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Abstract. For the operator ig + m(x), where m(x) can change sign, we develop a
cluster expansion for computing the determinant and Green’s functions. We use
a local chiral transformation to relate the space-dependent case to the ordinary
Dirac operator.

1. Introduction

The study of multi-phase field theories with generalized Yukawa interactions
provides a natural structure for studying Dirac operators with space-dependent
mass. Different phases of such a model will have different effective fermion masses.
If one attempts to analyze such a model via a cluster expansion, different cluster
will be in different phases and have different masses for the fermions.

Our specific motivation for studying operators like i¢ + m(x) comes from trying
to understand the phase structure of two-dimensional Wess— Zumino models. While
the single phase case has been studied [15] and much is known for the system in
finite volume [9—-12], the infinite volume multiphase problem remains unexplored.

A first step to understanding the behavior of the Wess—Zumino model is to
study a simpler toy model with almost no bosonic field. By “almost no” field we
mean that the only remnant of the boson is a restriction that each block of space-
time is in a particular phase. This results in the study of a Dirac operator i¢ + m(x)
in two dimensions where m(x) takes on a small number of values.

Dirac Operators with Space Dependent Masses. To obtain a view of the technical
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problems involved, consider first the Laplacian with a space dependent potential
— A+ m*(x),
where
mo = m(x) >¢e>0. (L.1)

Exponential decay for the Green’s function (— A4 m?(x))~! can be established
using the Neumann series

(= A+m)) 7! = [+ (= A+ md)m*(x)—md)] (— A+m))~"

[(—A+md) Y mi—m*(x)](—A+m)) " (1.2)

e

k

where convergence is guaranteed since |m§ — m*(x)| <m¢.
Now consider the Dirac operator i@ + m(x) on R2. This is the operator defined
by

ig=1iyo,, +iyo,,, (1.3)
E

where y§,7% are 2 x 2 matrices

E_ 0 -1 E_(O i>
Vo (1 0>’ yl— i 0 . (14)

The Neumann series technique described above again works so long as m(x)
satisfies a bound of the form (1.1). However in this case of the Dirac operator the
restriction to positive mass is no longer trivial; in fact the effective quantum field
theories of [11, 12] give rise to Dirac operators with m(x) taking different signs in
different space time regions.

In order to handle this problem we begin by remarking that the operators
i¢ + m and ig —m are related via a (chiral) unitary transformation by ys =747,
where y, = iy5 and y, =&

YsVolif + m)ys = yo(if — m). (L.5)
Similarly we have, with U = ™7 4e CZ(R?),
U™ o + mU = o (i@ + €27 m — Ja(x)ys). (1.6)

If we choose a(x) =0 in one region (region A), and «(x) = 7/2 in region B (with a
boundary layer between), then

70(i¢ + m), inregion 4

U_lyo(i@+m)U={ (1.7)

Yo(i§ —m), inregion B.
Thus the Dirac operator with masses of differing signs is related to the Dirac
operator with constant mass via a unitary transformation.

This is our main technical device for handling the Dirac operator with differing
signs for the masses. For simplicity we will consider the case where the function
m(x) = + 1. We discuss the more general case in the appendix, where we combine
our methods with a Neumann series of the type discussed above (1.2). We could
also easily consider the case where the mass was chiral, i.e. proportional to
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cos O +iyssin 0, 0eR. Although we consider only the two dimensional case, we
believe an extension of our methods should work in any even dimension.

Before stating our main theorem, however, we must make the following remark.
Let y,(i¢ + m(x)) be the Dirac operator on #, , ® # ,,,, where #, is the Sobolev
space #,=L*(IR? (p* +1)’d?p). Let S=(yo(i¢+1))”! be the operator on
H=H_,,®H _,, determined by the kernel

2
-t 1e—ip(x—y) d’p Vo
pr+1 (2m)?
i.e. the kernel (2.5) without cutoff. We wish to prove estimates on the putative
Green’s function

S(x,y)=] (1.8)

[yo(i@ +m(x))]~ " (1.9)

In fact it is not difficult to write down functions m(x) for which this inverse will
not exist. To circumvent this problem we compute the “reduced” Green’s function,
formally given by

[roi? + m(x)] " dets(S[yo(i@ + m(x)]) = (1 + K)~'Sdety(1 + K),  (1.10)

where K = Sy,(m(x) — 1) is an operator on . The object (1.10) is well defined
and given by a Fredholm series [14], whether or not y,(i¢ + m(x)) is invertible.
Convergence of the Fredholm series is guaranteed by Lemma 2.1. Note that where
vo(i@ + m(x)) is invertible, the reduced Green’s function differs from the inverse by
an irrelevant constant.

We may now state our main theorem.

Theorem 1. Let g,he C7(R?) be supported in unit squares A, A,. Then there exists
¢ >0 such that

1<g,(1 + K)~'Sdets(1 + K)h)|
S lgllwllhll 4 expl—cd(4y, A)Texp[2|A_,|/n + O(10A_,])],

where
A_; =supp(l —m(x)).

A similar result holds for higher Fredholm minors. We also have the following
estimate for the regularized determinant (Proposition 2.7):

det; (1 + K)[ < exp[2[A_, |/ + O(l0A_,])], (1.11)

where the coefficient of |A_ | has the expected perturbative value.

The main idea of the proof is to make use of the unitary transformation U to
relate y4(i@ + m(x)) to an operator equal to yy(i@ + 1) + {, where { is supported on
0A _,. The correction 2| A _,|/= arises since, unlike a true determinant, dets is not
invariant under unitary conjugation.

This result gives the main contribution to the weights of the contour expansion
for the multiphase N =2 Wess—Zumino, models. We would hope that a slightly
different version of this work, replacing determinants by Pfaffians, should give a
similar result for the N = 1 models. The cluster expansion for these quantum field
theories will be the subject of future papers [8]. For the reader interested in the
quantum field theories this paper should serve as a simple introduction to the
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necessary cluster expansion techniques. We hope however that this result may be
of interest in itself.

2. Estimates for the Determinant

Before turning to estimates on Fredholm minors, let us consider the determinant
alone. We want to be able to compute determinant ratios, such as that formally
given by

dets yo (i@ + m(x))/dets yo(id + 1). (2.1)

The existence of the determinant is guaranteed by the following, which is an
immediate consequence of Lemma 5.4:

Lemma 2.1. Let ¥3(#) denote the 3-Schatten ideal, i.e. the ideal of operators A
on # such that

Tr(A* )32 < o0.
Then
KeZ4(H).

The fact that it is regularized determinants which appear complicates our
analysis. While (formally)

det yo(ig — 1)
detyy(ig + 1)

because of (1.5), we (unfortunately) have

=det(1 — 2Sy,) = 1 2.2)

det;(1 —2Sy,) =exp lim T,, 2.3
where
T, = Tr[2S,70 + 2570870 0; (2.4)
here S, is the operator on # _,,,® # _,,, given by the kernel
—p+1 . d?p
S.(x,y) = —e Py (p)——— Vo> 2.5
(x,y) =] e X (p)(?_n)2 Yo (2.5)
where
Xu(p) =77 (2.6)

Let =, be the operator on J# defined by
- o d?p
E S =1 f(p) T

Then S, =5, S=SE%,.
It is easily seen that in a finite volume A

lim T, =2[Al/z + O(|0A)). (2.8)
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Thus in the local case we expect (finite) O(|A|) corrections from the difference
between det and det;, as well as boundary corrections.
Let the function m(x) take the values +1; let

{=yo(m(x)e*™™* — 1 — Jorys), 2.9
where we choose o such that m(x)e?** = 1 except in a neighborhood of 04 _ . Let
R, =Tr E,[Syo(1 — m(x)) + (Syo(l —m(x))*/2] + Tr E[S{ ~ (S0)*/2].  (2.10)

Then we have the following:

Proposition 2.2
(a) Then limit lim R, exists, and

K— o0

R=lim R,=2|A_,|/n+ O(|0A_,]). .11

(b) The determinant det;[1 + Syy(m(x) — 1)] satisfies
det3[1 + Syo(m(x) — 1)] =detz[1 + S{]exp(R +7), (2.12)

where
1 2
r=—|0u|,. (2.13)
47

Remark. The factor exp R is the ratio of the determinants expected from a naive
product formula. The additional term expr is a correction resulting from the need
to place cutoffs on operators before such a formula can apply.

Proof. Part (a) follows by a straightforward calculation. We devote the remainder
of this section to proving (b). We begin with the following lemma:

Lemma 2.3. Let A,Be % (). Then

C=A+B+AB=(1+ A)(1+ B)—1eZ;(¥), (2.14)
and
det;(1 + A)det5(1 + B)=det;(1 + C)exp — Tr T, (2.15)
where
T =(AB)*/2 + AB> + BA*e & ,(#). (2.16)
Proof. If A,Be ¥ (), then
TrT=Tr[A+ B—C— A?*/2— B%*2+ C?%/2], (2.17)

and the lemma follows by the product formula for Fredholm determinants and
the definition of dets. Since operators in .#;(#) may be approximated by finite
rank operators, the lemma follows.

We now apply the above lemma to our case. Let U, = exp[iayst], and let

(i ="7o(m(x)e*™* — 1 — fayst). (2.18)
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Then
L+ S¢, = SU;  o(if +m(x))U,
=SU;'S7'U, U Syo(id + m(x)U,
=1+ SC?)(I + U 'KU,), (2.19)
where
(P =7o(€7 — 1 — Jayst). (2.20)

As a consequence of Lemma 2.3 we have the following:

Corollary 24. Let

T,=(SCPUTKU)?2+(SC))*U KU, + (U 'KU,)>S¢?. (2.21)
Then
dets[1+ S¢,]=dets[1 + S{2]dets[1+ U, *KU,JexpTr T,
=dets[1+S¢%]dets[1+ K]expTr T, (2.22)
On the other hand, some algebraic manipulation shows that
TrT=TrT,,-,
= KILI?O TrE.T
= Klljg) Tr(R,+ E.+ F,), (2.23)
where
E.=E li-1» Fe=F. =1 (2.24)
with
E,,=Tr Z(S(7 - (SL7)*/2), (2.25)
and
F.,=3TrEJ[S°,U'KU,] (2.26)

The term R, was estimated in Proposition 2.2, part (a). For E,, and F,, we
have the following results:

Lemma 2.5.
(a) E(t)= lim E,, exists, and
K— 0 2

—t
dety[1+ S¢0] expE(t)zexpTllaa 12 (2.27)
T
(b) lim F,,=0.
To prove this we make use of the following lemma:
Lemma 2.6 The operator U ' E, U, may be written as a sum

UT'E,U, =5, + 035+ 0%, (2.28)
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where for any ¢ > 0,
1O+, »0 as k- oo, (2.29)
103],,,—0 as k- oo. (2.30)

Proof. We first demonstrate (2.30). The operator @7 is given by the kernel

iyus

03(x,y) = —4—sin(a(x) —a(y))e KHETIVA (2.31)
n
We write 02 = L] + L3, where L}, L3 are given by the kernels
; 2
L30,3) = L3 By (= ple ™=, 232)
n
L3(x,y) = 03, y) = L3(x, ). (233)
We have
1Oz e S IL3 M2 we+ L3 2. (2.34)

Using the notation of Lemma 2.1 of [13], L} is of the form

const x f(p)g(x), (2.35)
where
f(p)=pr~2e P, (2.36)
g(x) = dae(x). (2.37)
Thus

HLf “24‘£.§ conSt X ”fHL2+,;(]R2)”g”L2+»(]R2)
<O0(0A_,|)k=o2+o), (2.38)

The Hilbert-Schmidt norm of Lj is easily estimated using pointwise bounds,
yielding (2.30).
To deal with (2.29) we must get around the fact that Lemma 2.1 of [13] is not
directly applicable to (1 + ¢)-norms. The kernel of ¢ is given by
2

01 (x,y) = (cos (x(x) — a(y)) — 1)4% o -0s (2.39)

Let y be the characteristic function of A_,. Then

Ol =4Ol + 0Ly — x 0Ly, (2.40)
and

IO+ S 31 X0 4, (2.41)
Now we write

IO o S 1 xSY0(@ + DOL
S xSl2+5llG2+ DOL 545
<const x [|[(ig + 1)OL |, 4. (2.42)

Now
(if + DOL(x, y) = Ki(x, ) + K}(x, ), (2.43)
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where the leading term is
—ix?

Ki(x,y) = I der(x)- (x — y)Por(x)e ™ *x 7, (2.44)
s

the kernel of an operator K{ whose (2 + 6)-norm may be estimated similarly to
(2.38). The remainder K (x, y) is the kernel of an operator whose Hilbert—Schmidt
norm vanishes as k - oo, yielding the lemma. H

Proof of Lemma 2.5. To show (b), we note that
Fo,=3TrS(ELL—2E)U'KU,). (2.45)

This can be expressed as a sum of terms, some of which are of the form
Tr(E.L2 — (2 E,)0, with Oe ¥, and hence vanish as k — co. The remaining terms
may be estimated by

1
(b + D' (@ + 1)

where [ is the Fourier transform of C,O~ Since o is smooth, f decays rapidly. We
also have

|7 (p — @)l (1 —m()|7.(p) — x.(@)|d*pd?qd?y, (2.46)

Ip—q]

K2

[2(p) = 1 (@) =2 ((Ip] + ), (p) + (Ig] + x)x. (), (2.47)

and thus F,, is O(1/k).
We are left with (a). First we note that

dety[1 +S{%Texp E(t)];—o = 1. (2.48)

To prove (a) we will show that

0 —t

—log(dety[1+ S{2Texp E(t)) = — || dac|3 (2.49)

ot 2n
so that

-1
det,[1 —f-SZj,O]expE(t)I,:1 :E{ I 6ocH§ (2.50)
as needed.
Now

lim @9 (det;[1+ ST exp Tr E,(SCP —(S¢?)%/2))

kK=o Ot

. 1 ! ! !
=3er;{<Tr1—:S—C?(SC?)ZS(C?) + TrS,((?) —TrSKC?S(C?)>

“det;[1+ S¢7] expEK,,}

BT _L__ 0y 0 0/__S OS 0/>
_ lim {n(l o SEEY - SEPSC0Y - S.20SED

Ko
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-det;[1+ S¢?Jexp E,{,,}

. 1
= lim {Tr <1 TS0 SK(C?)’>det3 [1+S¢°]exp E} 2.51)

K~ 00

since the difference Tr[S{2S,((°) — S, L2S(¢P)] can be estimated in the same
fashion as F, , was in Lemma 2.5(b), and thus vanishes as x — 0. Explicitly writing
out the last line of (2.51) above we see that the derivative (2.51) is equal to

0
,(113.10 {det3[1 +SC,°]expEK,,-Tr U,‘lSU,SlEKSat(UI“S"lU,)} (2.52)
Now

0
&(UI_IS_IU,)z —iocysUt_lS_lU,+iU,_lS'1U,ocy5, (2.53)

so that (using trace cyclicity)

0
TrU, 1SU,S’1E,(S&(U,‘1S_ 'U,) =Tr[E(—iays) + SU,EU; 'S (ioys)]

=iTrSU,E U 'S ays, (2.54)
since y5 is traceless.
Writing
S™ ays = psyolif — Do

=75(aS ™t — 2p00 + iy fe) (2.595)

we see that

TrSU,E U 'S Yays = Tr(E,ysa + 2Syo U, ' E U ys0 —iSyo U7 E.U,ps(Pw)).

(2.56)

The first term is clearly zero, and the second term goes to zero as x — oo since it
can be bounded, e.g., by || @7 || 5. Similar computations with the third term lead to

%(det3 [1+ S¢Jexp E(t)) =dety [1 + S{°]exp E(¢) lim TrSy 0 (Pa). (2.57)

We can write

5 TR
@K()’>X)=4"€ W sint(e(x) — o y)
n
— itk s ,
=2 ¢ WCETIIA[(y — x) 00+ O((x — y)*)], (2.58)
T

and the singularity of the fermionic covariance is

—i
Syo(%,¥) ~ - (%, — Y5, 2.59
7o(%,) 27r|x—y|2( WYYy (2.59)
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so that the trace in (2.57) can be evaluated:

—tx? 2. 32 —k2(x—y)2/4 1 2
Jndiye = )0209)

lim TrSy,03(§a) = lim
K= o0 ° K( ) koo 472 |x_y

+ higher order terms which vanish
—t
= ' f|capd?x, (2.60)

2n

completing the proof.
Finally, we obtain the following simple estimate on det;[1 + Syq(m(x) — 1)]:
Proposition 2.7.
dets[1 + Syo(m(x) — )] <exp[2|A_,|/m + O(|0A_,D].

Proof. Let K= S{. In view of Proposition 2.2, we need only estimate

|dety (1 + K)| = |det, (1 + K)exp [ — Tr K*/4]|
<expconst | K|/
<expO(|0A_,]) (2.61)

by Lemma 5.4.

3. The Cluster Expansion

Let us consider the Fredholm minor
detj(g;, [vo(i@ + m(x))1™ 'hy)2dets [1 4 Syo(m(x) — 1), (3.1

where g;, e C3(IR?). The reduced Green’s function of Theorem 1 corresponds to
the special case where there are only two test functions, denoted g, h.
Now the expression (3.1) is clearly equal to

det; [1 + Syo(m(x) —1)]
dets [1+ 8] ’

det;, (g;, U '[1 + S{]™'SUhy).. dets [1 + S] (3.2)

The ratio of regularized determinants was calculated in Lemma 2.2, and is equal to
exp[2[A_,l/m+ O0(10A_])]; (3.3)
hence we will only need to perform the cluster expansion on the Fredholm minor
det (g;, U '[1 4+ S{]7'SURy)2dety [1 4 SC]. (3.4)

It will simplify the analysis considerably to work in #” = L*(R?) ® L*(R?)
instead of #" = # _,,, @ # _,,,. This results in replacing the operator K = S{ by
DY2S¢D~ 12 where D = (— A + 1)!/2. Thus we have
det;(g;, U™ [1 + S{] 7' SURy) 2 dety [1 + SC]

= det (g, [1 + S{]7'Shy) 2 dety [1 + S{]

=det, (D~ "2g,,[1 + DV2S{(D™1?]~ IDY28h,) . dets [1 + DV2S¢D 2], (3.5)
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with
g}.: U—lgj, ;lu= Uhk (36)
Wewish to express the Fredholm minor (3.4)as a trace ofan antisymmetric product

k
of [1+S8¢]"! multiplied by an operator on A #’. This structure will be

maintained throughout, and is necessary in order to obtain the proper estimates
on the terms produced by differentiation. We write the expression (3.5) as

5
S\ Tr, ,f< A [1+D'2S{D™"2] _le>det3 [1+DY2S¢(D~12], (37

j=1
where P; is the operator on #” given by
P;=(D""2§,\DV2Sh,. (3.8)

We now introduce decoupling parameters on the bonds of the lattice [Z?2; for
all s, = 1 we have the same equation as before, while we have complete decoupling
across bonds with s, =0. We only decouple bonds that are far away (O(l) — the
specific distance will be chosen later) from regions where the mass is changing, i.e.
far from the region where a(x) is changing. We denote the subset of bonds on
which we decouple by %(«).

We use the decoupling method of Balaban and Gawedzki [1], with A on the

[-lattice. Let A, A’ be [-lattice squares, and take se[0, 1]?@. Then define
C%(“)\V(A,A’)

H(s,A,A) = sy [1(1—s,) —— , (3.9)
ﬁm-leyzcmg ”g "G4, 4)
where
ClA,A)=[dx [ dyCT(x,y), CT=(—A2+m?)~ % (3.10)
A A

A" is the Laplacian with Dirichlet boundary conditions on I" and m,>0 is a
sufficiently small constant to be chosen later.

Definition 3.1. Let A be an operator on #'. Then we define
Ag= ZXAAXA+ Z H(s, A,A')XAAXA,.
A

A#A

The decoupled version of Eq. (3.7) is

5
j!Tr( A [T+ K(s)]'le>det3 [1+ K(s)]=Z(s), (3.11)
j=1
where
K(s)=(D'2SD'?)(D~12){(D~1/2),, (3.12)
and where -
Pi(s)=((D"172),g;,") (D2 S)sh;. (3.13)
Note that Z(s) factors on connected regions whose boundary consists of bonds
with s, =0.

The Glimm-Jaffe-Spencer [5, 6] cluster expansion is essentially an application
of the fundamental theorem of calculus. For a partially decoupled function F(s)
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we have .
F()y=Y [dsro;F(s), (3.14)
Ie®)©
where
o =10, dsr=][]ds, (3.15)
bel’ bel

and we set s, =0 for all b¢ . We can put this all together with the following:

Proposition 3.2 (Cluster Expansion). The correlation function (3.11) satisfies the
following convergent expansion:

Z)= Y [dsp0lZ(s), (3.16)
I'e%(a)

and for some constants ¢ and 0’ obeys the bound

[Z(1)| < c” e~ %9, ) o0 0 A- 1), (3.17)
The remainder of this paper will be dedicated to proving the above proposition;
in addition to the factoring across bonds with s, =0 the main fact we will need

is a bound on cluster activities that is exponential in the size of the cluster.
A typical term in our expansion will have the form

k!Tr(/k\ [1+K(s)] " G>det3 [1+K(s)] = 1(G), (3.18)

k
where G is an operator on A #’ given by antisymmetric products of operators

of the type A4, E and P defined below. The result of performing one differentiation
on 7,(G) is then [3]

0 0G
*Tk(G)=Tk<‘“ + T 1(G A A) — (G- dAFEy), (3.19)
0s 0Os
where
0 0K
A4,=k29 K g = - k) R, (3.20)
0s 0s
k
and the operator d A* identifies E; with an element of A #":
AA*E=KEAT"! T 1=1A - Al (3.21)
k—1times
We can now write down the generic term in the cluster expansion,
¥
0fz(s)= 6{17( A Pj(s)>
j=t
= > Y. 0™1(P(np) A A(my) d ATE(ng)). (3.22)

ne?(I') decomp &t

Here the set of derivatives that have been applied to the Fredholm minor is
decomposed according to whether they result in a factor of type A4, E or P, or
produce a higher derivative of such a term, as follows:

T=TMyUTpUT,UTg, (3.23)
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and 2(I') denotes the set of partitions of I'". The other terms appearing in (3.22)
are:

P(np) =< I1 6Z>P1(s) A AP y(s) (3.24)

(where each 0 acts on a different P(s)),
A= N K?(s)3’K(s), (3.25)

YET A
dATE(mg) =[] d' A"(1 —K(s))o?K(s), (3.26)

yeRE
where r = ¢ + |n4| and the d' A means that terms where E derivatives precede A
derivatives (according to an arbitrary ordering of the bonds) are omitted, and finally

o =] o (3.27)

YeTO

each 07 acts on an undifferentiated K(s) in an 4 or E factor.

We will be estimating (3.22) by fixing all the localization squares in the
decoupling (Definition 3.1). To indicate a term so localized we write 4,, E,, etc.
We re-write (3.22) to make this explicit:

Lemma 3.3. The derivative 0] Z(s) may be written as the following sum over localized
terms:

aSFZ(S) = Z Z Z 0™t (Py(mp) A Ay 4) d A"E\(Tg)).

ne?(I') decomp nt localizations
{A:}

4. Combinatoric Estimates

We will estimate the sums in Lemma 3.3, primarily using the following lemma:

Lemma 4.1 (Method of Combinatoric Factors). Given two sequences {a,} and {c,},
if Y e, "t <1, then

Yla,l < suplc,|a,l.
n

First we see that
[0Z(s)| <> 4" sup Yo |0t (P A Apd ATE)|. (4.1
T decomp localizations

We can localize the A4 factors (this means choosing a particular square from each
of the sums over characteristic functions implicit in the definition of the decoupling)
with a combinatoric factor

O()]y|*V ] Jexped(4y, y) (4.2)
k

since
1

|y|Zexp[—sd(A,y)]<0(l) for el>1. 4.3)
A
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Similarly we can localize the P factors with combinatoric factors

O(l)expe[d(4;,A)) + d(A), A)], (4.4)

where 4; and A’ are the supports of the test functions h; and g;.

For the E factors, in addition to fixing a localization we wish to fix a choice
of terms in the exterior derivative. For the localization we proceed just as we did
for the A factors, yielding a combinatoric factor like (4.2).

Combining the above we get the following:

Proposition 4.2.
107 Zs) YoM sup  |0™T,(P A Apd ATE))

decomps,
localizations

[l (0(1)y|0‘“ﬂexpedmk,v>>

YERAUTE

P, B _
[T 0(1)expeld(4;, A;) + (45, 47)].
j=1

We now want to use additional combinatoric factors to restrict the internal
structure of the 4, P and E terms. These estimates involve exponential pinning;
see for example [1] p. 301. To fix a term in the exterior derivative, let ¢;(4) be
the number of E terms with left-most localization square A. Then the number of
terms is bounded by

275 e (A <2701 [T exped(y, 4y), (4.5)
A YEME
where A4, is the left-most localization square corresponding to the E factor being
differentiated (by y2b). Now we consider restricting the sum over the P derivatives.
There are # factors and | np| derivatives, so there are less than (2 #)™! possibilities
(the 2 comes from the choice of the bra or ket). We have the estimate

A <o)/ I exp[emin {d(y, 4)), d(y, 4))} ], (4.6)

venp

where A, is the localization square corresponding to y chosen via (4.4) and the
choice of the bra or ket, and A, is the corresponding test function square. We also
restrict our choice for the distribution of derivatives of n,. There are less than
[O(1)(|7 4] + |mg])]'™! factors, so we get an estimate similar to (4.6),

oM (Imal +Ime]™ <O [T exp[emin {d(y, 4).d(, 4)}],  (4.7)

V€MO

where A, and A are the localization squares chosen via (4.2) or its equivalent that
surround the factor being differentiated by y.

Finally, because each K(s) has three decouplings cach term can actually be
differentiated a number of ways, so that the partitions n,, n; and ©, must be
divided into sub-partitions. However, this simply gives a factor of O(1)!!, and we
will leave our notation unchanged for the time being.

The above discussion can be summarized by the following proposition:
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Proposition 4.3.
[07Z(s) <Y o) sup sup  |0™1,(P) A Ayd ATE)|

decomps, mwp-derivatives
localizations mg-derivatives
exter. derivs

[1 (0(1)|v|°“’ﬂ exp Sd(Ak,v)>

VEMAUTE

-ﬁ l)expe[d(4,, Ay) +d(4;, 4})]

[ exped(y,AL) [] explemin {d(y,4,),d(», 4))}]

YETME YETP
’ H eXp [8min {d('}), Al), d(’))’ A;)}]9
YE™O

where the primes on n,, P, A, and d' A "E, indicate that we take only one term from
each summation.

5. Estimates on Kernels

In order to prove convergence of the cluster expansion we must now prove

’

analytical estimates on the expressions |d%t,(P,A A;d A'E})| appearing in
Proposition 4.3 above. Each of these terms is of the form

ITr (A1 +K($)1 L0 A QR A -+ A QIn)dety[1 + K(s)], (5.1)

where each Q" takes the form

Q= AMEYEY...E% (5.2)
or
Q= PHERER .. E (5.3)
and each A, P or E is fully localized as indicated above.
Let
Gi(,0)= ) exp—3ll,(l, (5.4)
GeSpy|

where S, denotes the permutation group on n elements, and where the “size” |[,(y)|
of the linear ordering of y determined by the permutation g€S),, is defined in [3],
page 12, and let
. 1, if Q" is of the form (5.2
Gol0) = ¢ GI s
exp< S Zd LAY +dA] _’.)>, if 07is of the form (5.3)

ij

where Aj;, A7, are the localizations associated with the P factors.

The requlred estimate is as follows:

Proposition 5.1. Choose m,, the decoupling mass in (3.10), sufficiently small. Then
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there exist 0,...,0¢ >0 such that (uniformly in s)

PITE(A[L+ K(9)]175 01 A QR A -+ A Qr)dets[1 + K(s)]|

<O0)exp(0(oA- D] <Gl(V{,51)exp(—5zllvil)exp(—53d(?{, 0A-)GHQY)

)

'eXP< 54Zd4,, 7)) >€Xp(5sf"/{l)€Xp(0(l))>,

where {A '} are the localization squares associated with the differentiation of y!, and
=
J

Note that the 7/ correspond to the different ways the derivatives in y; can be applied
within each factor, as explained preceding Proposition 4.3. Also, since the P factors
do not contribute to decay away from 0A _ |, we indicate by a prime on the product
that the d; term is absent for differentiations arising from P factors.

Proof. We have, using Lemma A.2 of [3],
FITH AL+ K()]1™ 5 Q1A Q) A - A QIn)dets[1 + K(s)]]

S AT+ K(9] ™ dets [T+ K105 (5.6)

We complete the proof with the following two lemmas. The first contains the
nonperturbative bound on the determinant; the second is a perturbative bound
on the kernels Q,.

Lemma 5.2. There exist ¢,,c, > 0, independent of s, so that
| AT[1+ K(s)]*+det;[1 + K(s)] |l < ¢ expe,|0A_ .

Lemma 5.3. For m_ sufficiently small the kernels Q)" satisfy

1021, = TG 81) exp(— 3,1y exp(—03d(y], 0A- )G HQY)
j

'exp< 04 Zd iV >6Xp(5 [7{1) exp(O(10A - ])) exp(O()),

where 8, ++-8¢ >0 (65 =0 if y; comes from a P factor) are independent of s.

The fundamental estimates required to complete the proofs of the above lemmas
are the estimates on kernels given in [1]. We quote them here for convenience.
Let

KAA, A A" f) =y s =P+ 1D g u D72 f gD 2 (5.7)
Lemma 5.4 (Proposition A1 of [1]). Let p> 2. There exists ¢ >0 such that
1K, A, A A" ), < 1 f 2401l exp — eld(A, &) + d(A', A") + (A", A™) ].
Proof. [1], page 388.
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Lemma 5.5. Let H(s, A, A') be given by (3.9). Then

(@) 0= H(s,4,4) = 1,
(b) [0;H(s, 4, A)| = exp(O())) exp(2m.d(4, A) — dmd(y, A, A)G(y,6;) exp(c— D))l

Proof. [1], page 314.
Proof of Lemma 5.2. By standard determinant estimates, we have

'ATT1 4+ K(s)1™ ' -dets [1 + K(s)] ||
= || A"[1+ K(s)]*-det, [1 + K(s)] |l exp[ — Tr K*(s)/4]
<ciexpey | Kis)g. (5.8)
Now
IK(s) 15 = Tr K*(s)K(s)K*(s)K (s)
= . EC:]RZTr[K*(S;A11aA12,A13aA14§5)K(S§AszzzaAzs,Azzx; d)

“K*(s; A3y, Azz, Ass, A543 0)K(s; Agy, Agas Ays, A4 0) ]

: H H(s, Ay, Ao)H(s, Avas A3)H(s, Ays, Ays) (5.9)
K

§ Z l_[”K(S’ j1s ]2a 13a _)475)”4—

AijiAra= A2y,
Aza= A31,434= Agy

) n H(s, Ay, A)H (s, Avas A3)H (s, Ays, Ara)- (5.10)
K

Now by Lemma 5.5(a) and Lemma 5.4, this is less than

X TT g le exp — eld(dyi. Ap) + (A Ay3) + d(4j5, 410)] - (5:11)
A24;J.A:i?;342:"441 !
<O0(10A 1),

since supp{ < 0A_;.
Proof of Lemma 5.3. We estimate

IAEE;:Elly < 1A E - [1El, (5.12)

IPEE;: - Elly S 1P IE - 1. (5.13)
Recall that

A=0"KJ"Kd"K,
where y,, y, or both may be empty;
E=(1—-K)0’K or E=—0"Kd"K,

and P = P(s) or derivatives thereof. Thus
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H A; “ 1= H Z K(S’ Ab AZ’ A3> A49 6)K(S> A4) ASa AG: A7> 5)K(S> A77 AS: AQ’ AlO; 5)

1

I1 O"iH(s, Ay Ay ) (5.14)
{ity; VYUY =71
YaUYsUYE =72
Y5 U8 UYe =73}

< VUK A1, Ay, A3, Ags 0) 15| K(s3 Ag, As, Ag, A759) |15
TTIK(s; Az, Ag, Ag, Ay36) 13107 H(s, Ay A1) (5.15)
Using Lemma 5.4 and Lemma 5.5(b) this is bounded by
exp — e[d(4;, Ay) + d(Ay, A3) + -+ + d(4g, A1) ]

JTexp[2md(A; Ai s 1) — omed(y;, A 4;11)]
“exp((c — 0,D17:DG (75> 01)- (5.16)
The E terms are estimated by
I(1— K)PK | < | 7K || + | K&K |
S 107K |ls + [1KOK | 5. (5.17)

Using the same techniques as above, this is bounded by
exp — e[d(4,, A;) + d(4,, A3) + -+ + d(A,, Ag)]

l—[ exXp [2mcd(Ai’ Ai + 1) - 6mcd(}):> Aia Ai +1 )]
{izy Uy Uy =7}
-expl(c — 6,D)|7:NG (7, 0). (5.18)
Finally, to estimate 0"P; we note that (recall that the s and g’s are localized in
plocks A, and y =y, UY,)

O'P(*) = (10,0~ 25, 12 DV 2Sh;07 H(s, Ay, D)0 H(s, Ay, A)

= (Q,-)Hﬁy H(s,A;, A)0™H(s, A,, A"), (5.19)
where
H;=y,,DV2Sh;, (5.20)
G;=ya,D" V2, (5.21)
Now by straightforward arguments (e.g. Theorem 2.2 of [13])
|} . < exp — ed(Ay, A) | | (522)
1G] 4 < exp —ed(Ay, A) (1G] 3 (5.23)

while
18"Plly < [ H;ll || Gl 107 His, Ay, A)||07H(s, Ay, A)]. (5.24)
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Combining (5.22)—(5.24), we get by Lemma 5.5
107P ||, < exp(2m, — e)[d(A,, A) + d(4,, 4 )]_
exp[ - 5mc( (yi’ A1> A) + d())ia AZ: /)):]

Nl lgill e TT exp((c = 82D19:)G,(vs 6,) (5.25)

i=1,2

as needed.

6. Convergence of the Expansion

We now want to complete our proof of the convergence of the cluster expansion.
First we take m, small so that, for example, (2m, —¢) <0 in (5.16), (5.25). Then we
take [ sufficiently large so that (c —J,/) <0 in (5.16) and (5.25) with enough left
over to beat the O(1)! 7! in Proposition 4.3. Then we can combine Proposition 4.3
and 5.1 to give

16, Z(s)| < exp((— 0,d(4g, 4y)) exp(O(|0A -1 ) — 8, T"])

2 sup [[ [G1(v], 6y) exp(— 83d(y}, 0A_)exp(O))].  (6.1)
n ()
Here we consider for simplicity the case of the reduced Green’s function, as in
Theorem 1, with only two test functions g, & supported in 4,, A,. The decay between
A,, A, can be extracted from the factors in Proposition 5.1, assuming we allow for
an increase in O(|0A_,|) to compensate for a possible lack of connections going
all the way from 4, to 4,.
Let us insert this bound in the starting expansion (3.16), so that we may
complete the proof of Proposition 3.2. We obtain

|Z(1)| < exp(—d'd(4,, A,))exp(O(|0A_, Z exp(—d'|T|) Z sup H

(v}
[Z exp(— &' |1,(y )I)GXP(—5’d(v{,@/1-1))exp(0(l))} (6.2)

where we have written G, out using (5.4). Now rather than sum over = we can
just as well sum over all partitions of I" into {y/} — the original partition = can be
reconstructed from the structure of differentiations in {y/}. Furthermore, we sum
freely over the y/s, reconstructing I” as their union. To sum over a single yi, we
use the estimate

ZZCXP — 0'|lz) ) exp(— &'d(y, 0A_ 1) exp(O() < O(|10A_ 1) (6.3)

The first bond yields the factor O(J0A_,|), since it is localized to dA_; only.
Subsequent bonds are localized by | (y )| The factor exp(O(l)) is beaten by the
decay in d(y/,0A_,) - for this we choose PA(a) so that d(%(«),0A_ ) > O(l). This
may not be possible at 4,, A, however, so there will be two exp(O(!)) factors left over.
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Now in summing freely over N 7!’s, we count each partition of I" N! times.
Hence we have an estimate

1
1Z(1)] < exp (O() exp(— &'d(A,, 4,) exp(O(10A_1 1)) 3. MO(I(?A- DY (64)

This completes the proof of Proposition 3.2. It is worth noting that all differentia-
tions were ultimately linked to 0A_,, there being no interaction away from dA_,
after the chiral transformation. Hence it was not necessary to exploit factoriza-
tion of Z(s) or to compute a ratio of expansions with and without observables.

To complete a proof of Theorem 1, we have only to multiply back the ratio
of regularized determinants that we split off in (3.2). This yields the additional
factor exp(2|A_,|/n).

Appendix: General Masses

When |m(x)| takes on values other than 1, we can prove a result analogous to
Theorem 1. We suppose m(x) takes on finitely many values; for definiteness
suppose m(x) is real and constant on cubes of some size. The chiral case
m(x) = p(x) exp(iysf(x)) can be treated similarly. By rescaling we can assume the
largest |m(x)| is 1. Corresponding to each value of m(x) there is a region in IR?,
where m(x) takes that value. Each of these regions now has a different vacuum
energy (but explicitly calculable, as in [7], p. 333), and the bound in Theorem 1
has to be adjusted by the appropriate factors exponential in the volumes. For
simplicity we assume m(x) = 1 at infinity, but the more general case can be handled
as well by taking a limit on volumes, normalizing so as to cancel the vacuum
energy of the phase at infinity. Constants and decay rates in Theorem 1 will of
course not be uniform as the minimum |m(x)| tends towards zero.

The chiral transformation can be performed as in the constant |m(x)| case. We
obtain a Fredholm minor as in (3.4), only now the function , as defined by (2.9),
no longer vanishes away from suppt do. To remedy this, we perform a Neumann
series to bring the mass into the propagator S. Putting d(x) = y4(1 — |m(x)]), we
can define

S'=(""—0)"'=5+S65S+S5555S + ---. (A.1)

This is convergent since || S| =1 and |1 — [m(x)|| £ 0pax < 1. Then with {'={+ 6
weput A=S(, B=—-S6,C=A+ B+ AB=S{ and by Lemma 2.3,

dety[1 4+ S{] =det;[1 +S'¢"]det;[1 —Sd]exp(Tr T), (A.2)
where
T =(AB)*/2 + AB* + BA*. (A.3)
As in [7], Sect. 5.5, we can analyze the series for logdet;[1 — S6] + Tr T and break
itinto a sum over the values of m(x) of vacuum energies x volumes, with corrections
associated with the length of boundary.

It remains to analyze det;[1 + S'("] and the corresponding minors with a cluster
expansion. The new perturbation {’ vanishes except near boundary regions. The
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only essential new feature is the interpolation of S’. By analogy with (3.12) we put

K(s)=(D'SD'?)(D~ ”2)s< i (55)"> {(D™12),. (A.4)

n=0

Note that in contrast with [7], we decouple after the mass shift. While this is
inconvenient for some purposes it does enable us to get the necessary propagator
estimates. Specifically, the new estimates required are on | x,(3S)"x 4 |I. Using the
Combes—Thomas method [2], we conjugate 6S by exp(yx) (x =x, or x;). For
small enough # the resulting operator still has norm less than 1. (Near the diagonal
the conjugation is multiplication by 1 + O(y), while far from the diagonal the decay
of S takes over.) Hence the series converges and a decay exp(— O()d(4, 4')) can
be extracted.
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