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An isomorphism is established between certain compact and noncompact formulations of
Abelian gauge theory on a lattice. For weak coupling, the mass gap predicted by the Higgs
mechanism is then established. © 1984 Academic Press, Inc.

1. INTRODUCTION

The Higgs mechanism in the context of Abelian lattice gauge theories has already
been extensively investigated [1,2]. We return to the subject with two objectives: (1)
to comment on relationships between various different actions, (2) to adapt to this
simple context the Glimm-Jaffe-Spencer cluster expansion [3] which is better for
investigating continuum limits (weak coupling regime) than the cluster expansion in
[1,2]. Indeed this paper is to be regarded as a prelude to an analysis of the
continuum limit (in preparation). The basic program to study the continuum limit is
to perform renormalization transformations which ultimately map an e-lattice model
onto a unit lattice model, with properties similar to the model studied here.

The two parts of this paper enable us to analyze a different region of the coupling
constant space and to analyze a Higgs model which was not included in the previous
papers [1,2]. We show that at weak coupling, i.e., in the neighborhood of a lattice
Gaussian theory, all gauge invariant correlations decay exponentially.

Our first result, Theorem 3.1, states an equivalence between noncompact Abelian
gauge theory on a lattice (finite difference electromagnetism) and a compact Abelian
Higgs theory with an action similar to the Villain model. It contains vortices or
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vortex lines as new fields. There is a remark in [4] about such a relationship but it is
not correct as stated.

Our second result, Theorem 4.1, exhibits the exponential decay of correlations. The
proof can be understood to show that cluster expansions cancel the partition function
(and thereby vacuum energy volume divergences) out of expectations. Thus finite
volume decay properties can be carried over to infinite volume.

There are two standard approximations in which such a cancellation is trivial: (a)
independent sites (bonds), (b) Gaussian expectations. High temperature expansions as
in Osterwalder and Seiler [1] or in the Ising model relay on being in a neighborhood
in coupling constant space of (a). Field theory cluster expansions [3] work in a
neighborhood of (b) and therefore have a larger domain of convergence.

2. Basic DEFINITIONS AND NOTATION

We consider a complex scalar field ¢(x) and a real-valued vector field A, defined
on sites and bonds, respectively, of a finite lattice, A,

Acz?  dp2 (2.1)

A bond b= A is an ordered pair of nearest neighbor sites, b = (x, y), x, y € 4, and
we require that A, = —A4 _, where —b is the pair b in the opposite order, —b = (y, x).
The set of bonds in A4 will be denoted A *. The set of all plaquettes (oriented squares
whose corners are four neighboring points in 4) is denoted A4 **; 3-cubes are denoted
A***; etc,

The choices for Yang—Mills action fall into two classes, compact and noncompact,
as summarized below.

Compact Formalism

Here exp(ied,) takes values in U(1), and the Lie algebra variable 4, takes values
in [—7/e, n/e). The gauge field action S,, is periodic in A, for each b, and often it is
local—namely it has the form

Svuld) = 2 f(dA(p)), @2)
pcA .

for some periodic function f with period 2n/e. Here d denotes the unit lattice exterior

derivative or coboundary operator

@d)(p)= > A,

bedp

taking functions on bonds p to functions on plaquettes p. Here &p is the oriented
boundary of p. Furthermore, the restriction of the sum (2.2) to plaquettes p lying
inside 4 imposes a Neumann-type boundary condition on 4.
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The Wilson action arises from the choice f(x)=cosx. The Villain action
corresponds to the choice of f(x) as given by the relation

e~ (Wenfx) — N0 e~ (IMx—m? (23)

o
ne(2n/e)Z

But we also require a nonlocal, periodic or compact action $© which is not a sum of
the form (2.2). This action is defined by the relation

ew -5 = S ew[-5 T @] o

vide=0 pcA
Here v is a map from plaquettes inside A into the lattice (27/e) Z, such that

@)c)= > v(p) (2.5)

pcoc

vanishes for all cubes ¢  A.

The interpretation of (2.5) is a conservation law requiring that no flux be created
in any cube ¢ —A. This means that v can be considered a configuration of vortex
lines with conserved vorticity. In dimension 2, we set dv =0 by convention, and in
that case S{5) agrees with the Villain action.

The partition function is defined by

z{y=[ exp(=S{54)) 24,
C
where

TA=DA,=|] d4,
beA

denotes the product Lebesgue measure on the interval |—n/e, m/e]. To be specific, we
also use [ to denote integration over this interval.

Noncompact Formalism

In the noncompact case, 4, takes all real values (it is Lie algebra valued) and the
action function we choose is quadratic:

SHA)=1 3 (@A) p). (2.6)

Again we use Neumann-like boundary conditions. In the noncompact case, &4
denotes the product Lebesgue measure on the real line R, and [, specifies this
integration. Since (2.6) is gauge invariant, the function exp(—S'}’) is not integrable

over the noncompact space of A’s. To avoid this difficulty, we introduce a gauge-
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fixing function G(4). Such a function does depend on the gauge function
Oi:x€EA-R. Let

26, =[] 49,

XEA

where df,, here denotes Lebesgue measure on R. The gauge fix G(4) must satisfy
fewu +d6)@9A\xo= 1. @.7)

In (2.7), df denotes the lattice derivative of 6 and x, € A is a point we choose later.
After choosing a gauge fix G(A4), the partition function is defined by

zZWo = jNC exp[—SHO(4) — G(4)] 24,

Note that expectations of functions F(4) which are gauge invariant (i.e., functions of
dA) have expectations

(FYNO) — (ZWer)=1 j F(4) exp[-SWO(4) — G(4)| 24,

which are independent of the gauge fix G(4).
An example of an appropriate gauge function is G(4) = G,(4) + ¢, with

Gid)= 3 5 (@4)* (x)

Here 4, = 0 for b & A*, and d* denotes the lattice divergence operator (the adjoint
of d in the standard /, inner product on lattice forms). The positive constant a can
give a one-parameter family of such G’s. The constant ¢ is chosen so (2.7) holds,
namely

c=In f exp[—G,(d + d6)] D6,

With our choices, c is easily seen to be finite and independent of 4.

The Higgs Field
The action for the Higgs field minimally coupled to the gauge field 4 is defined by

S,@.A)=1 Y lexplied,,y,) ¢(y) — 4(x)*

(xy)eA

+ 3 (Al — du? |$(x)]? — E). (2.8)

X€EA
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Here (xy) denotes the bond from x to y. Also 4 >0 and x® > 0. The constant £ is
chosen so that the minimum of S,(¢, 4) is zero—i.e., there is no classical vacuum
energy.

Abelian Higgs Theory on a Lattice
We define the total action of the Abelian Higgs model by

S(9,4) = Sypld) + S4(¢: 4) + G(4), (2.9)

where S,,, is any of the actions discussed above. In the compact case, we choose
G(A)=0. The total partition function is

Z=exp[-S(6.4)| ZA 79
and expectations of gauge invariant functions F = F(¢,A) are
(Fy=2Z""[ F@.4) exp[~S(6,4)| 24 T, (2.10)

Here £¢ denotes the product integral over the complex plane C for each field
component @(x).

3. EQUIVALENCE OF THE PERIODIZED COMPACT AND NONCOMPACT FORMALISMS

We consider integer charge observables, which we define as functions F(¢, 4) of ¢
and 4 which are both gauge invariant and periodic. Gauge invariance means

F(e™'*®9, A + df) = F(4,A). (3.1a)

The condition of periodicity means that F is periodic in each component 4, with
period 27/e. Thus with J, denoting the characteristic function of the bond b. we
require that for every b,

F(g, A + 8,2n/e)=F(g,A4). (3.1b)

In general, we restrict attention to polynomial functions of exp(ied,), b €A * and
#(x) and ¢(x), x € A. Such functions include Wilson loops,

W(C)= [] exp(ied,).
beC
for C a closed curve composed of lattice bonds, as well as string variables,

p(x) ] explied,) $(»),

bET,
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where I',, is a contour along lattice bonds from x to y. We now consider a finite
lattice 4 and expectations with Neumann boundary conditions in the compact state
(+)© and the noncompact state (- YN,

THEOREM 3.1. Let F be an integral charge observable. Then

(FY© = (FyNO), (3.2)
In addition
Z© — (2”/3)1/\1—1 Z/(NC)

Proof. We consider the expectations as a ratio of numerator to denominator. The
numerator of (F)N is defined as

ZNOFYNO = FemS 24 D¢ (3.3)

NC

where Z A denotes the product measure over 4, as b ranges over lattice bonds and
2¢ denotes the product integral over #(x) as x ranges over lattice sites. Write
S =8 — G+ G, where G is the gauge fix. Both S — G and F are gauge invariant, and
the integration measure ZAY¢ is also gauge invariant. Thus the value of (3.3)
remains unchanged if we replace exp(—G(A4)) in the integrand by its gauge transform
exp(—G(A4 + df)), or by its average over 6.

Let 24, denote the product Lebesgue integral for each ¢(x), x € A. We define the
compact gauge average of exp(—G) by

(exp(-GA))) = @/e) ™' exp(~G(A +d6)) 6,
where C denotes integration of each 6(x) over the compact interval [—n/e, 7/e]. Then
Z(Fy=| Fexp[-S{i(4) = 5,8, 4) | (exp(—G(4))) 2479,

Since §,(4,4) is an integral charge observable (and hence periodic in each 4, with
period 271/e) we obtain

z<F>=sz@Ajd¢Fexp [—%4 |dA +da|2—S¢(¢,A)]

p

X {exp(—G(4 + a)) ). (3.4)

Here a denotes a function from the bonds b € A to (2n/e) Z.
To evaluate the sum over g, break it into two parts:
Y= X
a v a:da=v
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Since our lattice has trivial cohomology, with v fixed, any two choices for a differ by
a coboundary ds, and s is uniquely determined by the restriction s(x,) = 0. Here x, is
the site specified in the gauge fixing conditions (2.7. Thus if a, is one solution to
da = v, any other solution

a=a,+ds

yields s by integration of @ —a, from x, to x, and the integral of ds around any
closed loop vanishes. Then

P840, 4)

2ry =3[ 24| o Few |4 Y 1at 0
v °C

P

X Y {exp(—G(A + a))).

da=v
The gauge fixing condition (2.7) ensures that for fixed v,

Y. (exp(—G(4 +a))) =3 (exp(—G(4 +a, +ds))))

de=1 s

= :\_:J exp(—G(A4 + a, + df)) 20 ,,(2n/e)” "
s JC

= (2nfe) A1+ f exp(—G(A + a,, + df)) 28
NC

Ay
— (2?!/8)_ [Al+1
Thus

ZINO (FYING) = (27/g) 14T+ ! N IQAJQ»,;)F

rido=0"7C

X exp [% Nlda + o) *S¢(¢,A)] .
P
Since our lattice has trivial cohomology, we have replaced the condition that ¢ be

exact (v =da) with the equivalent condition that v be closed (dv = 0). Hence taking
F =1, we can evaluate ZN® = (2n/e)~'4'*! Z'©O, and therefore (F)™¢' = (F)©.

4. THE HicGs MECHANISM

The Higgs mechanism boils down to the assertion that for certain ranges of the
coupling constants the models we have just discussed, despite the massless
appearance of their actions, will only have massive spectrum. We address this
assertion by proving that the correlations decay exponentially. The method we use
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applies to any of the. models just discussed, but we only work through the
noncompact case. This has not yet been treated in the literature, and indeed it would
be difficult without using the equivalence proved in Section 3. The corresponding
compact action in the equivalence of Theorem 3.1 is more complicated than the other
compact actions, because it is non local.

The Model and Results

The coupling constants appearing in our model, which will be defined below, are
the electric charge, e, of the boson field and the coupling, A, for the quartic boson
self-interaction. Define

m,,:ue/\/ﬁ.

This is the classical prediction for the gauge field mass. The classical boson mass is
u.

For us, the meaning of weak coupling is fix ¢ and m, strictly positive and take A
(and hence e) small depending on u, m,. In this paper we make no attempt to analyze
carefully the dependencies on 4 and m,. This is one way of describing how our
analysis must be improved to discuss the continuum limit.

We will see that the weak coupling limit is a lattice Gaussian model describing a
vector field with mass m, and a real scalar boson field of mass g#. Our expansion is in
principle able to produce a very detailed analysis of a neighborhood of this limit
(perturbation theory with symmetry breaking, etc.) but we have settled for a very
small part of this.

The model is

1Y (@dA(p)) — G(A>)§

(Fa =Z;‘f~c DA j@é exp

peA
cexp | =4 Y [etang(y) — g(x)?
(xy)c A
exp g— > (R8N~ 9o +E]§
-F(g,A).

The theorem is
THEOREM 4.1. Let F be any integral charge observable depending only on fields

@8, A at sites and bonds in a bounded subset of Z2°, d > 2. Given u and m, = ue/\/84,
let A be sufficiently small. Then the infinite volume expectation

(Fy= lim (F),
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exists. Furthermore, let F and G be two such observables, and let G denote the tran-
slate of G by x € 7°. Then with the same conditions on i, m,, and 4, it follows that

KFGy) — (F)XGol <

where m > 0 is independent of F, G.

Remark. Gauge invariant observables that are not integral charge observables,
such as dA, could be treated by our methods with some additional work. They would
acquire dependence on the vortices in the same manner as the terms in the action.

5. GENERAL OUTLINE OF PROOF, NOTATION

The strategy is in large part borrowed from [5]. We start in Section 6 with the
standard change of variables into the unitary gauge. This shows, at least formally,
that the model is a small perturbation of a massive Gaussian model. It is easiest for
the subsequent analysis to work with the compact model, by taking advantage of
Theorem 3.1.

In Section 7 we use a partition of unity on the space of field configurations to
isolate the regions of 4 where the fields are so large that the Gaussian approximation
breaks down. This idea appeared in [6] (using Peierls contours) in the analysis of
scalar fields. However, it is important that it is implemented differently in this
context, because the deviation from the Gaussian measure in gauge field theories is
more drastic than for scalar theories. It is related to having to use several coordinate
patches to describe the space in which fields take their values (circles in this simple
context). In particular, as in [5], we postpone the integration over the fields which are
large. The large field regions set boundary conditions (conditioning) for the
complementary region, A, where we carry out a Glimm-Jaffe-Spencer cluster
expansion. This is done in Section 9.

The cluster expansion has some not-so-standard aspects because the large field
regions alter normalization factors and impose nonzero Dirichlet boundary
conditions. This will be discussed further in Section 8. Eventually we wind up with a
formula for the log of the partition function which displays its analytic properties. We
evaluate derivatives with respect to “sources” using Cauchy’s formula and thereby
obtain formulas for truncated correlations which exhibit their exponential decay and
prove our main theorem.

We conclude with a summary of notation; it is generally consistent with |5].

Given a bond b’ = (x’y’) with x’, y’ in the coarse lattice (LZ)“ we let

B(b')= {{wv)<Z¥:u € B(x' ), v EB(Y)}

Thus B(b’) can be thought of as a face between two L-blocks centered on the ends of
b’. We shall sometimes identify b’ with its associated face.
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Given a subset I'c (LZ)%", we denote by X(I") the union of L-blocks linked by I,

xnN= U Bk

xesomeb’'el’

We say I' is connected if X(I) is connected.

6. CLASSICAL ASPECTS

Using Theorem 3.1, rewrite the expectation in the form

(F), = —1- ¥ j_m @Aj

Avde

cexp =4 ¥ (dA(p)+~v(p)Y§

cexp {—3 D |eMrg(y) —o(x)?
{(xy)=A

cexp |— 30 (A1) — bu? 1800)P +‘E1{

" F(¢a A)-

We exhibit the Higgs mechanism on the classical level by using the standard change
of variables

. 1
¢ = pe'®, A—>A~?d0.

Then

<F>A=}L 3 j@Af Pp

Avdvﬁ

- exp

%Zwmwwﬁ

peA

- exp 3'% 2 lefeAwp( y) —p(x)?

(xy)c=A

X€A

-exp§~ D' [Apt(x) — tuPp (x) + E —log 2n p(x)]{ F
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The log p comes from the Jacobian of the change of variables. The minimum of the
exponent (excluding log p) occurs at

po = u/\/ 84, A=0,v=0,
After the translation p — p, + p, the action has the quadratic piece

Sop, 4, 0)=% N (@4 +0)’ (p)+3m] N 4;

pa—

pcA bcA

+1 Y () —p())P+ et Y P (6.1)

(xy)cA XEA
and an interaction piece
=p2 NV (1 A 1?41 )
Vip, A )=Po — (1 —cose xy) 2 xy)
(xyd=A

+pe X (P(¥) +p(x))(1 —cos ed,,,)

(xM <A

+ E P(,V) p(X)(l — COS EA (xy))

(xy)< A
T G+ VI -l 1452). 62)
X€EA 0

We have altered the normalization by subtracting log(27 p,) 4 |. The expectation is
unaffected and is

1 w ,
(Fia== Y j_@AJ Zpe SVIF,
C

z vidr=0 —Pg

Here Z == Z, normalizes the expectation to unity.

Formally V, tends to zero in the weak coupling limit, so the expectation is
expected to become the massive Gaussian with the action (6.1) in the weak coupling
limit.

Rather than obtaining expansions for (F), we add to the interaction an extra
“source” term, V,, where

Vo= ae’®Tre 1 N g p(x), (6.3)
f X

Here f runs over some finite set of functions on bonds which are nonzero for finitely
many bonds, and the parameters a,, @, are complex numbers subject to the bounds

lad < 1; la < A% e>0. (6.4)
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We can use f’s that lead to non-gauge-invariant terms in V, because the gauge is fixed
at this point. We let V=V, + V, and define

S=So+V, +V,=85,+V

z EL TA j:t’@p e S,

We will find an expansion for log Z and obtain (F) by applying a suitable differential
operator in the a’s which are then evaluated at @« =0. The derivatives will be
expressed by Cauchy’s formula.

The bounds (6.4) ensure the V, is small in the same sense that V, is small, and the
combination V is treated as a single entity. This way of getting at expectations does
not give bounds on (F) which are asymptotically correct as A — 0, but it is sufficient
to prove our main theorem.

Our expansion is defined in terms of the coarse lattice A’. We assume that L, the
block size, is chosen so that factors exp(ie " f,4,) in ¥, do not couple disjoint
blocks. This can be achieved for arbitrarily large L.

7. LARGE AND SMALL FIELDS, CONDITIONING

An important part of this expansion is to use separate methods on large and small
fields respectively. The number p(4) given by

p(A) = [log |+

will be the borderline between large and small; i.e., 4, is large if |[4,] 2 p(1), p(x) is
large if |p(x)| 2 p(A). The discrete vortex field v(p) is large iff v(p) # 0.

Partition of Unity of Field Configurations
We choose a function y of one variable as an approximate characteristic function,
obeying
(1) x€C=, x(t) = x(-?),

() k<Lx®=1 if|¢<1/2,
=0 if|f<1

(3) For each n=1,2,..,

dﬂ
‘ dtn X‘ < c’l(n!)P (7‘1)
for some ¢ and p independent of ¢. Let

¢=(10-x
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so that

1= [] Ge®)/pR)) + Lp(x)/p(A)))

=3 I1 xex)/p@) [] Lex)/p@d)
XcA xeX x¢eX

and similarly

L= 3 T[] x@/p@) [T UAs/p@4))

Yc A* beY bey
I= 2 H - ]_[ Lo =0)(0)-
Zo A peZ pEZ

Here 1, denotes the characteristic function of the event £. We combine these three
partitions of unity by multiplying them. For a given term in the resulting partition of
unity, let A, be the largest union of L-blocks = A with the property that every site,
bond, and plaquette in A, is selected by x’s to be small field. Set

A5=A\A,

and resum the partition of unity holding A, fixed. We write the result in the form

= ,\_:, XAOCA{,

Agc A

where y, is the characteristic function for the event that ¢, A are small at sites and
bonds in A and v =0 on plaquettes in A,. XA is the characteristic function for the
event: For each L-block B(x)< 4§, at least oné field associated with a site touching
B(x'), or a bond, or plaquette, intersecting B(x), is large.

Finally, it is convenient to include in CAC the characteristic function of the range of
A- and p-integration. We will suppose this is done and not change notation. (The y-
functions already force p and 4 to be inside the integration range if 4 is sufficiently
small.)

Conditioning

We defer the integration over the fields in large field regions as selected by the
partition of unity, and by multiplying and dividing by a suitable factor, normalize the
remaining integrals so that the Gaussian part is a probability measure.

Define, for any subset X < A4, the Gaussian action SX(X) by throwing away, in the

action S, defined above, all terms labelled by sites, bonds, or plaquettes which do not
lie in or intersect X; i.e.,
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SHx) =1 Y (@A) +v(p)’

PEAPNX#£D

+imi Y Aj+3 >

o e
beALNX#Q XA X #Q

() —px))? + 3 D pP().

xeX

Define S*(X) and ¥*(X) by applying the same operations to S and V. Then

5= 5*(V) + S(X°),

so that

=\ - e SA9r . SS9,
‘ A::A v:d;:l) j@AA“ J’@p,“)e gADJ‘ @A/\OJ @p/\oe 0 KAq

Define a normalized Gaussian measure with nonzero mean by

1

= DA G —S‘(X,v:O)'
Zgm e

dity
Then

zZ= X J’ @AA}fj -@PAge_S(A‘c’)CAgZ:(Ao)

Ag<=A v:dv=0

.fdone—V*(waAo
=Y > j'@A";c," .@p,\ge_smg)c,\gz:(/‘o) E( )
Age A vido=0

where

E(X)EJ duye V" Oy,

8. CLUSTER EXPANSIONS

(1.2)

(1.3)

(1.4)

(7.5)

(7.6)

(1.7)

(7.8)

These are analogous to high temperature expansions of statistical mechanics and
are applied to the factors ZJ(A4,), =(4,) produced by the conditioning. Qur presen-
tation is quite complete but neverthcless some review of [3] is probably a useful

prelude to this part of the analysis.

There are three operations: (1) an expansion for log Zy; (2) an expansion for =;
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(3) the union of (1), (2), and conditioning into one expansion. The expansions of (1)
and (2) are only rapidly convergent far away from the break-down of the Gaussian
approximation. Accordingly we define, for any union of L-blocks X the set

X, = U B(x")

xfx—X'fl€ red)

where

r(A) = |log A 1%.

This operation is applied to the large field region A§ to get {Ag), = A{ and with an
incompatible notation which should not cause confusion

A, = (A5

The expansions are localized in A4,.

The choice of #(4) is dictated by two requirements: (a) the large action caused by
even one large field produces a small factor exp(—O(p?(4))) which dominates a
factor O(r(A)¢) arising from crude estimates of the vacuum energy in an r{l)
neighborhood. (b) the effects of large fields are exponentially damped away from A
so that an expansion in A, is perturbed by the conditioning at the boundary of A§ by
effects of size of the order of p*(4) exp(—r(A) min (g, m,)) which tends to zero rapidly
with A.

Expansion for Z}

We introduce an interpolated Gaussian action S(s) and a corresponding Gaussian
partition function Z}(s) where s is a collection of parameters, each in [0. 1], one for
each bond b’ eA{“":, labelling a face between L-blocks. We define this action by
multiplying all terms in Sg(» = 0) which couple blocks B(x’), B(»’) by 5., so that
S¢yry, controls the strength of coupling between B(x’) and B(y'). Thus

=1

Sy(s)=13 0,(dd(p))* +1mi Y 4]
» b

+3 Y 00,((r) — p(x)* + 3 Y pAx),

(xy) X

where the sums are over p, b, (xy) which touch A, and x is summed over sites in 4.
Furthermore

Ty == Srpn if p couples blocks B(x’), B{( y')

=1 if p does not couple L-blocks or if p
intersects four L-blocks (8.1)
Oleyy = Sy if (xy) € B’((xy’))
=1 if (xy) does not couple L-blocks;

595/158/2.2
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thus we have left bonds and plaquettes which do not couple L-blocks undisturbed and
in addition no bonds near d4, are altered. In particular, when s = 0 all L-blocks in
A, are decoupled from each other and from Af{. Each bond coupling two blocks is
decoupled from everything else (except for bonds in a plaquette intersecting four
blocks—they are coupled only within that plaquette).

Following [3] we interpolate between all s=1 and s =0 using the fundamental
theorem of calculus

log Z§(A,) =logZ§(s=1)

= j ds; 8" log Z¥(sr) (8.2)
r

where I' is summed over all subsets of bonds in 4{, including the null set (which
means that 8" and the s-integration are omitted),

0
o' = —
bI;[I‘ sy
sp=(s4) withs, =0if b’ &T.
We define
W ()= j ds; " log Z¥(sy)

so that (8.2) becomes

Z3(A) = ZH(Aq,5=0) exp ( ¥ wl(r)) :

r+g

We divide by the same expansion (i.e., decoupling on faces in A]°°¢) for Zy(4), so

that

Zy*(Ay,8=0)
ZyA4,s=0)

lesz(r)

Z§(Ao) = Zy(4)
where
W)= W[, Ay) — W, (T, A).

Note that W,(I') =0 unless I' touches A{. Also, if I is not connected, then Z¥(sr)

factors and again W,(I') = 0.
We substitute this expansion for Z§ into Z(A) as expressed in (7.6) and obtain

Z(4)=2,) S | 245 p150,(45)

. exp (; WZ(I")) E(A,) (8.3)
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where p,(A435) is the function of fields p, 4 associated with A§ defined by

pX)= Y e SOV ZH(XC, s =0)/Z(4.5=0).
vidv=0
Expansion for =

Now we will obtain a polymer expansion for the factor

E(d,) = j due"'y.

As in the last section we introduce the Gaussian measure du, by interpolating the
terms in S that couple across faces in 4;°". In an analogous way we introduce s-
dependence in V'*, defining V" *(s) by making the replacement

Ny N Oixpy(+*)

e . e -
(xy)cATC (xy)cASC

in the definition of V*(A,). The o-factors were defined in (8.1). Note that V, is not
affected because the coarse lattice is chosen to avoid couplings by V,. By inter-
polating between s =1 and s =0 using the fundamental theorem of calculus we
obtain, as in [3],

E(y) =Y | ds;d"E(Ao. 57)

T
where, if I' = @, the s -integration and o' are omitted, and
Edo,8)= [ due™ x

Let us define = (4,) to be =(A,,0) but with s,=0 for all bc=A; and with
conditioning equal to zero. We then put

K\(1)= [ dsp"E(Ay, 57)/Eo(d)

We call I" A,-connected if either

(a) T is connected,

(b) the connected components of I" may be connected by adjoining connected
components of A,

Then K,(I") factors across connected components:

K= I K,

ffe A -connected components of I
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and
E(Ay) = Eo(4) Z K,
T

where the sum over I' includes the null set.

The definition of K, is a ratio of large volume (A4,) quantities, but since s,. = 0 for
all b’ not in I', the numerator and denominator factor into contributions from blocks
filling A ,\{blocks connected by I'}. These blocks cancel out, including integrals over
gauge fields associated with bonds in between blocks, so that K,(I') is really a
“small” volume (blocks connected by I' and associated “in between” bonds and
plaquettes) quantity.

When this expansion for = is substituted into our expression (8.3) for Z(A4) we
obtain

Z(4)=Zy(4) S T | 24, 2ppr17)
o (S W.0)) T K, (4)
r A

where we have changed I' to 4 in the K, sum to avoid confusion with the W, sum,
and p, is p, with E-factors included:

py(X) = 2 e~ SI=IOL,
vidv=0

(Z5X°, s =0)/Z(4, s = 0)) Z,(X )/ Zo(4).

Uniting the Expansions

The large field regions represented by the p-factors transmit information via the
conditioning at the boundary of A§ to any quantities W,(I'), K,(I') occurring in the
expansions for Z§ and Z such that I' touches A{. In this section we collect the
components of A5 along with any I'’s touching A{ components into clusters C so that
different clusters do not touch directly or indirectly through W, or K, factors. Then
there is complete factorization of Zp, Z4 integrals attached to different C’s.

First we expand the exponential in W, in (8.4) according to

aw (WD) = 3 [T W)
T=( oIy T rer
where the sum runs over all ordered collections (= ordered sets which are allowed
repeated elements) of connected subsets of A;*. In this way Z is expressed as a sum
over configurations A5, T, 4.
A configuration (4§, T, 4) is said to form a cluster on C, which is a subset of 4,
defined by

C=ASUX(T) U X(4)

iff C is connected.
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Not every configuration occurring in the expansion for Z is a cluster on some C
but we can uniquely decompose any configuration into clusters on sets C € {C,,
C,y, C,: n arbitrary} = C. We define K,(C) to be the sum over clusters on C:

Ky(C) = ) —7 | 2420 p,R) [T WHDIKT()
R.T,AeclustersonC |r| rer
(= 0if sum is empty). (8.5)
Then
Z(A) = ZyA) Eo4) Y. [ ] K5(C). (8.6)
C CeC

The superscripts R on W, and K, mean that A{ has been changed to R, A{ to R, in
their definition (8.5). We can do this because W,(I') does not depend on connected
components of 4 not touched by I', and K, factors across connected components. C
is summed over all sets whose elements are connected unions of L-blocks and no two
elements touch.

9. TAKING THE LOGARITHM OF Z

Z has been expanded in the form

Z,2,). [] K;5(0)
C ceC

where the sum over C ranges over sets whose elements are unions of L-blocks such
that no two elements touch. Furthermore K, vanishes unless its argument is con-
nected.

We take the logarithm by a now standard procedure [7]| of regarding this
expansion without the two multiplicative factors Z,, Z, as a grand canonical
ensemble of a hard core gas of connected subsets and applying the Mayer expansion.

The procedure and our main estimate are given in more detail in the Appendix.
The results are

log Z=10g(Z,Z,) + Y K,(X),

X< A

where

-~

K,(X)= \ IXI' [T K;(X)

XeX

h) | W& v)-1).

Gs[connected graphson X) XYeG
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Here U is defined by
Ux,v)=0 if X, ¥ touch

=1 otherwise

and X is summed over ordered collections of connected unions of L-cubes.

To discuss convergence we define the c-norm by

|Kl.= sup y |K(X)| exp(c | X' |).

x'elL2)d X, X' touches x’

The result is, for any ¢ > 0,

[+ 0] 1 n
FARS ||K3HL'+,H(1+—£-) ,
n=l

Furthermore when the right-hand side is convergent, the analyticity properties of K,
as a function of parameters in its action extend to K,—because it is a uniform limit

of analytic functions.

Proof of Theorem 4.1. We can now give the proof, assuming an estimate on the ¢-

norm of K, which will be proved in the rest of this paper.

We obtain a formula for the expectation of F by applying a suitable set of
derivatives with respect to the a-parameters occurring in ¥V, to log Z. (See (6.3).) For

example,

<8 — SN $(»ID
17

=|—7—logZ|, _a. -
oty aay 8 |"-““y"’

L8 8
vl
2 7a, a, K4 Plarza,=0

2
2 ) $api G|
>x,y} x Y
EERE
x5z axl ayl
11

—pTCIX=YIL g
= |ax| |ay| ” 4”(,‘

|K4(X)| ech’Ie—CIX’I

=y

© 1\*
LA 2egmelx I Y ”K:!”:-b-H-a(l +‘E’) :
n=1

(9.1)

9.2)

Here we take |a,|™", |a,|~' =479 as allowed in (6.4). The restrictions X > {x, y}
may be imposed because K, (X) will vanish when the a-derivatives are imposed if
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XD {x,y}. We assume x, y are in different blocks so that the derivatives vanish when
applied to log Z,. In the next section we will prove that, for any c if L is large
enough,

| Kyl O asi—0.

Thus exponential decay for this correlation is proved for 4 small, uniformly in A.
Other correlations may be handled by variations of the same argument.

To see that the infinite volume limit exists we note that in (9.1) there is a non
explicit constraint X — A4 on the sum and this is the only dependence on A. It is clear
that a change in A affects the sum by adding or subtracting terms of the form K ,(X),
with

X > {x,y} and XNA #@.

These additional terms are exponentially small in the distance from {x,y} to 04. We
use

N le(X)I < e—cdist(lx.y),AC)/L ”K4H(

X Xolx, v, XNAC2Q

to see that the infinite volume limit exists, for A small.

The same type of argument demonstrates exponential decay for correlations of
Wilson loops. At first one obtains exponential decay only for Wilson loops translated
by multiples of L because the coarse lattice must be chosen to contain each Wilson
loop within single blocks. However, the argument can be made for a finite number of
different L’s and thereby extended to arbitrary translates of Wilson loops.

10. COMBINATORIC ASPECTS OF CONVERGENCE
In this section we will give the combinatoric aspects of the proof that
IK.»0  with 4,
deferring until a later section some estimates which require a detailed grasp of

Gaussian integrals.
Given a function f on subsets of A’* we define its c-norm by

Nfll.= S:‘lp Z | ()] e,

r:I' teuches x’
If fis a function on unions of L-blocks then we define its c-norm by

Ifle=sup 3 |fEoje.

X:Xtouches x’
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The following two lemmas contain the basic combinatorial ideas, then we state the
three propositions which contain the more technical analysis and combine them to
prove that || K,||.—» 0 with 4.

ProposiTION 10.1 [3,p. 218]. There are constants c,, c, depending only on
dimension such that

® Lo <a
(b) YreM<oo

where X is summed over all connected unions of L-blocks touching the origin, and I’
is summed over all connected sets of bonds b’ = (LZ)? touching some fixed site x' in
the coarse lattice. In part (b), |I'| can be replaced by |X'(I')| with a different c,.

LEmMMA 10.2. Let f(X) be a function on unions of L-blocks and let
gX) =[] f(X);  (=l1if X=0),
XeX

where X is a collection of sets X. Then
(a) ZX:Xtouches Y |f(X)l < “f”() I Y’|
(b) ZX;eachXtouches Y (l/|x “) | g(x)l < CXp(”f”D | Yy’ |)
(C) ZX*@’eachXtouches Y (l/|x I!) ‘ g(X)l < A- ! CXp(A ”f“() l Y |)
where A > 1. Analogous statements with X, X replaced by I, T hold if f = f(I).

Proof. (a)is trivial and implies (b) because

LRI § [P0

.....

=
[

o).

( X: Xtouches Y

For (c), we apply (b) with f replaced by Af.

ProrosiTiON 10.3. For all L and all ¢, p, which is defined by
ps(X) = Y | Z4neZpupi®)
Re(R:R= X R,cennected)
tends to zero in c-norm as A - 0.,

ProrosiTioN 10.4. Given c,, for L sufficiently large and A sufficiently small, it
follows that

W3, < L9
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For the next proposition we define K, by

K5I)=K®(I")  ifI'is connected
=0 otherwise

PrROPOSITION 10.5. For all ¢, if L is syfficiently large, there are constants c,(4),
¢, where c,(A) tends to zero with A and such that for i small

S |Kf(r)| PLES] < '(,‘1(/{) eC:IRH

r+o

where I is summed so that all its connected components touch R|. If R = & then this
reduces to

|31 < e\(h).
If ' =& then for I" small, depending on L,
KA < et
With the aid of these lemmas we now prove that for any c, if L is large enough,
| K;ll.— 0 asi— 0.
Define K%, W% by

RA(D) = |KA(D)| ¥
together with an analogous formula for W’z‘ . Also define K ; and g by

K~3(C) =|K,(C) e
FR)=pa(R) R,

The definition of K, and in particular the connectedness of C, ensures that

RNOI< S ——[242p 5R) [| WADRI@).
R:?:A lr“ rer

We estimate the I' sum using Lemma 10.2. It is less than exp(| W5 |.|R}|), because
every I” must touch R; or else W4(I')=0. By Proposition 10.4 this in turn is less
than exp(c,L9~" |R!|) provided L is large and 4 is small (depending on c).

We hold R and the components of 4 which touch R; fixed and estimate the sum
over 4 subject to these constraints. The sum over 4 is, equivalently, the sum over the
collection of connected components of 4. By Lemma 10.2 it is less than

exp(| Kol ")
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(We have replaced R by the null set in K, because if I" does not touch R then
K3(I) = K2(I').) By Proposition 10.5 this is less than exp(c,(4)|C’]).

Next we use Proposition 10.5 to bound the sum over the connected components of
4 that do touch R|. There is the possibility that this part of 4 is null. Thus we obtain
the bound [1 + c;(1)] e“4*il. If A is sufficiently small this is less then 2e¢/*1!, so that

R, 0)<2 ( > IQZA@p p2(R) eﬂRil) ecAMIC

ReC

provided L is large and A is small, depending on c¢. Here y =y(L, c) is given by
y=c, L4 "+, +e.

This bound is improved by considering, in the foregoing analysis, the possibilities
R =@, R + @ separately. If R = @ then the only way to form a cluster on C is to let
I' =@ and X(4) = C. By separating out these terms we obtain

R(O< T Ry +2( T [249ppu(R)emi) e

A,X(8)=C R#Q

= Y K@

A,X(A)=C

+2 ¥ n (p3(Y) e’ ecrhic

X< CX#+Q Ye(conn.cpts.ofX)
where p, is the quantity that appears in Proposition 10.3.

By Lemma 10.2 applied to the sum over X, rewritten as a sum over the collection
of connected components of X,

B(C)< Y Ko)+247" exp(d |losll,|C'| + e, C')).

A,X(4)=C

If A is sufficiently small we can achieve

A=|p)7" )<,
so that
RO Y K24)+2]psllye* s

i.e.,

K5O D |K2MA)| + 2 |psll e,
AX@)=C
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and therefore for any c, if L is large,
1K), 0 asi—0

by Lemma 10.1 and Propositions 10.3 and 10.5.

11. LARGE FIELD REGIONS; PROOF OF ProposITION 10.3

In this section we quantify the idea that large fields are suppressed by action
density by proving Proposition 10.3.

LeMMA 11.1 (Stability). There exists a constant y(u) > O independent of m,, A. e
such that on the range of integration,

So+ ¥, 2 S,.

Proof. It is easiest to work with the untranslated p and 4. Insert into .S, + V, the
elementary bounds

(a) lp“ WP +E> a0 —po),
(b) 3le*ep(y)— p(x)lz 3(o(y) —p(x))* + 2?1/7()’)/7("‘)(9’4(”))2’

where y, is independent of u, m,, 4, e.
Case 1. If p(y) p(x) > 3pi, then we continue (b) with
;(p(}’) _P(-"))2 271 2/’2 A 3xy)
=3(p(y) —p(x))* + 4y1mAA(xy)

Case 2. If on the other hand, p(y)p(x) < 30§, then p=p(y) or p(x) is less than
Po/\/2 and we continue (a) with the bounds

1, 2 1 ( 1 )2 2
216#(/"170) +ﬁ# I_W Po
1 2
—u*(p —py)’ +—# (1 —> P(zy(eA(xy)/”)z

V2
Z.L,,z@_,, P+ (1 ~~1——)2 (m2/n%) Al
16 0 16 \/i A (xy)
valid on the range of 4, and in either case the requisite lower bound follows.

Lemma 11.2. Let X be a union of L-blocks in A. Then there exists c,, c, so that

[@pX@AW £2(X) L el g eR DN,
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Proof. By the Stability Lemma 11.1,
Re S(X) 2> y(u) So(X) + Re V(X) > ¢, S,(X) — ¢, | X]|

for some ¢,, ¢, >0 and 4 small. For any ¢

L e~ WDESID  g=c @pHDIX'|
since { forces each L-block B(x'), x’ € X', together with its nearest neighbor sites to
contain at least one large field. (When v(p) # O then either (d4 + v)* (p) > cp*(A) or

else 4(b)* > cp*(A) for some b € p.) We substitute this bound into the definition of p,
along with, for A small depending on L,

|E(A,= X", s=0, cond. = 0)/5(4, s =0)| < exp(c | X7}]|).

To obtain this estimate we note that regions outside X, cancel exactly. Inside X, we
use

x lexp(—F) < exp(c | X{[)

in the numerator and bound the denominator using

- I

components C

>[1 (I ducxe %) >e il
C

Ud,uxe"’ jdﬂcxcew(c)

>11 (f ducxcRe e‘”c’)

c

The last type of inequality is discussed more fully at the end of Section 14, below.
Now we are reduced to proving that for each ¢, > 0 there exists c, such that

[ 0| 2y T e SZIX s =0)/Z,(, s = 0 (1L

We drop the constraint dv = 0. As before each v(p) # 0 produces a factor oM Je?)
or O(v(p)?*/ €?) in the exponent. After summing over v(p) # 0, the exponent is still
bounded below by a constant times the v =0, 4-field form. Thus

T exp (—%c, S (@A(p) +o(p) ~desm; 3 Az)

v:dv=0 beX
<2" exp (—lzc(m,) S @)~ delm)m; X Az)
pcX cX

which holds at sufficiently weak coupling in the range of A-integration. Consequently
the left-hand side of (11.1) is less than

211 jNC Dy DA yemce = CmNSXD=0Z % (XC s — 0)/Z (A, s =O).
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When we substitute in the fact that Z}, Z are integrals over exp(—S¢), exp(—S,) and
make use of the decoupling caused by s =0 to cancel out contributions from X9 we
obtain a bound

PLd JNC @pX]@Axle-ctm,,)so(xl.u:o)/J' C@pxl-@Ax]e—so(xl.u:m
Ni

which is less than c}*:' for some ¢, by scaling p and A4 in the numerator.
Proof of Proposition 10.3. By Lemma 11.2,
p3(.X)< N cll“l'g-%uz(f””‘"
RE(RIR =X)
Le M by clRilgeIRilg=epUIR|
Re(R:R,=X]}

By the definition of R,

IR{] < (esr())* |R']

ep* (MR’

VAN/AN

for any ¢ > 0 if A is small enough. Thus for a decreased constant c,

p3(X)<e“'X" )_“ e-c;p%l)ik’\.
RcX

We estimate the sum over R by rewriting it as a sum over the set of connected
components of R and applying Lemma 10.2 with

S(R)=e=cP*VIR'l = if R is connected,
=0, otherwise,

so that

PAX) eI A e

Since, by Lemma 10.1, || f|lo— O with 4, we can choose A so that A [|f[,= 1. We
find

PO fllg e

which, by Lemma 10.1, proves the proposition.
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12. PROPERIES OF COVARIANCES; FORMULAS FOR
DIFFERENTIATING GAUSSIAN EXPECTATIONS WITH RESPECT TO S-FACTORS

This section is very close in spirit to parts of [3]. We want to establish analogues
to the formulas of [3] for a conditional Gaussian measure. The covariance for the
gauge field also needs discussion. We establish here the basic estimates used to prove
Propositions 10.4 and 10.5.

We will use (-) to denote Gaussian expectations with respect to the Gaussian
measures (7.5) or one of its s-dependent analogs.

Estimates on Covariances.
We shall set

C,(x, )= (p(x) p()) — P(x))p(»)),
Cu(b,c)= (A(b) A(c)) — (A (b) XA(c))-

Since ( ) is Gaussian, we can evaluate

C,(x,y) = [u* —4(s)] ™" (x,)
C(b, ¢) = [m} + dd(s)] =" (b, c),

where 4(s) is the linear operator on 1*(4,) defined by

6, —4(6)0) =13 Y 04B(y)—0(x)),

(xy)c A

with # =0 on A§. The o’s depend on s; see (8.1). Likewise dd(s) is the linear operator
on I}(Ag) defined by

(v, dd(s)y) =1 Y o,(dw)’ (p)

with w(b) =0 if b & 4,.

LEMMA 12.1. There exists m = m(u, m,), nonzero if m,,u > 0, and c =c(u, m,)
such that

C, (%, y) < ce ™Il

)<
C,,(b, c) < —m dist(b,c)

ce

uniformly in s, 4,.

Proof. The easiest method to prove this seems to be an idea of Combes and
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Thomas. (See [8] and also [9].) We will work through the C, case. C, is the same
with obvious variations. Define a multiplication operator ¥ = V(a) on /*(A4}) by

V(a)

J () — e* ¥ (b)

where x, is the midpoint of bond b. Then, letting &, denote the element of /*(4)
which equals one on bond b, and equals zero everywhere else,

|Ca®, ) =3y, [m3 +3d(s)] ' 6,)
= |(V8,, V=" + 8d(s)) " VY16,
< e |[(m? 4+ V~13d(s) V).

Next we use the fact that if 4 is an operator on /*(4), such that for all w € [*(AF),

. Ay) > c|lvl’,
then |4 ~"|| <¢™". Thus

(w, [m3 —V~'dd(s) V] w)

=m; > lw®)I+> g, ( > e“'"W(b))( N e“bw(b)) ,
b p

beédp bedp

which is a strictly positive operator if | a| is not too large. This proves the lemma.
Derivatives of Covariances
We evaluate derivatives of C,, C, using

W= a0 = = d0)] (o)) = o))

repeatedly. The result can be wriiten in the form
@C)xpy)= Y [] C,step)
w:x-y Stepsew

where w is summed over all walks from x to y which consist of a sequence of steps of
the form

(s by), (bys ba)s (b5 b3)seees (B, ¥)
where each b,, i = 1,..., n, belongs to a face in I, so that each face is visited once and
only once. Thus n = |I'|. To define C, (step), let b, c be the bonds b = (tu), ¢ = (vw)

and set
Cp(x’ C) = Cp(x’ U) - Cp(x’ W)s

C,(b,c)=C,(t,c)—C,(u, ),
C,(b,x)=C,(t, x) — C,(u, x).
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This suffices to define C, (step) since a step is either a pair of bonds or a bond and a
site.

An analogous formula holds for C, except that sites get replaced by bonds and
bonds by plaquettes which link L-blocks linked by I". These formulas enable us, in
conjunction with Lemma 12.1, to read off the following estimate:

LEMMA 12.2. There exist ¢;=ci(y,m,), i=1,2,m= m(u, m,) such that

CIFI e—md(x'.v.r)

@"Cx )< e
|

<
I(aFCA)(b’ C) < ¢ cIFI —md(b,c, I‘)

where d(x, y, I') is the length of the shortest path which joins x to y and visits a bond
in each face in I'. Define d(b, c, I') analogously.

By increasing L, the exponential decay dominates c'"'. Finally note that

Cen= > Cfx)p)

(yz)ebA | 2€A,

Together with an analogous formula for (4(b)), we can estimate derivatives

c,c '”p(/l)e_”'d""a" F)

<
< e ciF p(h) e~ md®aAnD), (12.1)

107 (p(x))
|07(A(b))]
where ¢, = c(m,u), i=1, 2 and d(x, d4,, I') is the distance to the boundary 64, from
x, via I'. Here d(b, d4,,T) is defined analogously.
The formula for differentiating an s-parameter appearing in the Gaussian measure
is

A (Y= (K2 +K2)P)

where the K’s are differential operators

o 1 o @
Ko = ; ®9) @ ap(x) 0]
‘~as,,,<p( X)) 3p( i
b 0
Ka =7Za Sy Cao, )aA(b) 24(c)
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These formulas are the same as the standard one in [3], except for the first order
terms which arise because the measure does not have mean zero. They may be proved
by first translating so that the measure does have mean zero, using the standard
formula, and translating back again.

Following [3] we can write a formula for a multiple s-derivative:

Tpy= ¥ <ﬂ (K’)P> (122)

neP(l') YER

with

7 Z @C(x, ) 5+ X (W(P(x»)

( x) ap(x)
3 2
K;=7§ac abyc )8A(b) aA(c) 2 GKAG) Fry E)A(b)
K'=K’ +K3, (12.3)

and P(I') is the set of partitions of I.

13. ProoF orF ProposiTioN 10.4

We begin by estimating I = 9" log Z¥(sy).
If we pick one bond &' in I and differentiate with respect to s,,, we obtain

1 b7 EAY
I= 28 <8sb >

Now we perform the remaining derivatives, 87, using the formula (12.2) for differen-
tiating the expectation:

1 0S¥
[=——=Y K7t
2 T<]—[ 95b’>

YER

Since S§ is quadratic, the only partitions 7 which can contribute are those with one
or two elements. There are less than 2'™'~! such partitions, so

*
|I|< 2“"| sup ,<HK7—8—S—°>I .
yen os,,.

Lemma 12.2 and (12.1) tell us that there exists m > 0 such that

|I|<C1c|r|Ld 1[1+p(l)e-mr(x)]2€-md(1‘),

595/158/2-3
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where d(I') is the shortest path connecting faces in I'. Since p exp(—mr) tends to zero
with 4, for 4 small and a new c,,

|I| g clclzrlLdAIe—md(I‘).

By considering faces in I" perpendicular to each coordinate axis it is not difficult to
prove that

dr) > ("2171” _ 1) L.

Therefore, by Lemma 10.1, if L is large enough, depending on ¢, then
|lexp(—md(I'))| < oo, and Proposition 10.4 is proved.

14. ProoF ofF ProrosiTiION 10.5

If I' is the null set, then X,(I") has the form
E(R¢, s=0in R{)/Z,(R°).

Since s =0, the couplings across boundaries of (connected components of R,)\R and
L-blocks in RS are zero, and numerator and denominator factor. They would cancel
exactly, except for the conditioning in the numerator and the extra s =0 bonds.
Consequently contributions from (connected components of R,)\R do not cancel. We
bound the uncancelled factors in the numerator above and the factors in the
denominator below, just as in the proof of Lemma 11.2, and obtain, for 4 small
depending on L,

K =) < el
The definition of X, implies

KT e < Y sup |0TE(RY, 5r)/Eg(RY) €T,

r+g r+e Sr

where the sum over I is constrained so that each connected component of I" touches
R. Since, by the definition of s, all coupling across faces not in I" or in R, is absent,
if we set

X=R,\R)UX(D)

then both Z’s in K,(I") factor across ¢K and the factors corresponding to X¢ (and 6X)
cancel in the ratio so that

OTE(RC, 8p)/Eg(Ay) = 3r<e_w(x"r)XX>/Eo(X)-
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Furthermore =,(X) factors across all boundaries of L-blocks in X\R, and across
connected components of X. As in the proof of Lemma 11.2, we find

|Zo(X) = (3™
for A sufficiently small, depending on L. Set
L=1,() = 18" "Wy,
so that

SR,
r

el S e 12X qup (14.1)
r ’r

Here X\R, is a disjoint union of sets of the form X = X (") where I" is a connected
component of I. Accordingly |X’| < 2| and |X’'|<|R}|+ 2|I|. This estimate is
used to eliminate |X'| in (14.1). We find that in order to prove the proposition, it is
sufficient to prove that given c,, if L is sufficiently large and A is sufficiently small,
then

I,(N < e, (A) e Mgt kil (14.2)
Here c¢,(4) —» O with 4. By Lemmas 10.1 and 10.2, if ¢, is large enough, then

Nemcil Cexp(c,|R1))
r

for some c,.
Besides the s-dependence of { ), the V is also a function of s; each derivative in "
can act on either dependence, so we write

I, = '(‘9() + 8;/)r <e_yl>|’

where the subscripts (), V specify where & acts. The expectation is analytic as a
function of the s-dependence in V' because y limits the size of the fields. We estimate
the 0, derivatives by Cauchy’s formula: For any 4 > 0 (and we choose A4 large for A
small)
I, <2 sup 47TV sup |@fKe™"y), (14.3)
s-€0D,

r'er

where 2" is the number of terms in the expansion of (9, + d,,)", and D, is the
contour corresponding to the polydisc of radius 4 centered at the origin in complex s-
space. Now we concentrate on estimating

1 =18 "1
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for arbitrary I'. By the formula for differentiating expectations (12.2) we find

L Y <HK”e‘Vx> = 3 I,

neP(I') yen neP(I")

Each K in I, is split into its first and second order parts and into its 8/64, &/dp parts.
Let I, be the largest term in the resulting sum

1,<4'M7,.

Next we write each partial differential operator as a sum over the positions (x, b) of
its p or A derivatives. We take absolute values inside these sums and bound s-
differentiated covariances and (p), (4) factors using Lemma 12.2, and (12.1):

f<e™ (11 ) T e ot ).

ven r(n/ yen

r(y) is, depending on y, either a pair of sites, a pair of bonds, a single site or a single
bond. The r(y) label positions of field derivatives which are collectively denoted by D.
Here d(r(y), y) is the distance along the shortest path that links the element(s) of r(y)
and the faces in 7. We have used |(p(x))], |¢4(b))| < | for A sufficiently small. This
follows from (12.1) and p(1) exp(—r(4))— 0, as A = 0.

By Leibnitz’ rule,

KDE ™ N <4 KD (e ) Do)l s

where the derivatives in D are assigned to either D, or D, so as to maximize.
We estimate derivatives of exp(—V*) with, for small fields, and 4 sufficiently small
depending on L,

1Dye™"" | KT (n(x")1y (@A) ¢,

where n(x’) is the number of derivatives localized in B(x'); N, is the total number of
derivatives in D, p, c are constants and

q(A)=0(4%)

with # > 0 a constant. This estimate is easy and the proof is omitted.
The derivatives of y are bounded with

AD2x ) <TT ()Y [T (nd)ty ¥iga)v=—m (14.4)

where p, ¢ are constants; g(4) = O(A%); N, is the order of D,; n(x), n(b) are, respec-
tively, the number of derivatives at site x, bond b; and M is the number of derivatives
within distance r(1)/2 of R,. The proof of this estimate is deferred to the end of our
argument.
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We combine the last two estimates with, for ¢ > 0,
[T GNP T )ty [T (n)!) < [T emtm=odcn-n,
x' x b y

This estimate can be found on p. 240 of [3]. It is not hard. The idea is that if one of
the factorials is large then most of the corresponding derivatives are attached by
covariances to distant locations. By the last five estimates we obtain (with different
m > 0, and different ¢)

14<0”+'””X’|<ﬂ Z) [[ e marP(gay

yen r(y) YT

where N is the total number of derivatives. By decreasing M some more and
increasing ¢, we may drop the (g(4))~* factor because exp(—er(4)) p(4) -+ 0 with 1
faster than any power of A for all ¢ > 0.

Let d(y) be the length of the shortest path connecting the faces in y. We estimate
the sums over r(y), y fixed, using some of the exponential decay: with different m. ¢

13 < CIX’I+|FI(q('1))MI l—[ W'z ewmd()’)'

YeE™

We have eliminated N using |I'| > N > |=|.
We now obtain an estimate on /, by doing the sum over n € P(I"). Let

Q() =gy e~ "7 e 7n !

where n < 1, ¢ > 0. Then from our estimate on /;,

L<ne™+me=or LS ] o).

neP(I') yen

We enlarge the sum over 7 to all collections (sets with repeated elements) of subsets
of I" so that it corresponds to an exponential:

12 < nCIX’I+II‘le~~~l|r|exp < 2 Q(}’))
yeI

e 1+ Me=rexpg(A) n =" ||| |* e =™|| | T)).

For L large enough depending on ¢ the ¢-norm is bounded by a constant, ¢, say.
Consequently if we choose 1 = ¢q(4),

12 < Q(j.) C|x'|+|r|e(—z+c,)rr|

=
< q(l) CIR’,I+3|F|e(—l+c,)IF|

which yields (14.2) because, by taking L large, we can achieve any value for &.
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The proof is complete except for the bound (14.4) on derivatives of y. Since the
expectation and the right-hand side of (14.4) factor into an A-field and a p-field part,
we suppose without loss of generality that D, only contains p-derivatives. The M p-
derivatives that take place at sites x closer than r(41)/2 to R, are bounded by (7.1).
Let D be the remaining N, — M derivatives. Let the set of sites where these take place
be denoted by S. Since y is constant except on the borderline between small and large
fields we have

1DxI< [T ((cosh(p(4)/2))™" cosh p(x))| Dy |

X€S

so that by (7.1),
(Dyly< e®'s12 [ c"""(n(x)!)"< I coshp(x)>.

X€ES X€S

Let ( ), denote the expectation with zero conditioning on R, then by translation

< [] cosh p(x)> = <l_[ cosh(p(x) + <P(x)>)>o

X€ES

<29 ] cosh((p(x)))< [1 coshp(x)> ;

X€S X€S

As -0, (p(x))— 0 uniformly in x by (12.1), together with p(4) exp(—r(4)/2)— 0.
Furthermore, by splitting each cosh into exponentials and explicitly evaluating the
expectation, we find

< [] cosh p(x)>0< Pt

xe§

for some constant c¢. All these estimates collect to give

(Dx) < ] ¢"®(nx)ty e~ PRS2

x€S

for A small. This implies (14.4).

APPENDIX: ON THE MAYER EXPANSION

Let & be an abstract set with a reflexive binary relation “x touches y”, x,y € &.
We will say a subset X = & touches x € & if some element in X touches x. Likewise
two subsets X, Y < A touch if they contain elements x, y which touch.

Given f(X) a function on subsets of A set

Ifle=sup 3 [fQ0) e

X,X touches x
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DEfFINITION. X is used to denote an ordered collection of subsets of #. A
collection is a set which is allowed repeated elements. A graph G on X is a set of
unordered pairs XY, called lines, with X, Y € X. Define f(X), where X € & by

) -
f( ) XU{XTSX] =X lx, XI]xf( )

X Y [T W@y -1

Geconnected graphson X XYeG

where I/(XY) =0 if X touches Y and is ] otherwise.
The relationship between f and f is that if X is a set of subsets of 4 = %, and if

z= V;;llfm [T vaxy)

X, vreX

is the grand canonical partition function of a hard core gas, then formally
Z=exp[\ f(X)] (A.1)
XcA
and furthermore, for all ¢ >0, ¢ > 0,

171< S (14 1) (A2)

n=l

A proof of (A.1) is given on p. 33 of [10]. Our proof of (A.2) is mostly extracted
from [11].

Proof of the estimate. We will appeal to the following fact:

Y [ (U(XY)—I)‘
Geconnected graphson X XYeG
< X Jlivan -1y (A3)

Getreeson X XYeG

Here a tree is a connected graph which becomes disconnected if any line is removed.
This estimate is proved in |12]. The proof of a more powerful theorem allowing
many-body graphs is implicit in [13]. Let X € & be arbitrary, then

N Fdlemg X ,II PGl
Xe & X5x X,xesomeXe X |x|

N [ lu@xy)—1|

Cetreeson X XYeG
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= 1

> [T1re0) e

bl
am1 (m—=1)! Xy s Xqc &> sOMeE Xy 3% i=1

)Y [T 1ux.x)—1]. (A4)

Getreeson(l,...,n) ijeG

Let d, denote the coordination number of graph G at X,. This is the number of lines
that contain X;. Cayley’s theorem says that the number of trees on n vertices with
prescribed coordination numbers d, ,..., d,, (adding up to 2(n — 1)) is equal to

(n-—2)!/[i—ﬁl(d,—1)!] (n3>2). (A.5)

In (A.4) we resum over X,,.., X, and G while holding n and the coordination
numbers of G fixed. We estimate the sum subject to these constraints by the number
of graphs times the supremum over graphs, so that (A.4) is less than

< (n - 2)' Sw
s sup
o (n - l)' ;. d, Getreeson (1,2,...,n] withd,fixed

n

2 [ ((d 1),lf(X);ec.x,|) [TIUXX)—1.  (A6)

XpyeonX g &, X 3¢ i=1 ijeG

We perform the sums over the X starting with the “outer branches,” i.e., those X for
which d; = 1, and working inwards using

> @) e X1 |UXY) = < XILSCL-Plle
("4

Xc
and thereby obtain the bound

& (n—2)
PI Y [ a1 Fol (A7)

dy i=1

where d(i) =d; — 1 for all but one i =/, say, for which d(i)=d,, j is arbitrary. Next
we use

lxldgd! ( : is)de(uc)lxl

and sum over the d/’s to continue with

S (n=2)! [1+e¢
<Sﬂ(n l)'( €

When n =1, (n — 2)! is to be interpreted as 1 so this implies our claimed result (A.2).

)1t
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