z(8) · η(4τ)
32

η(2τ)16
+

η(2τ)80

η(τ)32η(4τ)32

(

128 · η(4τ)
32η(τ)16

η(2τ)48
− 2048 · η(4τ)

48η(τ)24

η(2τ)72

)

.

Corollary 1.2 in this case gives

G8

(

e−π
)

=

(Z(8)

228
+

1

212

)

·
(

Γ
(

1
4

)4

π3

)4

= 0.2980189122 . . .

and

G8

(

e−2π
)

=

(

Z(8)
(√

2− 1
)8

236
+

1−
(√

2− 1
)4

221

)

·
(

Γ
(

1
4

)4

π3

)4

= 0.0004465790 . . . .
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