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ABSTRACT. In this note we construct a graded family of endomor-
phisms on My (To(4), xx) using differential operators. These oper-
ators are analogous to those constructed by Kaneko and Zagier in
the case of modular forms on T'g(1). We study the arithmetic of
these operators. For example, we classify their eigenforms and their
kernels.

1. INTRODUCTION AND STATEMENT OF RESULTS

Kaneko and Zagier [K-Z] studied hypergeometric modular forms
whose properties are connected to supersingular j-invariants. Recent
work by Kaneko and Todaka [K-T] includes a new family of such
modular forms. A common thread between these papers is the con-
struction of endomorphisms on spaces of modular forms My (I'y(1)),
for certain weights k, which are defined using differential operators.

In this simple note we study a similar construction for the spaces of
modular forms My (I'o(4), xx) where k € 1N (see [K] for definitions)
and

if ke2Zor ke i +12Z,
W s { N rermerke

X1 if k €1+ 22Z.
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We construct, uniformly in &k, endomorphisms on M (T'o(4), xx). We
characterize some of their intrinsic properties which may be of in-
terest to those working on the combinatorial aspects of g-series and
hypergeometric functions.

We shall identify a modular form f(z) € My(T'o(4), xx) with its
Fourier expansion

f(z) = Z a(n)q" (q := €*™* throughout).
n=0
For convenience, let d denote the differential operator defined by

(2) d (Z a(n)q") = Zna(n)q” = % : dilz (Z a(n)e%mz) .

n=0 n=0
Ifke %N, then let C'y denote the map

Cr : Mi(Lo(4), xx) — Clq]]

given by

k+1/2)(f-d(0)) — sd(f0
5 ) = Y2 A0) o)
where -

0(z) = Z q”2:1+2q+2q4+2q9+---,
and -
F(z) = Z o1(2n + 1)g*"+,
n=0

Theorem 1. Ifk € %N, then the map Cy,

Cr : Mi(To(4), xx) — My(To(4), xx)
15 a C-linear endomorphism. Moreover, the kernel of Cy, is

ker(Cy,) = Co?.
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It is natural to characterize the eigenforms of the C. They are val-
ues of terminating hypergeometric functions in terms of the modular
forms F'(z) and 6(z), which are defined above. Recall that the clas-
anL Az e | m) is defined

B, . By

sical hypergeometric series ,F,
by
(4)

ai, 2, ... Qp, r) = = (O‘1>n(a2)n(0‘3)n"‘(ap)nwn
qu( B, - B | > nz:‘f) (B1)n(B2)n -+ (Bg)nn!

where

" ::{1 if n =0,

Yy +D(y+2)---(y+n—1) if n > 1.

Definition. A modular form f € My(T'o(4),xr) is a normalized
eigenform if
(1) The first non-zero coefficient in the q-series expansion is 1.

(2) There is a complex number Ay for which

Cr = M\ f.

Theorem 2. Ifk € %N, then there are exactly
e :=dim(Mg(To(4), xx) — 1

normalized eigenforms, say fik, fok,..- fek, of the endomorphism
Ck. If e > 1, then for all 1 < m < e we have

16F\™ — 16F
() forim (1—6—> 2 1F0( m|6—)-92k,

(i) C(fmk) = 8Mfm k-

It is natural to ask which cusp forms are in the image of Cx. We
prove:

Theorem 3. Ifk € %N, then we have
Sk(To(4), xx) € Im(Ck).
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2. PRELIMINARIES

We consider the spaces My (I'g(4), xx) and Sk(T'o(4), xx) where k €
iN. We recall the following well known proposition (see [C]).

Proposition 2.1. Using the notation above, we have the following:

(1)

(0o (4),x0) = { | pheD

14+ k/2]  ifk>0.

0 it k<2,
dim(Sk(To(4), xx) = § [k/2] —1 it k>2and k¢ 2Z,

/2] —2  ifk>2and k € 2Z.
(2) As a graded algebra, we have

@keész(FO(él)v Xk);C[F> '9]

In [C], Cohen proved that certain bilinear forms in derivatives of
modular forms are again modular forms. The following is a special
case of [Th. 7.1, CJ:

Theorem 2.2. Fori =1 and 2 suppose that f;(z) € My, (To(4), Xk, )-
The function

C(f1, f2;2) = (k1 + k2)(f2 - d(f1)) — k1d(f2 - f1)

is a modular form in Sg, 4 ky+2(T0(4), Xk +ka+2)-

3. PROOF OF RESULTS
Recall the definition of Cj, from (3).

Theorem 3.1. If a and b are non-negative integers, then

0 if a =0,

apby _
CQ(H_%(F 0 ) - { _%Fa—10b+4 4 8aqFaegb if a > 0.
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Proof. 1t suffices to prove that

0 if a =0,

5) (0, F0°: 2) =
( ) ( Z) { —%Fa9b+5 + 8aFa+19b+1 ifa>0.

Using Theorem 2.2 and the standard rules for differentiation, it is
simple to verify that if a is a positive integer and b and c¢ are non-
negative integers, then

(6) C(0, F*0°tL; 2) = 0C(0, Fb6°; 2),
(7) C(0,F*0% 2) = aF*~*C(0, FO°; 2).

It suffices to compute C(60,0;z2) € M3(I'g(4),x—4) and C(0, F;z) €
My/2(T'o(4), X9/2), and one easily verifies that

C(0,6;z)=0,
CO,F;z) = —%F@E’ + 8F?6.

These identities together with (6) and (7) implies (5).
U

Proof of Theorem 1. At the outset, there is no guarantee that Cj(f)
is a modular form for each f € My(I'y(4), xx). However, Theorem
3.1 and Proposition 2.1 indeed implies that the image of Cj is in
My (To(4), xx). The C-linearity follows immediately from

(k+3) ((afs + BF2) - d(9)) — 3d((afs + B£2)0)

Cr(afi +Bf2) = ]
(k + 5)afid®) | (k+5)BRA0O) _ 3dH0)  5d(f20)
- Fo Fo Fo Fo
= aCy(f1) + BCk(f2).
U

Now we characterize the eigenforms of the endomorphisms Cj.

Proof of Theorem 2. Since the ker(C)) = C6?* is one dimensional,
there are at most e distinct normalized eigenforms. Using the formulas
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in Theorem 3.1, it is simple to verify that these e forms are indeed
eigenforms with the designated eigenvalue.

g

We conclude with a study of those cusp forms which are in the im-
age of the differential operators Cx. We recall the following important
proposition.

Proposition 3.2. The fundamental domain of h/To(4) has 3 cusps,
and canonical representatives are {0, —%, oo}. The values of F and 0
at these three points are

F(oo) =0, F(0) = oo F(-1/2)= 1,
Bloo) =1, 6(0) =" §(=1/2) =0.

As an immediate corollary we obtain:

Corollary 3.3. Suppose that k € N and f € My(To(4), xx) has the
following canonical decomposition

k2
f=Y oF6*4.

J=0

Then f is a cusp form if and only if

(Z) g = O,

(Zl) Qp /2 = 0 when k € 27,
[k/2] _

(ii4) > a;(1/16) =0.
j=0

The next theorem proves Theorem 3.
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Theorem 3.4. Ifk € %N and j is a positive integer, then
Sk(To(4), xx) € Im(C).
Moreover, every f € Im(C}) has the property that f(z9) = 0 for

{{o,—%} if k ¢ 27,
20 € .
{0}, otherwise.

Proof. By Theorem 3.1, we see that Im(C}) is generated by the mod-
ular forms

92k . 16F(92k_4,
92]’&74]_7 . 16F292k‘787

The last generator is of the form #*F%~! — 16 F¢ if and only if k = 2a
is an even integer.

By Corollary 3.3, it is easy to see that the first form is not a cusp
form. However, all the remaining forms (with the exception of the
last one when k € 2N) is a cusp form. This follows from Corollary
3.3 (iii). It is easy to see that the number of cusp forms equals the
dimension of Si(I'o(4), xx) from Proposition 2.1. Moreover, it clear
that these forms are linearly independent over C.

The conclusion about the zy follows immediately by noting that
0" —16F6°* vanishes at z = 0 and —3 while the form F*~'¢*—16F*
vanishes at z = 0.

g

Corollary 3.5. Suppose that k € %N and that f € M (To(4), xx) has
canonical decomposition

w2
f= aF7g°4.
=0
(1) If k & 2Z, then Ci(f) € Sk(To(4), xx) if and only if a; = 0.

(2) If k € 2Z, then Cix(f) € Sk(To(4), xx) if and only if an =
Oék/z =0.
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