GAUSS’S 2 /7 HYPERGEOMETRIC FUNCTION AND THE
CONGRUENT NUMBER ELLIPTIC CURVE

AHMAD EL-GUINDY AND KEN ONO

ABSTRACT. Gauss’s hypergeometric function gives a modular parame-
terization of period integrals of elliptic curves in Legendre normal form

EN: 2 =z(x—1)(z—\).

We study a modular function which “measures” the variation of periods

for the isomorphic curves E(\) and E (ﬁ), and we show that it p-

adically “interpolates” the cusp form for the “congruent number” curve
E(2), the case where these pairs collapse to a single curve.

1. INTRODUCTION AND STATEMENT OF RESULTS

For A € C\ {0, 1}, the Legendre normal form elliptic curve E()) is given
by

(1) EN): v =x(x—1)(z—\).

It is well known (for example, see [4]) that E()\) is isomorphic to the complex
torus C/Ly, where Ly = Zwi(\) 4+ Zwa (), and the periods wy(A) and wa(\)
are given by the integrals

0 dr ee dz
R v e B v o e

These integrals can be expressed in terms of Gauss’s hypergeometric func-

tion

(2) oFy(2) = o F, (%7

=N =

, o (3G,

)= T
n=0

where (a), =a-(a+1)---(a+n —1). More precisely, for A € C\ {0, 1}

with [A[, |\ — 1] < 1, we have

(3) wi(A) =imoF1(1 —A)  and wa(N) = moFi(N).

The parameter A is a “modular invariant”. To make this precise, for z in
H, the upper half of the complex plane, we define the lattice A, := Z + Zz,
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and let p be the Weierstrass elliptic function associated to A,. The function

A(z) defined by

el e
() o) = S — e [T ()

n=1

2miz

where ¢ := e*™*, is a modular function on I'(2) that parameterizes the

Legendre normal family above. In particular, we have that C/A, = E(\(z)).
Furthermore, for any lattice A = Zw; + Zw, with J(2L) > 0, we have that

C/A is isomorphic (over C) to E(A) if and only if A is in the orbit of A (:’—;)
under the action of the modular quotient SLy(Z)/I'(2) = SLy(Z/2Z). This

quotient is isomorphic to S3, and the orbit of A is

1 1 A oa-1
{A’ ITMTTN AT }

In view of this structure, it is natural to study expressions like

5) ) - n (52

which measures the difference between periods of the isomorphic elliptic
curves E(\) and E (52;). Taking into account that A(z) has level 2, it is
natural to consider the modular function

o 2 F1(A(2)) — 211 (’\(AZ()ZEJ
6 L) = JFi(N22) — 2P ()

It turns out that L(z) is a Hauptmodul for the genus zero congruence group

=q¢ 428 —¢" —2¢" + .. ..

['y(16). Here we study the p-adic properties of the Fourier expansion of L(z)
using the the theory of harmonic Maass forms. To make good use of this
theory, we “normalize” L(z) to obtain a weight 2 modular form whose poles
are supported at the cusp infinity for a modular curve with positive genus.
The first case where this occurs is I'y(32), where the space of weight 2 cusp
forms is generated by the unique normalized cusp form

[e.9]

(1) gz)=q]J(1—q")(1—¢*)* =q—2¢" = 3¢" + 6" + ...

n=1
Our normalization is

(8) F(z) = > Cln)g" = —g(2)L(22) = —¢"+2¢°+¢"—2¢"" +5¢""+. ..

n=-—1
Remark. It turns out that §(z) satisfies the following identities:

§(2) = % : d%L(Z) - 45((222)) = L(2) o F1 (%) - 9 F1(A(82)).
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The cusp form g(z) plays a special role in the context of Legendre normal
form elliptic curves. Under the Shimura-Taniyama correspondence, g(z) is
the cusp form which gives the Hasse-Weil L-function for F(—1), the con-
gruent number elliptic curve

9) E(-1): y*=2"—uz.

By the change of variable z — x — 1, we have that E(—1) is isomorphic
to E(2). Since A = 27 when A = 2, we see that g(z) is the cusp form
corresponding to the “fixed point” of (5).

We show that §(z) has some surprising p-adic properties which relate the
Hauptmodul L(z) to the cusp form g(z). These properties are formulated
using Atkin’s U-operator

(10) > a(n)g" | U(m) == a(mn)q".

Theorem 1.1. If p = 3 (mod 4) is a prime for which p{ C(p), then as a

p-adic limit we have

e SE)UEHT
9(2)—101520 C<p2w+1) )

Remark. The p-adic limit in Theorem 1.1 means that if we write g(z) =
> o> L ag(n)g", then for all positive integers n the difference

n=1
O(np2w+1)
cm

becomes uniformly divisible by arbitrarily large powers of p as w — +o0.
Remark. A short calculation in MAPLE shows that p 1 C'(p) for every prime

p =3 (mod 4) less than 25,000. We speculate that there are no primes p = 3
(mod 4) for which p | C(p).

Ezxample. Here we illustrate the phenomenon in Theorem 1.1 for the primes
p = 3 and 7. For convenience, we let

§(2) [ U@

11 w(p;2) =
(11) Fuw(p; 2) C ()
If p = 3, then we have
Fo(3;2) = q+2¢°+6¢° —34¢"" + - = g(z) (mod 3)
F1(3;2) = q+32¢° —22¢° — B¢ —1258¢" + - = g(2) (mod 32%)
F2(3;2) = q— $92¢° + 2B 4. = g(2) (mod 37)
33(3; Z) = ¢-— 1222(7)42124615 q5 _ 3403132858498744?216992963465663q 4+ = g(z) (mod 34).
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If p =17, then we have
Fo(7;2) = ¢ +40¢° + 18¢° + 104¢™ + 51¢*" + - - - = g(2) (mod 7)

51(7:2) = q+ 191%44%5 _ 9349315q9 + 215353309456(]13 +o=g(2) (mod 72).

Theorem 1.1 arises naturally in the theory of harmonic Maass forms. The
proof depends on establishing a certain relationship between § and g. This
is achieved by viewing them as certain derivatives of the holomorphic and
non-holomorphic parts of a harmonic weak Maass form that we explicitly
construct as a Poincaré series. We then use recent work of Guerzhoy, Kent,
and the second author [3] that explains how to relate such derivatives of a
harmonic Maass form p-adically. (Cf. Section 2).

2. PrRoOOF OF THEOREM 1.1

Here we prove Theorem 1.1 after recalling crucial facts about harmonic

Maass forms.

2.1. Harmonic Maass forms and a certain Poincaré series. We begin
by recalling some basic facts about harmonic Maass forms (for example, see
Sections 7 and 8 of [7]). Suppose that k > 2 is an even integer. The weight
k hyperbolic Laplacian is defined by

»? o o 0
A, — — 2 Y v . v )
Y (3372 " 8@/2) ik (fhf i Z33/)

A harmonic weak Maass form of weight k on T'o(NN) is a smooth function
f : H — C satisfying

(1) fisinvariant under the usual |y slash operator for every v € T'o(N).

(2) Agf =0.

(3) There exists a polynomial

such that f(z) — Pr(z) = O(e™®¥) as y — oo for some ¢ > 0. We
require similar growth conditions at all other cusps of I'o(V)

The polynomial Py, for a given cusp, is called the principal part of f at that
cusp. The vector space of all forms satisfying these conditions is denoted
by Hy(N). Note that if M}(N) denotes the space of weakly holomorphic
modular forms on ['y(N) then M}(N) C Hy(N).

Any form f € Hy 4(N) has a natural decomposition as f = f*+ f~,

where f* is holomorphic on H and f~ is a smooth non-holomorphic function
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on H. Let D be the differential operator ﬁd% and let &, = Qiy””a%. Then

we have that

(12) D"'(f) = D" (f7) € My(N) and &-i(f) = &-r(f7) € Su(N),

where Sg(NN) is the space of weight & cusp forms on I'g(N). In particular,
there is a cusp form gy of weight k attached to any Maass form f of weight
2—k. Since &_,(M;_(N)) = 0, it follows that many harmonic Maass forms
correspond to gy. In [2], Bruinier, Rhoades, and the second author narrow
down the correspondence by specifying certain additional restrictions on f.
Specifically, they define a harmonic weak Maass form f € Hs ((N) to be
good for a normalized newform g € Si(V), whose coefficients lie in a number
field Fy, if the following conditions are satisfied:

(1) The principal part of f at the cusp oo belongs to Fy[g~1].
(2) The principal parts of f at other cusps (if any) are constant.

(3) &o-k(f) = i, where || - || is the Petersson norm.

It is also shown in that paper that every newform has a corresponding good
Maass form.

Theorem 1.1 depends on the interplay between the newform g¢(z) in (7)
and a certain harmonic Maass form which is intimately related to the Haupt-
modul L(z). These forms are constructed using Poincaré series.

We first recall the definition of (holomorphic) Poincaré series. Let I'o (V)
denote the stabilizer of oo in ['y(XN) and set e(z) := €?™*. For integers m,
k > 2 and positive N, the classical holomorphic Poincaré series is defined

by

P Ni2) = S0 ety = " + 3 alm, k, Nin)g"
YEDG(N)oo\'o(N) n=1

We extend the definition to the case k = 2 using “Hecke’s trick”. For a pos-
itive integer m, we have that P(m,k, N;z) € Sg(N) and P(—m,k,N;z) €
M}(N). The Poincaré series P(—m, k, N; z) is holomorphic at all cusps ex-
cept oo where the principal part is ¢~ ™.

The coefficients of these functions are infinite sums of Kloosterman sums

multiplied with the I,, and J,, Bessel functions. The modulus ¢ Kloosterman

sum K.(a,b) is

Kfab) = Y e (%) .

vE(Z/cL)*
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It is well known (for example, see [5] or Proposition 6.1 of [2]) that for

positive integers m we have

a(m,k,N;n) = 27r(—1)§ <£>k21 io: KNz}ifﬂC”L,n) - (4#%) |

m — Nc
and
kN T = Kne(—m,n) 4m\/mn
a(—m,k,N;n) =2n(—1)2 (E) : ; —Ne I ( Ne ) :

Furthermore, for positive m, the Petersson norm of the cusp form P(m, k, N; z)
is given by

(k—2)!
(4rm)k—1

These Poincaré series are related to the Maass-Poincaré series which we

(13) |P(m, k,N; 2)|? = (1+ a(m, k, N;m)).

now briefly recall. Let M, ,(z) be the usual Whittaker function given by

. 1
Myu(2) = €223 P — v+~ 1+ 21 2),

2
where 1 Fy(a,b;2) = > 7, ((Z))"';—T For y > 0 set
T (T 1Y) = e(—mx)(47rmy)_%Mfg7%(47rmy).
Then, for k£ > 2 the Poincaré series
Q(—m, k,N: z) := Y M@y

YEL0(N) oo \T'o(N)
is in Hy_;(N) (for example, see [2]). This series converges normally for for
k > 2, and we can extend its definition to the case k = 2 using analytic
continuation to get a form in Hy(V). These different Poincaré series are

connected via the differential operators D and & as follows (see §6.2 of

[2]):

(14) DY Q(=m,k,N; 2)) = —m" ' P(=m, k, N; 2),

and

15) sl b Ni2) = L p kN2
- B (k —2)! s

The following lemma relates § and g using these Poincaré series.

Lemma 2.1. The following are true:

(1) We have that
P(1,2,32;2)
1+a(1,2,321)
(2) We have that Q(—1,2,32; z) is good for g.

(3) We have that D(Q(—1,2,32;z2)) = §(2).

g(z) = ( and F(z) = —P(—1,2,32;2).
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Proof. Since g and P(1,2,32;z) are both nonzero cusp forms in the one
dimensional space S3(32), the first equality follows easily. For the second
equality, note that § and —P(—1,2,32; z) have the same principal part at
oo and no constant term, hence their difference must be in S3(32), hence a
multiple of g. Further, since K3s.(—1,1) = 0 for all ¢ > 1, we see that the
coefficient of ¢ in both § and —P(—1,2,32; 2) is zero, and it follows that
they must be equal. The proof of the “goodness” of () follows at from the
properties of @ listed above and from (13) and (15). Claim (3) now follows
from (14). O

2.2. Proof of Theorem 1.1. Theorem 1.1 is a consequence of the following
theorem which was recently proved by Guerzhoy, Kent, and the second
author.

Theorem 2.2. [Theorem 1.2 (2) of [3]] Let g € Si(N) be a normalized CM
newform. Suppose that f € Hy (N) is good for g and set

F:=DF'f= Z c(n)q".

n>>—oo
If p is an inert prime in the CM field of g such that p*~1 1 c(p), and if

(16) lim p~v* =Y E|U(p?t) £ 0.
Then as a p-adic ltmit we have

F’U(pQw—H)

g = lim

We require a lemma regarding the existence of certain modular functions

with integral coefficients that are holomorphic away from the cusp infinity.
Lemma 2.3. Let Z((q)) denote the ring of Laurent series in q over Z.

(1) For each positive integer n Z 1 (mod 4) there ezists a modular func-
tion
on=q " +0(q) € My(32) N Z((q))
such that ¢, is holomorphic at all cusps except infinity.
(2) For eachm >5 withn =1 (mod 4) there exists a modular function

Gn=q"+a_1q"" + O(q) € My(32) N Z((q))

such that ¢, is holomorphic at all cusps except infinity.

In both cases, the coefficients of ¢, (z) vanish for all indices not congruent
to —n (mod 4).
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Proof. This follows by induction. Specifically, let L(z) be as in 6 and set

$2(2) == L(22) = q > +2¢° —¢"* + ...
¢3(2) = L(2)L(22) = ¢ +2¢+¢° +2¢" + ...

Both ¢, and ¢3 are modular functions of level 32 with integer coefficients.
It is clear one can inductively construct polynomials

Uo(2,y) = Y talis j)a'y’ € Zlz,y)

such that U, (¢po(2), ¢3(2)) satisfies the conditions on the principal parts in
Lemma 2.3. For example

G7(2) = ¢3(T)a(2)> — 203(T) = ¢ +q+8¢° +2¢° + ...

Furthermore, if n is even (resp. n = 3 (mod 4), resp. n = 1 (mod 4))
then one sees that W, (x,y) = ¥, (x,1) (i.e it is purely a polynomial in x)
(resp. ¥, (z,y) equals y multiplied by a polynomial in z?, resp. ¥, (z,y)
equals zy multiplied by a polynomial in x?). This remark establishes the
last assertion. O

This sequence of modular functions turns out to be closely related to §

as follows.
Corollary 2.4. Ifn > 2 and ¢,(2) = Y2 Au(D)d, then C(n) = —A,(1).

Proof. Since C'(n) = 0 whenever n # 3 (mod 4), then by part (3) of the
above lemma, the corollary follows trivially for such n. For n = 3 (mod 4),
the meromorphic differential §(z)¢, (z)dz is holomorphic everywhere except
at the cusp infinity. Recall that the sum of residues of a meromorphic differ-
ential is zero. Furthermore, the residue at oo of the differential h(z)dz (for
any weight 2 form h) is a multiple of the constant term in its g-expansion.
Since §(z) = DQ(—1,2,32;2) we see that § has no constant term at any
cusp, and hence §¢, vanishes at all cusps except oco. It follows that the
residue at the cusp oo must be zero, and the result follows since the con-
stant term of the g-expansion of F(2)¢,(2) is C'(n) + A,(1). O

Proof of Theorem 1.1. By Theorem 2.2, Lemma 2.1, and the fact that those
primes inert in Q(7), the CM field for g, are the primes p = 3 (mod 4), it
suffices to prove equation (16) under the assumption that p 1 C(p).

Recall that the weight k& m-th Hecke operator T'(m) (see [6, 7]) acts on
M;(N) by

(17) fIT(m)(2) = fIU(p)(2) + p*~" f(p2).
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It is obvious from the definition that integrality of the coefficients is pre-

served for forms of positive weight. In particular, for
§=—¢"+2¢+q" —2¢" + ...,

we get
F 12 T(p) = —pg ™+ C(p)g+ O(¢?),

and § |2 T'(p) is holomorphic at all cusps except co. For p = 3 (mod 4)
Lemma 2.3 and Corollary 2.4 give that

o0 o)

(18) Tl T0)(2) = d(2) = Y ag(m)d" = ) nAy(n)g"

n=—p n=-—p

From (17) we get

3U(p) = ¢,(2) — pE(p2).
Acting by U(p?) gives

SIU(p*) = 6, lU(p") — pS(2)|U (p),

and it follows by induction that

(19) pUSIUE™H) Zp% U(p*) — U (p).
If
Jim pm U @) =0,
then

31U (p) Zp—%zs U

(The convergence here is p-adic). Focusmg on the coefficient of ¢ gives

Zp a/ 2l szzz )
Hence
pzpl 1 A(p 21 ),

which contradicts the hypothesis that p 1 C(p). Thus hypothesis (16) is
satisfied thereby proving the theorem. Il
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