
ITERATED MAYER  EXPAN S I ONS AND THE I R  APPL I CAT I ON TO COUL0t1B GASES 

l . lntroduct i on 

John  Z .  Imbr i e  

There are Many probl ems i n  s tat i s t i ca l  mec ha n i c s  a nd f i e l d  theory 
where systems of i nteract i ng part i c l es ( or  parti c l e- l i ke defects , 

contours , mo l ecu l es ,  c l us ters , etc . ) a r i s e .  Understand i ng these sys 
tems wou l d  be  s i mp l er i f  the part i c l es were non i nteract i ng .  I f  t he  
parti c l es a re  d i l u te a nd  wea k l y  i nteract i ng ,  t hen  t he  correct i ons  to  
the i ndependent part i c l e  approx i mat i o n  are sma l l .  These can be i so
l a ted and regarded a s  new k i nds of ( non l oca l ) part i c l es by a procedure 
known as  the �ayer expans i on .  The non l oca l part i c l es ( or  c l u s ters ) 
carry a l l the i nformat i on a bout the l ong-d i stance beha v i o r  of the sys 
tem . 

There are many vari ants  of 11ayer expans i ons  and c l us ter expan s i ons  
that can be u sed depend i ng on the type of system under con s i derat i on .  
The fo l l ow i ng g rand canon i ca l  part i t i on funct i on i s  a representat i ve 
examp l e :  

"" N 
Z I � 1 J dx 1 • • • dx,1exp ( -S  I v ( x . - x . ) ) . 

N=O . I i <j 1 ,] 
( l .  l ) 

Here N i s  the number of parti c l es , z i s  the act i v i ty of each part i c l e ,  

S i s  the i nverse temperature , x .  E A c ffid i s  the pos i t i o n  o f  the i th  
1 -

parti c l e ,  and v ( x i - xj ) i s  a two- body i nteract i on potent i a l . The 
bas i c  expan s i on s tep i s  to use the fundamenta l theorem of ca l cu l us to 
wri te 

-S v ( x � -x . )  
ze 1 J l 

z + zf d s ( -S ) v ( x .  
0 1 

- sSv ( x .  - x . ) 
xj ) e  1 J ( l . 2 )  

The f i rs t  term i s  a n  i so l ated parti c l e ,  the  s econd i s  a two- parti c l e  
c l u ster . Hhen i denti t i es l i ke ( 1 . 2 ) have been app l i ed many t i mes , we 

1 63 



164 

f i nd ( a fter s ome comb i nator i cs )  an expans i on for I A [ - 1 l og Z roug h l y  
s pea k i ng i n  powers of  z B  f l v ( x ) [ dxe-B E , where E i s  a l ower bound for 
the energy per part i c l e  i n  a ny N- part i c l e conf i gurat i o n .  Thus we 
obta i n  convergence for sma l l act i v i t i es or  h i g h  temperatures , depend i ng 
on the s trength of the  i nteract i o n  ( i n  the L 1 - sens e )  and on the stab i l 
i ty bound E .  

A s i mp l e t·1ayer expans i on a s  out l i ned a bove i s  not we l l s u i ted to 
i nteract i ons  that are s trong ( B E <<  - 1 )  o n l y  i n  a reg i on that contr i 
butes l i tt l e  to the i ntegra l  J [ v ( x ) [ dx . I n t h i s s i tua t i on  we s hou l d  

s p l i t  the i nteract i on i nto two or  more parts v£ , £  = 0 , 1 , . . .  , and  ex
pand i n  the part wi th  the worst  stab i l i ty e s t i mate E£ and s hortest 
range f i rst .  The c l u s ters from th i s  expans i o n  a re the part i c l es of 
the next expans i on .  One can  proceed i n  th i s  way through a l l the parts 

£ 
of v wi thout ever encounter i ng a very l a rge product J l v

£ ( x ) [ dx e- B E  

Then one obta i ns a n  expan s i on that converges w i t h  re l a t i v e l y  m i l d  con
d i t i ons  on act i v i t i es .  

Th i s  procedure of  i terated '1ayer expans i ons wa s forma 1 i zed and 
app l i ed to the l atti ce Yu kawa gas  by Gopfert and Mac k  [ 5 ] . I t  fi ts 
i nto the renorma l i zat i on group i dea that the beha v i o r  of sys tems i s  
bes t unders tood by cons i deri ng what happens a t  s uccess i ve l y  l a rger  
l ength  s ca l es .  I n  i t s current form , however , the  procedure works o n l y  
when there a re j us t  a f i n i te number of l ength sca l es t o  b e  cons i dered . 
Th i s  l i m i tat i on doesn ' t  matter for Cou l omb systems where screen i ng 
( exponent i a l  c l u s teri ng ) sets  i n  at s ome l ength s ca l e  to break  the 
s ca l e  i nvar i a nce  of  the i nteract i o n . For t ru l y  cr i t i ca l  sys tems , one 
needs more refi ned tec h n i ques . 

To i l l u s trate the techn i que , we s ha l l cons i der a soft core cont i n
u um Yu kawa gas  i n  th ree d i mens i ons . For the Cou l omb gas  app l i ca t i o n  we 

have i n  m i nd ,  i t  i s  s u ffi c i ent to s p l i t  the i nteract i on i nto two parts . 
Let e . = ± 1 be the charge  of the i th  part i c l e .  Wr i te � . = ( e . , x . ) ,  1 - 1 / 2 1 1 1 J d� i = L J dx i , and put £

0 
= ( 2zB ) . Oefi ne a two- body i nteract i on  

e i A 

( 1 .  3 )  

Here \ parametr i zes  the range o f  the Yu kawa potenti a l , and R i s  a s hort 
d i s tance cutoff , neces s ary for stab i l i ty .  For s i mp l i c i ty we a s s ume 

R � B � \£
0

. The part i t i on funct i on i s  
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oo N L � 1 fdt1 . . .  dt N exp ( -S L v (t . , t . ) ) .  

N=O  . i < j  1 J ( l .  4 ) 

I f  we put A =  oo i n  ( 1 . 3 ) , then we have a Cou l omb potent i a l w i th soft 
core and �D ' the Debye l engt h , i s  the l ength for exponent i a l  decay of 
corre l at i ons i n  the Debye-HUc ke l  theory .  Our goa l here i s  to wr i te an 
expans i on va l i d  for A sma l l ,  but wi thout putt i ng restr i c t i ons  on A that 
depend on the other parameters S , R , z .  Th i s  wi l l  u l t i mate ly  l ead to a 
l arge reg i on for screen i ng for the correspond i ng Cou l omb gas [ 6 , 7 ] . I n  
Sec t .  4 we d i scuss  app l i cat i ons o f  these expan s i ons  t o  Cou l omb gases . 

A conven i ent s p l i tup  of v i s  

v = v0 + v l 

- l x . - x . I / ( A£0 ) - l x . - x . I / S 
l e 1 J e 1 J v ( t i , tJ. )  = e . [ 4 I 

-
I ] e  . .  1 'TI x i - xj J 

Not i ce that v0 can be wri tten a s  

0 ) [ (  - 2 ) - l - 2  - 1 ] v ( t  . •  s .  = e . -11 + S - ( -11 + R ) ( x . , x . ) e . .  1 J 1 1 J J 
Th i s  form i s  u sefu l for stab i l i ty and two- body e st imates . 

where p ( x )  = Z e . o ( x - x . ) .  Thus  
1 1 1 

E v0 (t . • s . ) ;e: -t Z v0 (t  . •  s . )  = - cN/R , 
l :5i <j:5N 1 J 1 1 1 

( l .  5 )  

( l .  6 )  

( l . 7 )  

( l . 8 )  

We have 

( l .  9 )  

( 1 . 1 0 )  

and E0 , the l ower bound for the energy per parti c l e  i n  a system w i t h  
i nteract i on v0 , i s  equa l  to - c/ R for some constant c . S i m i l ar ly  
E 1 = - ciS ; and  E ,  the  l ower bound for  the fu l l  system , i s  equa l to - c/R .  
Note that f i v0 (t . , t . ) l dx . i s  j u st  the Four i er trans form o f  ( -11 + s - 2 f 1 

- 2  - 1 1 J J - ( -11 + R ) at p = 0 . Thus  we have 

f I v0 ( s · . s  . ) I dx . = S 2 - R2 :5 S 2 ( l .  l l  ) 1 J J 

( 1 . 1 2 )  
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( 1 . 1 3 )  

We can  now app ly  the cond i t i on s  zSJ i v* (� . • � . ) j dx . e- S E* < <  1 to see 1 J J 0 for what ranges of  R , s , z  the expans i ons shou l d  converge . For the v 
expan s i on we req u i re zs3ecS/R << 1 .  For the v 1 expans i on we need 
zSA 2��ec = cA 2 << 1 . Thus expand i ng i n  v0 and v 1 separate ly  put cond i 
t i ons  on A i ndependent of z , S , R as des i red . I n  contra s t , expand i ng i n  
v a l l at once wou l d  requ i re zSA 2��ecS/ R = cA 2ecS/ R << 1 ,  or 
A 2 << e- cS/ R . One is forced to apply the wea k stab i l i ty e s t imate E 
over the who l e range of v - - a muc h l es s  effi c i ent procedure than the 
i terated expans i on we descri be be l ow .  

2 .  A n  I terated Mayer Expa ns i on 

We want to deve l op an expa n s i on for 

N ZN 
Z (� 1 • . . . •  � N ) = NT exp ( -S L v (� . • � . ) ) .  . i <j 1 J 

At fi rst we cons i der o n l y  v0 and expand 

One cou 1 d wr i te 

N 0 z exp ( -S L v ( � . • � . ) ) .  
i < j  1 J 

I v . .  v . . v . . 
e 1 J = n [ 1  + ( e  1 J - 1 ) ] = L n ( e  1 J - 1 ) ,  

i < j  G { i , j } EG 

( 2 .  1 ) 

( 2 . 2 )  

( 2 . 3 ) 

where G runs over a l l sets of unordered pa i rs { i , j } , but for e st imates 
it is better to have a n  i nterpo l at i on formu l a . The formu l a  we g i ve i s  
based on [ 2 ] . For a a subset of { l , . . .  , N }  we wr i te 

The i nterpo l a ted i nteract i o n  for the f i rst step i s  

where we ta ke a =  { 2 , . . .  , N } . Th i s  y i e l ds  

( 2 . 4 )  

( 2 .  5 )  



• exp ( -SV0 ( 1 ,o: ) ) . 
5 1 

( 2 . 6 ) 

I n  the f i rst term part i c l e  1 i s  i so l ated from the other part i c l es ,  and 
i n  the second i t  is connected to part i c l e  i through a " l i ne "  v0 (� 1 .� i ) . 
The next i nterpol at i on depend s on i .  I n  a n  attempt to remove i nter
act i ons between { l , i }  and the other parti c l es ,  we put  

where o: conta i ns a l l parti c l es but l , i .  T h u s  

d� v� s ( l , i ;o: ) = . L ( s l vo ( � l '� J. ) + vo (� . •  � . ) ) ,  
2 l 2 J Eo: 1 J 

and the i th term in ( 2 . 6 ) i nterpo l ates to 

z 2 fds 1 ( -S ) v0 (� 1 .� . ) exp ( -s v0 ( l , { i } ) ) QN- 2 (o: ) + 1 s 1 
+ zN L fds l ds 2 ( - S ) 2 vO (� l ' � i ) ( s l vo (� l ' �j ) + vo (� i ' � j ) ) · 

l < j r i 
• exp ( -SV0 

5 
( 1 ,  i ;o: ) ) . 

5 1  2 

( 2 . 7 ) 

( 2 . 8 )  

( 2 . 9 ) 

Ue cont i nue i n  th i s  fas h i on , a l ways attempt i ng to i so l ate the group of 
part i c l es connected to parti c l e  1 in the rema i nder terms [the second 
group in ( 2 . 9 ) ] . 

To descri be the genera l step , l et i 1 , i 2 , . . .  be the s equence of 
part i c l e s  d i fferenti ated down i n  some term of the expans i on 
( i 1 = l , i 2 = i , i 3 = j a bove ) .  We def i ne i nduct i ve l y  

v0 
s ( i 1 , . . . , i  ;o: ) = v0 ( i 1 , • . .  , i  1 ; { i } u o: ) s n + s 1 . . . n n s 1 . . .  s n- l n- n 

+ ( v0 
s ( i 1 , . . .  , i  1 ; { i } )  + v0 (o: J ) ( l - s ) .  s l · · · n - 1 n- n n 

( 2 . 1 0 )  
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It can eas i ly be checked that 

v
0 ( i l , . . .  , i  ; { i  + 1 , . . .  , i  } ) s 1 . . .  s n n n m 

0 
• v ( t; .  t; .  ) 

\ J ' l v 

I s . . .  s . { 1 } " 1 < < � � m 1 n v- , n  �� v� . .  

s at i sf i es the recurs i on ( 2 .  1 0 ) . Thus the genera l formu l a  ana l ogous to 
( 2 . 8 )  i s  

d vo ( . . l -d - 1 1 , • • •  , 1 ;a sn s 1 . . • s n n 

0 
• v (t; . t; . ) . 1 n+ 1 ' 1 n ( n+ 1 ) 

( 2 . 1 1 ) 

We u se  the convent i on that s n . . .  s n - l = 1 . He see that i n+l has been 
determi ned for the next i nterpo l at i on . The procedure a l so  generates 
a tree graph n . wh i ch i s  a funct i o n  from { 1 , . . .  , k} to i tse l f sat i sfyi ng 
n ( n )  < n . The i nterpo l at i ons s top when a l l � parti c l es have been u sed , 
so that a l l terms have a form ana l oqous to that of the f i rst term i n  
( 2 . 9 ) . The expans i on then reads 

k 
£�}sn (£ ) " . .  s£ - 2  v

o 
(t;n ( £ ) ,t; £ ) ] exp ( -8 V� l . . .  s k- 1 

( 1 , i 2 ' . . .  , i k- 1 ; { i k} )) • 

· QN- k (t; c ) .  ( 2 . 1 2 )  
Cl. 

Here ( i 2 , . . .  , i k ) i s  any ordered su bset of { 2 ,  . . .  , N } , a.c i s  the comp l e-
mentary s u bset , E;a = (t; i ) i Ea ' and n i s  a tree on k vert i ces . 

\•Je have i so l ated connected parts of QN wh i ch w i l l  become the 
parti c l es for the second expans i on .  In  p l ace of act i v i t i es z ,  these 
non l oca l  part i c l es ( o r  1 - verti ces , or s u bsets a. of { 1 , . . . • �} ) have 
vertex func t i on s  

1 - k ( - 8 )  k- l k 
0 ak (E;a ) - $ z k fds 1 • . .  ds k- l � £�}sn (£ )  . . .  s£_ 2v ( t;n ( £ ) ' 1;£ ) ] 

exp ( -8Vs
0 

s ( l , . . . , k- l ; { k } ) ) .  ( 2 . 1 3 )  
1 . . .  k- 1 

l-Ie have l abe l ed the part i c l es i n  a as l ,  . . .  , k . The operator $ symme-
tri zes the expres s i on fol l ow i ng i n  t; 1 , . . .  , t; k . Permutat i ons  i nvo l v i ng 
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� l are not p resent i n  ( 2 . 1 2 ) ,  hence the factor 1 / k . Wi th these vertex 
funct i ons ( 2 .  1 2 )  can be wri tten as 

where now we s um over unordered s u bsets a '= { 1 , . . .  , rn .  
Eouat i on ( 2 .  1 4 ) can be i n serted i nto i ts e l f repeated ly  to y i e l d  

a co�p l ete decompos i t i on o f  Q� i nto products o f  1 - vertex funct i ons : 

( 2 . 1 5 )  

Here P ( l , . . .  , N )  i s  the set o f  part i t i ons o f  { l , . . .  , N } . We wou l d  l i ke 
to wri te ( 2 . 1 5 )  i n  a form �ore l i ke a grand canon i ca l  parti t i on func
t i on .  To th i s  end we c hange fro� s ummi ng over part i t i ons  to s umm i ng 
over mu l t i p l i c i t i es N k for 1 - vert i ces of s i ze k = [ a [ . G i ven a set of 
mu l t i p l i c i t i es N 1 , N2 , • . .  and some corres pond i ng part i t i on of { 1  , . . .  , N J ,  
a new part i t i on c a n  b e  obta i ned by permut i ng 1 ,  . . .  , N .  However , permu
tat i ons of part i c l es wi th i n  a ny e l ement of the part i t i on do not chanqe 
the part i t i on ,  and  permutat i ons  of e l ements of the part i t i on of a g i ven 
s i ze do not change the part i t i on . Thus a comb i natori c factor 
N ! ( n I a [ ! r 1 (n N k ! ) - l  s hou l d  be i nc l uded , and we obta i n  

aE1T k 
N 1 - 1  1 Q0 (� 1 , . . . •  � N ) = L • _ N !  (n N k ! ) $ n a l a i (�a ) . ( 2 . 1 6 )  

N 1 , N 2 , . . .  , L ktl k - N  k aE:: 

Here :! i s  an arb i trary part i t i on corres pond i n!l to N 1 , N2 , . . .  , and $ 
symmetri zes i n  � 1 • . . . •  � N . 

F i na l l y  we can app ly  th i s  expans i on to zN (� l ' . . . •  � N ) i n  ( 2 . 1 ) by 
rei ntrodu c i n g  the v1 - i nteract i ons as i nteract i ons between 1 - verti ces . 
Let u s  wr i te for two 1 - verti ces a , B 

( 2 . 1 7 )  

Then we have 
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Th i s expres s i o n  is s i m i l a r i n  s tructure to ( 2 .  1 ) ,  only here there are 
more k i nds  of parti c l es and the part i c l es have more s tructure i n  the i r  
ac t i v i t i es o )a l ( �a ) .  Thus  i t  i s  poss i b l e  to formu l a te these expa n s i ons  
i nduct i ve ly ( s ee [ 5 ] ) .  Th i s  wou l d  be espec i a l l y  u sefu l if  v had been 
decomposed i nto many p i eces . S i nce we have on ly  one expan s i on more to 
do , we wi l l  s i mp l y  wr i te i t  w i t h  equat i o n s  ( 2 .  1 0 )  - ( 2 .  1 6 ) as a g u i de . 

I n terpo l at i ng i nteract ion s  are defi ned as before by ta k i ng convex 
s ums . Lett i ng '!!: denote a co l l ect i on of 1 - vert i ces fa 1 , . . .  ,aM} we 
def i ne 

v l (! l = t I ) (a , S ) 
a , SE:rr 

( 2 . 1 9 ) 

1 1 V (a . , . . .  ,a . ; rr ) = V (a . , . . .  ,a . ; {a . } U rr ) s + s 1 . . .  s n 1 1 1 n - s l . . .  s n - 1 1 1 1 n - l 1 n - . n  
1 . 1 ) + { V  (a . , . . .  ,a .  , {a . } ) + V (rr ) ) ( l - s ) .  { 2 . 20 s l . . .  s n - .1 1 1 1 n- l 1 n - n 

Then the d i fferent i ated i nteract i on i s  

Wi th 

n 1 I I s ( + l )  . . .  s 1 v (a . ,a .  ). ( 2 . 2 1 ) 
i + 1 :a . Err n ( n+ 1 ) = 1 ll n n- 1 n+ 1 1n ( n+ l )  n 1 n+ l -

( 2 . 22 )  

The f i r st  i nterpo l a t i on y i e l d s  

Q�
1
� 
(�_ l 

1 , l 0r-1- 1 ( \ £ } l " = o I a 1 1 sa 1 1 ! a 1 

+ I fd s 1 n o 1
1 I (s ) ( -s ) v 1 (a 1 ,a . ) exp ( -SV 1 (a 1 ;'!! \ fa 1 } ) ) ,  j�  l a€! a a J s 1 

( 2 . 23 )  
and i n  genera l 



k 1 n [ s  ( n ) • • • s n - 2 v (a . ,a .  ) } £= 2  n 
� � 1 n ( £ ) 1 £  

• exp ( -SV l 
s (a . , . . .  , a . ; {a .  } ) ) Qr

l
1- k (7Tc ) .  S l · · ·  k- 1 1 1 1 k- l  1 k - ( 2 . 24 ) 

J u s t  as a 1 - vertex a i s  a co l l ect i on  of parti c l es or 0- verti ces , we 
defi ne a 2- vertex � to be a co l l ect i on  of la vert i ces {a 1 , . . .  ,a k} , and 
g i ve it  coord i nates � = (� . ) . E E . Let N� be the number of � 1 1 aj a 
1 - vert i ces i n  a of s i ze t .  Then we defi ne 2 -vertex funct i ons 

( 2 . 25 )  

where Sl symmetr i zes i n  a 1 , . . .  ,a k . I n  terms of these , ( 2 . 24 ) becomes 

M M A 2  M k Q l ('� ) = y I k ! cra (�a ) Q l
-

(:; \ <; ) .  k= l �� ·a 1 E� . I � I = k  - -

J u st  as i n  ( 2 .  1 5 ) we i nsert ( 2 . 26 )  i nto i tse l f to obta i n  

Th i s expans i on can be i nserted i nto ( 2 . 1 8 )  t o  y i e l d 

( 2 . 26 )  

( 2 .  27 ) 

1 A 2  L (n N k ! r g; l n [ I a I ! a ( � ) ] . 
N 1 , N2 , . . .  ; L kN k=N k pH(� ) �Ep - � � 

( 2 . 28 )  
As before , we wou l d  rather sum over mu l t i p l i c i t i es o f  types of 
2- vert i ces . The type [a] of a 2- vertex is j u st  the set of mu l t i p l i c i -a -
t i es ( Nk ) k= l , 2 ,  . . .  of 1 - verti ces of each s i ze i n � · I f  there are N [� ] 
vert i ces of type [� ] , l et p be a correspond i ng parti t i o n  i n  ( 2 . 28 ) . 



1 72 

A comb i nator i c a na lys i s  a s  i n  the f i rst expans i on s hows that there are 
- 1  <.: - 1 n N k ! ( n N [a ] ! ) ( n n N k ! ) terms i n  ( 2 . 28 )  correspond i ng to 

k [<: ] <:EP k 
{ N [� ] } . The th i rd group of factori a l s  and eac h  1 � 1 ! i n  ( 2 . 28 )  converts 
A 2 2 o to o , and we obta i n 

We can now obta i n  the fu l l part i t i on fu nct i on by s ummi ng over N 
and  i ntegrat i ng over � 1 • . . . •  � N ' Symmetr i zat i on i s  no l onger necessary ,  
and  furthermore the sums over N [� ] factor i nto a product o f  s ums 

I ( N [ ] ! ) - 1 Jd� o 2 ( � ) = exp ( fd� o 2 ( � ) ) .  
N _0 a a a a a a a 
[� ] - - - - - - - -

The expa ns i on reaches i ts fi na l  form : 

( 2 . 30 ) 

We have ach i eved our goa l  of wr i t i ng the part i t i o n  funct i on a s  a n  en
semb l e of noni nteract i ng 2- vert i ces . Equat i on ( 2 . 30 ) a l so g i ves u s  an  
expans i on for the pres sure : 

l i m l t d - 1 l og Z = L f d� o 2 (� ) ,  
_1 [a ] x =0 g g � A->-K - 1 

( 2 . 3 1 ) 

where the x- i ntegra l s  on the r i g ht  extend over R3 . Of course the 
va l i d i ty and  u sefu l ness of ( 2 . 30 ) , ( 2 . 3 1 ) depend on some convergence 
es t i mates ; these wi l l  be d i scus sed i n  the next sect i o n .  

3 .  Convergence of the Expans i on 

We e st imate the vertex funct i ons  o� i n  ( 2 . 1 3 ) and ( 2 . 25 ) . The 
res tri ct i ons deri ved i n  Sect . 1 , 

( 3 .  1 ) 

w i l l  guara ntee convergence of the fi rs t and second expans i on s , 
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respect i ve l y .  We  c l a i m  that  

f n dt;: i [ a � ( t;:a ) I ::; z ( zS3ecS/R ) k- l . 
i Ea ,  i � i 0 

( 3 . 2 )  

The defi n i t i on o f  v0 
5 

through succes s i ve convex comb i nat i ons  
5 1 " " "  k- 1 

( 2 .  1 0 ) preserves the stab i l i ty e st imate deri ved i n  Sect . 1 .  Thus 

0 . c kS/ R  exp ( -S V ( 1 , . . .  , k- 1 , { k} ) ) ::; e . 
5 1 " " " 5 k- l 

( 3 . 3 )  

The t;: � i ntegra l s  are hand l ed u s i ng ( 1 . 1 1 ) ;  we i ntegrate out sequent i a l l y  
the pos i t i ons of extrema l vert i ces of t h e  tree n ,  l ea v i ng i n  t h e  end 
on l y  the i 0 vertex, wh i ch i s  f i xed . Each i ntegrat i on produces a factor 
s 2 . The rema i n i ng s ums and i ntegra l s  i n  ( 2 .  1 3 )  are hand l ed u s i ng 

( 3 . 4 ) 

T h i s i s  a standard e st imate that appears i n  many k i nds of c l u s ter 
expans i on s . I t  i s  qu i te i mportant a s  i t  contro l s the s um over the 
( k - 1 ) ! trees n .  He prove i t  as  a s pec i a l  case of ( 3 . 7) be l ow .  Put
t i ng a l l these e st imates together ,  we obta i n  ( 3 . 2 ) . Note that when 

1 k = 1 we have a k (t;:a ) = ± z .  
The es t i ma te for a2 proceeds s imi l ar ly , a n d  w e  can see a n  i nduct i ve 

structure emerg i ng .  Let c: = {a 1 , . . . ,a k} wi th Z J a i I = t .  We prove 
1 that 

P.ga i n  the stab i l i ty e st imate 
1 k exp ( -SV (a 1 , . . .  ,a k_ 1 ; {a k} ) )  :5 c 
5 1 " " " 5 k- l 

( 3 . 5 )  

( 3 . 6 )  

i s  preserved i n  the i n terpo l a t i on process . I f  we expand out the s ums 
over part i c l es i n  an ( � )

·a� i n  v 1 (an ( � ) ·a� ) ,  then ( 2 . 25 )  i s  represented 
k 

as a sum of n [ [ a  ( � ) / / a� / ] terms . I n  each term , and for each 
�=2  n 

� = 2 , . . .  , k , a part i c l e  i n  a� i s  connected to a part i c l e  i n  an ( � ) 
throug h a l i ne v 1 (t;: . , t;: . ) . We use  ( 3 . 2 )  to i ntegrate over the coord i n-1 J 
a tes of a l l but one part i c l e  i n  each  a� and we u s e  ( 1 .  1 2 )  to i ntegrate 
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out  the rema i n i ng part i c l e .  Extrema l 1 - vert i ces are i ntegrated out 
f i rs t .  E s t imate ( 3 . 4 ) genera l i zes to 

and the rema i n i ng l a� l factors are contro l l ed u s i ng 
k k- 1 k 2 ( t l ) n [ a� J exp ( I I a I ) � exp ( 2  I I a� I - 2 ) = e - ( 3 . 8 )  �=2  w l  ll �= 1 

3 S/ R  l a� l - 1 
A l together we have factors ( czS ec ) at each a� and factors 
czS\ 2�� = c\ 2 for each v 1 - l i ne .  Th i s  proves ( 3 . 5 ) .  

To prove ( 3 . 7 )  wr i te the s um over n a s  k - 1 s ums over 
n ( j ) E [ l , j - 1 ] for 2 � j � k , and not i ce that the l eft- hand s i de i s  
l es s  than 

k 
fds 1 . . .  ds k- l I n [ s  ( � ) · · · s�_ 2 1 a ( � ) I J · 

n ( 2 )  . . .  n ( k ) �= 2  n n 

k- 1  
· exp ( I s . . .  s k_ 1 l a l l 

]J = l  ]J ]J 
k- 1 d = jds 1 . . .  ds k- l I n [ s  ( � ) · · · s�_ 2 1 a  ( � ) I J  -as- · 

n ( 2 )  . . .  n ( k- 1 ) �= 2  n n k- 1 
k- 1 

• exp ( I s . . .  s k _ 1 [ a I ) 
]J= l  ]J ]J 

k- 1 
� fds 1 . . .  ds k_ 2 I "�2 [ sn (� ) · · · s�_ 2 1 an ( � ) l ] · 

n ( 2 )  . . .  n ( k- 1 ) "' 

( 3 . 9 )  

These two steps can be repeated for each s� - i ntegrat i on ,  and i n  the  end 
we obta i n the r i ght- hand s i de of ( 3 . 7 ) . 

We now u se  ( 3 . 5 )  to contro l the fu l l expans i on ( 2 . 3 1 ) for the 
pressure .  We have 

I z ( czS 3ecS/ R ) t- k ( c\ 2 ) k- l , a a 
Ni , N2 • · · ·  

where the 2 accounts for the s um over e 1 , and  where 

( 3 .  1 0 )  
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t 
Cl. r j Nj . k 

J 
Cl. 

r Nj = � � � . Let u s  wri te y = c zs3ecS/ R , w = CA 2 ; then 
J 
t- k k- l zy w 

zw- 1 L 
k= l 

(-w-) k l - y 
z ( 3 . 1 1 ) l - y - w · 

Thus the ser i e s  for the pres s u re i s  a bso l u te ly  convergent and bounded 

by 2z ( l  - czs 3ecS/ R - cA 2 ) - l , prov i ded the two expans i on parameters y 
and w are sma l l .  We can see that after many i terated expans i ons  we 
wou l d  l ose  contro l of the s ums ; i f  A 0 ,A 1 , • • •  , A R were the expans i on 

- 1 parameters , then a bound of the form 2z ( l - A O - A l . . .  - A R ) 
wou l d  resu l t .  The At wou l d  a l so have a tendency to grow beyond the i r 

t S Et na i ve va l ues At = zsf l v  ( x ) l dxe- beca use  of the factors ar i s i ng 
from es t i mates l i ke ( 3 . 7 ) , ( 3 . 8 ) . 

4 .  Cou l omb Gas Appl i cati ons 

In th i s  sec t i on we descri be how i terated �1ayer expa n s i ons can be 
u sed in s tudy i ng screen i ng in the  three d i mens i ona l Co u l omb gas  [ 6 , 7 ] . 
Let u s  con s i der c harges ± l  aga i n ,  wi t h  a soft-core Cou l omb potent i a l  

- l x . - x . I / R  
l - e 1 J vc ( t;; 1. , t;; J. ) .e 1. [ 4 ] e . .  ( 4 . 1 )  7! 1 X i -xj l  J 

At act i v i ty z and i nverse temperature S ,  the part i t i on funct i on i s  
g i ven by ( 1 . 4 ) wi th v repl ac i ng v .  To see screen i ng ,  we w i s h  to c 
perform a s i ne-Gordon transforma t i on whereby the system becomes a 
sca l ar f i e l d  theory w i t h  cos i ne i nteract i o n .  The curvature at the 
m i n i mum of the cos i ne shou l d  act l i ke a mas s  a nd l ead to exponent i a l  
decay of corre l at i on funct i ons , or s creen i ng .  The probl em wi th go i ng 
d i rect ly  to the s i ne-Gordon form i s  that the s hort d i s tance cutoff 
l ength R i s  too sma l l to control t he a na l ys i s  of the s i ne- Gordon 
theory , part i c u l ar ly i f  we are i nterested i n  the reg i on where the 
expected s creen i ng l ength t0 = ( 2zS ) - l / 2 is much l arger then R . 

The s o l ut i on to th i s  probl em l i es i n  the use  of a mi xed gas - s i ne
Gordon representat i on . The Mayer expans i on of Sects . l - 3 i s  we l l 
s u i ted to the  s hort d i s tance ana lys i s ,  but reaches i ts l i m i t  a t  a 
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l ength s ca l e  A£0 . Construct i ve f i e l d theory techn i ques app l i ed to the 
s i ne- Gordon representat i on work  we l l at l ength sca l es a bove A£0 , but 
brea k down i f  A is too sma l l .  Thus the two approaches comp l ement each 
other .  The s p l i tt i ng of the probl em accord i ng to l ength s ca l e  f i ts 
wel l w i t h  the renorma l i zat i on group ph i l osophy that one s hou l d  never 
attempt to treat at one t ime a greater range of l engths than can 
eas i l y  be accomodated i n  a g i ven procedure . 

The s p l i tt i ng we ta ke cons i s ts i n  wri t i ng 

v ( !; . , !; . ) = v (t; . , i; . ) + v2 (t; . ,i; . ) ,  C 1 J 1 J 1 J ( 4 . 2 )  

where v = v0 + v 1 i s  the i nteract i on cons i dered i n  Sects . 1 - 3 and 
- I  x . -x . 1 / (A£0 ) 

2 1 v ( !; . , i; . )  = e .  [ 1 J 1 
e 1 J - ] e  . .  
4rr I x . - x . I J ( 4 . 3 )  

1 .] 
Let p ( x }  = L e ; o ( x - X ; ) be the charge dens i ty .  The i nteract i on can be 

i 
wr i tten a s  

V = L v ( !; . , !; . ) = tJdxdyp ( x ) u ( x ,y ) p (y ) - � ( 8rrA£0 ) - l + L v ( i; . , i;  . ) ,  
i <j c 1 J 1 i < j 1 J 

where 

u ( x ,y ) 
4rr I x - Y I 

( 4 . 4 )  

) - 1 - 2  - 2 ) - 1 ] ) [ ( -� - ( -� + A £0 ( x ,y . 
( 4 . 5 )  

The s econd term o n  the r i g h t- hand s i de o f  ( 4 . 4 )  cance l s the s e l f- ener
g i es that were i nc l uded i n  the f i rst term . I t  mere ly  cha nges the 

� S / ( 8rrA£0 ) 2 3 effect i ve act i v i ty to z = ze and for ( S /£0 ) = 2zS sma l l 
t h i s  i s  o n ly  a s l i g ht modi f i cat i on .  The s i ne- Gordon trans format i on 
treats the f i rs t  term by u s i ng the i dent i ty 

( 4 . 6 )  

where d)l ( ¢ ) i s  the Gau s s i an meas ure w i t h  covar i ance u .  l�e see that u 
every part i c l e  i has  a phase  factor exp { i s 1 12e ; ¢ ( x i ) )  as soc i ated to i t .  
The th i rd term i n  ( 4 . 4 )  i s  the i nteract i on we expanded i n  ( 2 . 30 ) .  The 
s ame expa ns i on app l i es here , only the phase factors must be carri eJ· 
a l ong . Thus the Coul omb gas part i t i on funct i on can be represented as 



1 77 
i S  1 1 2e . c jl( x . ) 

n e 1 1 ) dll u (¢ ) . 
i EaEa 

( 4 .  7 )  

( Actua l l y  t o  proceed w i th the screen i ng proof we mod i fy u near the 
boundary by rep l ac i ng � in ( 4 . 5 }  wi th  �V ' the Lap l ac i a n  wi th  D i r i c h l et 
boundary cond i t i ons  at a v ,  V c A . )  i S l / 2e .¢ ( x . ) 

A f i na l  transforma t i on of ( 4 . 7 }  wri tes e 1 1 = l + E (� . ) 1 
and expands the res u l t i ng product . T h i s y i e l ds 

00 l Z = fexp ( p0 + I -s 1 fd� 1 . . .  d� p ( � 1 • . . . •  � )d� 1 ) . . . d� } ) dll (¢ ) , 
s= 1 . s s s s u 

( 4 . 8 ) 
where 

P ( � l · · · · · � )  = s ! I ( t ) Jd� s+ l . . .  d� t ) a o2 (� )  ( 4 . 9 )  s s t;;::s s [a ] : fkN-k=t C: � - K 

i s  the s - po i nt truncated correl a t i on fu nct i on of the Yu kawa gas . To 
unders tand th i s  act i on , l oo k  at the l ead i ng term s = l i n  ( 4 . 8 )  and 
t = s i n  ( 4 . 9 ) . It i s 

fdx z( e i S 1 1 2¢ ( x ) + e- i S 1 1 2¢ ( x ) - 2 ) = fdx 2z( cos s 1 1 2¢ ( x ) - 1 ) . 
( 4 . 1 0 )  

Thus we have a genera l i zed s i ne-Gordon theory ,  wi th  i nteract i on 
2z cos s 1 1 2cp p l u s h i gher order non l oca l correct i ons . The non l oca l 
correct i ons are the pr i ce  we pay for hav i ng a good short d i s tance 
cutoff (at l ength  At0 ) . They are we l l  contro l l ed by est imates l i ke 
the ones i n  Sect . 3 .  A s trong form of exponent i a l  decay of the func
t i ons p s ( � 1 • . . . •  � s ) res u l ts , see [ 3 , 7 ] . The usefu l ness of the Mayer 
expans i on i s  now c l ear . I t  expres sed t he part i t i on funct i on of the 
Yu kawa gas in exponent i a l  form , wi t h  exponent i a l l/ l oca l i zed vertex 
funct i ons . These propert i es are bas i c  to the  subsequent s i ne-Gordon 
a na l ys i s .  

I f  we expand the cos i ne a bou t ¢ = 0 we obta i n  

( 4 . l l )  
�- 2 � - 2 The l ead i ng term adds t0 = 2zS � t0  to the i nverse cova r i a nce of 

d!l u (¢ ) .  The new covar i an ce i s  

( 4 . 1 2 ) 
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- ! x-y ! /£' 

wh i c h  decays exponent i a l l y  l i ke e 
0 

and i s  bou nded by CA - l on 
the d i agona l . We can beg i n  to s ee how the s creen i ng ar i ses . To see 
what i s  necessary to control the correct i ons to t he Gau s s i an ,  choose 
u n i ts where 10 = 1 .  Then the quart i c  term i n  ( 4 .  1 1 )  i s  proport i ona l  
to B .  Thus we need ( B /10 ) 2 = 2zs 3 sma l l - - i t  turns out that 
zs 3 << e- c/A i s  sma l l enough . Note that wi th no Mayer expan s i on we 
wou l d  have A = R/10 and thus we wou l d  need both zs3 and B/ R sma l l to 

s at i s fy zs3 << exp ( - c ( zs3 ) - l / 2B/ R ) . 
Space does not a l l ow a d i s cu s s i on of  the expans i on of t h i s s i ne

Gordon mode l  about the ma s s i ve Gauss i an ;  the reader s hou l d  cons u l t 
[ 1 , 3 , 4 , 7 ] .  However we can see what cond i t i ons  a re needed on z , B , R  
to obta i n convergent expan s i ons . The i terated Mayer expans i on of 
Sects . 1 - 3 requ i red zs 3 << e- cB/ R , A << 1 .  The c l u s ter expans i on 
for the s i ne-Gordon mode l  requ i res zs 3 < e- C/A , A << 1 .  Al together 
zs3 << e- cB/ R i s  s uffi c i ent to prove screen i ng .  Th i s  i s  a cons i derab l e 
i mprovement over the reg i on obtai ned wi th a s i ng l e  11ayer expan s i on w i t h  
t h e  req u i rement A 2 < <  e- cB/ R . The SI R-dependent restri ct i on on A 
enta i l s  that zs3 << exp ( - cecB/R ) ,  wh i c h  i s  much worse for B >> R .  

A n  even more s tri k i ng improvement i n  s c reen i ng reg i ons  was made 
by Gopfert and t·1ac k  [ 6 ] . They stud i ed the l att i ce Cou l omb gas  dua l  to 
the th ree d i mens i ona l U ( l ) l att i ce gauge theory .  I n th i s  mode l  the 

-B v  ( 0 ) / 2 
act i v i ty i s  l i n ked to B accord i ng to z = e c , where vc i s  now 
the l att i ce Cou l omb potent i a l . [ I n  other words, the se l f-energy terms 
wi th i = j are i nc l uded i n  V whereas we have omi tted them - - see ( 4 . 4 ) . ]  
The l atti ce spac i ng p l ays the rol e of our s hort d i stance cutoff R , 
and we set both to 1 here by a c ho i ce of u n i ts . U s i ng very prec i s e  
s tab i l i ty e st imates i n  the f i rst 'layer expans i on ,  they were ab l e to 

3 - cB 3 - ( 1 -E ) Bv ( 0 ) /2 
s h arpen the requ i rement zB << e to one l i ke zB << e c 

wi t h  s > 0 .  Thus wi th z a s  a bove , the cond i t i on o n  B becomes 

3 sB vc ( 0 ) / 2 
B << e , and s creen i ng can be proven for l arge B .  The 
expans i on a l so  proves confi nement in the U ( l ) mode l  at l arge B ,  and 
confi nement  then fo l l ows at  a l l temperatures by corre l a t i o n  i nequa l 
i t i es .  
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