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Abstract. We introduce a new expansion to prove exponential clustering of 
connected correlations in a large class of disordered systems. Our expansion 
converges for values of the temperature and magnetic field where standard 
cluster expansions diverge, due to the presence of Griffiths type singularities. It 
is organized inductively over an infinite sequence of increasing distance scales. 
In each induction step one redefines what is means by the "unperturbed 
system", a procedure somewhat reminiscent of K.A.M. theory. Our techniques 
may be useful in dealing with the so-called large-field problem in real-space 
renormalization group schemes. 

1. Introduction 

1.1. Overview 
In this paper we introduce a new method to partially resum high-temperature, or 
low-activity expansions in situations where they actually diverge. Our method can 
be used, for example, to analyze spin glasses, the random-field Ising model and 
other disordered systems at temperatures and activities where straight 
high-temperature, or low-activity expansions diverge, due to the presence of 
so-called Griffiths singularities [1]. We think that our results and methods are a 
prerequisite for understanding critical behavior in disordered systems. 

Among the mathematical problems that one encounters in the study of 
disordered systems are : 

A. Certain random couplings, such as the spin-spin couplings, Jii• in a spin 
glass or the inverse of the magnetic field, hi, in a random field model, can have 
anomalously large values over large regions of the lattice with very small, but 
positive probability. In the vicinity of such regions the correlation length is 
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anomalously large. As a consequence, one may find singularities in the free energy 
and/or in certain correlations as functions of e.g. the inverse temperature, {3, 
arbitrarily close to the origin, and ordinary cluster expansions (such as the high­
temperature expansion) are bound to diverge. In a special model singularities of 
this type have been proven to exist [1]. They are called Griffiths singularities. 

Consider, for example, a nearest-neighbor Ising spin glass model on a lattice 71! 
with Hamilton function 

and suppose that the couplings Jii are random variables that can become 
arbitrarily large with non-zero probability. Then there exist, for any n = I, 2, 3, . . .  , 
arbitrarily large (hyper-) cubes, Am in 71! such that Jii � n, for all i,j in An. In the 
vicinity of Am "correlation lengths" are expected to be large, for large n. More 
precisely, if one performs a high-temperature expansion for expectations of spin 
variables which couple to spins in Am one expects that it diverges for 1/31 > const·l/n. 
Since this argument can be used for all values of n, one concludes that the radius of 
convergence of the ordinary high-temperature expansion is presumably zero. If the 
support of the Jii's is bounded, but their variance is non-zero one still expects that 
the high-temperature expansion starts to diverge ins ide the single phase region, 
well before any transition point is reached. If all Ji/s are required to be positive 
then the high-temperature expansion is likely to diverge when 

f3 > [max J ii] - 1 f3 crit(Ising) , 

but long-range ordering only sets in for 

f3 ;(; [ J ii] - 1 f3 criiising) . 

In such models one can use the Lee-Yang c ircle theorem to actually prove that, in 
some cases, the magnetization, M (h), has a singularity at h = 0, without there being 
spontaneous magnetization, i.e. M (h = 0) = 0, provided f3 is sufficiently large (but 
not so large as to cause spontaneous magnetization). In this situation one expects 
that correlations have no analytic continuation from Re h > O  to Re h<O, and 
expansions in powers of h around h = O  diverge, [1]. 

Difficulties which are closely related, mathematically, to the ones described 
above are also encountered when one tries to carry out block-sp in transformat ins in 
a real-space renormalization group calculation : The purpose of such calculations 
is to construct an effective Hamilton function (or effective action) as a functional of 
the block-spins with the help of e.g. cluster expansions [2-4]. However, the block­
spins can be anomalously large over fairly extended regions of the coarser lattice, 
albeit with small a priori probability. Such events obstruct the convergence of the 
high-temperature expansion that one would like to use to integrate out the 
fluctuation field. This difficulty is known as the large-f ield problem [2-4]. The 
techniques introduced in this paper might provide a rather efficient way of dealing 
with large-field problems in real-space renormalization group calculations. 

B. Another mathematical problem arises if the random couplings, Jii' between 
spins may have anomalously long range, e.g. in the sense that L: IJiil diverges with 

jezv 
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probability one. In this situation one expects that if L: iJ;ii2 < oo and the phases 
je'U.V 

of Jii are sufficiently random, then no long range order, or sensitive dependence on 
boundary conditions, appears at high temperatures. Indeed, a suitable form of the 
cluster expansion should converge, in an LP-sense with respect to {J;i}, with p � 2. 

In this paper we develop analytical methods to deal with problem A. The basic 
philosophy underlying our methods is inspired by previous work on Anderson 
localization [5] and shares various ideas and concepts with K.A.M. theory in 
classical Hamiltonian dynamics [6]. Our methods are inductive ; the induction 
being indexed by an infinite sequence of increasing distance scales. In the course of 
our inductive construction we redefine successively what we mean by the 
"unperturbed system". Each induction step involves a cluster expansion about a 
new "unperturbed system", incorporating more and more, larger and larger lattice 
regions, where the random couplings are large. The cluster expansions are done 
using the techniques in [7-9]. The goal of our construction is to establish, with 
probab il ity one, un iqueness of the equilibrium state and exponent ial cluster 
propert ies for connected correlations in disordered systems at fairly high 
temperatures or in fairly strong magnetic fields. We obtain an expansion for the 
logarithm of the partition function in terms of quantities that depend locally on the 
random fields. This corresponds to calculating the effective action in a block-spin 
renormalization group setting. Thus we develop tools which we believe may be 
useful to control the large-field problem. 

1.2. Models 
The physical systems which we propose to study are spin glasses, disordered 
ferromagnets, and ferromagnets in random magnetic field. A typical mathematical 
model of such a system is an Ising-spin model with Hamilton function 

(1.1) 

where i and j range over the lattice 71!, the spins ai take values ± 1 with equal a 
priori probability, for all j E 71!, and the couplings 

and J: 71! x 71! 3 (i ,j) H Jii '} (1.2) 
h: 71!3jHhj 

are real-valued, independent, identically distributed random variables. Typical 
distributions for these variables are the following ones : 

(1) Random Field Is ing Model (RFIM), Large Disorder 

Jii = 0, for li-ji =I= 1 , 
I 

Jii=l, for l i -jl = l , 

d)..( h)= <V2Jt H) -l exp (-hJ j2H2)dhi, 
e-P(H-const) � 1 . 

(1.3) 
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(2) High Temperature Spin Glass 

Jii, for li-il =I= 1 , } dg(Jii) = (� ,1) -1 exp( -(Jii-J)2/2L12)dJii, 
d.A(h): an arbitrary probability measure, p4,. 1 .  

(3) High Temperature Sp in Glass, Slowly Decaying Dist r ibution for Jii 

We define 

Jii=O, for l i -j l =1= 1, } 
dg(Jii) = (L1/n)(J0+ ,12) -1dJii, 
d.A(h) arbitrary , p 4,. 1 .  

F(J, h)= J IT dg(Ji) IT d.A(hj)F(J, h) . 
(i,j) j 

(4) Low Temperature, Predominantly Ferromagnet ic Sp in Glass 

Jii as in (2) , 
J=l , L14,.1, p�1, hi= O. 

(41 Random Field Is ing Model, Small Disorder 

Jii as in (1) , hi=O, hj4,.1, P�l. 
(5) High Temperature Spin Glass, Long Range Inte ract ions 

with 
IJl}I� Di-j• p=l,2,3, ... , 

} 
L Dj� l; 

jE 'll.v 

d.A(hj) arbitrary , p 4,_ 1 .  

(1.4) 

(1.5) 

(1.6) 

(1.7) 

(1.8) 

(1.9) 

The point of this example is that Jii may have very long range with non-zero 
probability, but that the phase of Jii is sufficiently random to wipe out correlations 
over very far distances. It can happen that IJiA is not summable, but that, 
nevertheless, a standard cluster expansion converges in IJ with respect to {Jii}, 
p?;2. 

All these examples offer different challenges of varying difficulty. 
To start with the analysis of these models one first studies finite subsystems. In 

the definition (1.1) of J'l' one restricts the summations over j to a finite subset A of 
71!. The corresponding Hamilton function is denoted �- Moreover, one chooses a 
probability measure, dP A• on the space of configurations { o) iE7t.V\A· The equilib­
rium state of the system in A with boundary conditions given by dP A is then 
defined by 

d ( ) Z- 1 - P.tfA(aldp ( ) flp,P A (J = {J,P Ae A (J ' (1.10) 

where Zp,P A is the partition function chosen so that J dflp ,P j(J)= 1. (The integral 
sign stands for summation over all possible configurations { (Ji} ie'll.v.) 
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In this paper we set out to analyze existence and uniqueness of the 
thermodynamic limit, AJ' 71:, of the states df..lp,P A and the cluster properties of 
df..lp,PA• uniformly in A, under suitable hypotheses on {3, H, L1, J. We seek to prove 
results which hold with probability one with respect to (J, h)= { Jii, hi}i,jezv· 

1.3. Results 
We now sketch our main results. We define the expectation (( · ))p,A(J, h) by 

(F)pjl, h) =.J F(a)df..lp,P )a) . (1.11) 

IfF is some function of {o)iezv we let suppF denote the set of sites x E 7/! with the 
property that F depends non-trivially on ax· Let A and B be functions depending 
only on finitely many spins, ai. Let ae'llv, and define Baby the equation Ba{{ai}) 
=B({ai_0}). We are interested in the behavior of connected correlations 

(A; Ba)p,A(J,h)=.(A · Ba)pjl, h)-(A)pjl,h) · (Ba)pjl, h) , (1.12) 

for large values of lal, where lal denotes the Euclidean length of a. More generally, 
we propose to study the asymptotic behavior of connected correlations of n 
observables 

(1.13) 

as la;-aij-HX), for it). We say that the connected correlation function (1.13) has 
tree decay with decay rate M if, for arbitrary but fixed sites x1, • • •  , xn in 'llv, a;= Ox;, 
i=l, ... ,n, for all 0=1,2,3, . . .  , 

lim (A�,; A;2; . . .  ; A� )p A(J, h)� C(J, h; x1, ... , Xn) exp ( - MIT(a1, . . .  , an) I). A)"ZV n ' 

(1.14) 

Here T(a1, . . .  , an) is the shortest tree with end-points in the sites a1, . . .  , am and 
IT(a1, . . .  , an)l denotes its Euclidean length. While M is almost surely independent 
of the sample (J, h) one has chosen, C(J, h; X to • • •  , xn) is a random variable. An 
alternative formulation of (1.14) is to set a1 = 0  and consider the limit laJ-HX), 
la;-ak-too, for i,j=2, ... ,n. 

Our main results are as follows. 
Let v be the dimension of the lattice, H2 = hJ and L12 = J�. In the following, F, 

A1, • • •  , An are always arbitrary bounded functions of the spins of finite support. 
(i) Consider the model (1), the RFIM, and suppose that {3 and/or H are so large 

that 

e(4v-soH)p � 1, 

for some small e0 < 1. Then 

lim (F)p A(J,h)=.(F)p(J,h) A/'ZV ' 

(1.15) 

(1.16) 

exists and is independent of the boundary conditions (b.c.) P A• almost surely with 
respect to J and h. Moreover, there exists some constant M(fl) > 0, independent of 
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J and h, such that 

(A!1; • • • ; A:)p,A(J, h) 
has almost surely tree decay with decay rate M � M (fJ) . 

(i) Consider models (2) or (3) and suppose that fJLJ is sufficiently small. Then 

lim (F) p A(J, h)= (F) p(J, h) A?7f.V ' 

exists and is independent of the b.c. and (A!1; A;2; ... ; A�)p,A(J,h) has tree 
decay, with decay rate M > 0, almost surely with respect to J and h. 

The proof of these results for model (3) is considerably more difficult than the 
proof for model (2). The methods developed in this paper cover both cases on an 
equal footing, but are somewhat complicated. Berretti [ 10] has found a simple way 
of proving some of the results described above for model (2), based on the Glimm­
Jaffe-Spencer form of cluster expansions [ 1 1 ]. However, his techniques appear to 
fail in model (3), the reason being the slow decay of dQ(l;), as ll;) �oo . His method 
also applies to model ( 1), although since he expands in {Jl;j, he requires H to be 
large, depending on fJ (H � oo as fJ---> oo ). Our method is uniform as fJ � oo; in 
fact, large fJ improves convergence, see ( 1 . 1 5). 

In order to develop some perspective and for convenience we briefly 
paraphrase Benetti's ideas ; for details see [10] . Let (( · ))p,A denote the 
expectation with respect to the equilibrium state 

( 1 . 1 7) 

of a duplicate system. (The spins { crj} and { crj} are duplicates of one another with 
identical distributions.) If A is a function of { cri} we let A' denote the same function 
of {crj}. Then 

(A; B)p,A(J, h)=1(((A-A')(B-B')))p,A . ( 1 . 1 8) 

Next, we rewrite the expectation (( · ))p,A by using the simple identity 

where 

exp({Jl;p;cr)exp({JI;p/crj)= 1 +Ep(i,j), ( 1 . 1 9) 

( 1 .20) 

and expanding in Ep. We start the expansion by choosing a nearest-neighbor pair 
(i,j) such that (i, j)n (suppAu suppB)=!= 0 . In (((A-A')(B-B')))p,A we now 
replace exp (/Jl;p;cr) exp({Jl;p/crj) by the right side of( 1 . 1 9) and expand in a sum of 
two terms. Next, we choose a pair (i1,j1) such that (i1,j1)n (suppAu suppB 
u ( i,j)) =!= 0 and repeat the expansion step described above. We continue until we 
have generated a graph G of nearest-neighbor pairs, (i,j), in A with the property 
that the set X ==.Gu suppAu suppB is connected. With each such graph G we 
associate a number 

KA,B(G)= � [(A(cr)-A'(cr'))(B(cr)-B'(cr')) . TI Ep(i,j)J . (1.21) 
{a;. <Tj)jeX (!,J) C G 
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We then resum the expansion in A\X and obtain 

(A ;  B)pjJ, h)=� L: KA,B(G) 
Z
Z
A\X' 

G A 

!5 1 

( 1 .22) 

where ZA =ZfJ,PA' and ZA\X is the partition function of the system in A\X with b.c. 
P A at oA and zero b.c. at oX\( oX noA). By rather straightforward estimates [ 10]  

IKA,B(G)(zA\xiZA)I ;£ [KA,B(G)2r12[(zA\xiZA?r12 

;£ CA,B exp [ - C'IXIJ , ( 1 .23) 

where lXI is the cardinality of X, and C'--+ oo when {L1--+0. This estimate suffices to 
show that, for sufficiently small {JLJ., the expansion ( 1 .22) converges absolutely, in 
mean. This proves exponential decay of (A ;  Ba)p(J, h) in a, for almost all 
J and h, when {JLJ. is small. 

Unfortunately, IKA,iG)(ZA\x/ZA)I need not be integrable with respect to 
n dQ(l;) if dQ(J)jdJ has slow decay, as 11 1 --+ oo, e.g. dQ(J) = LJ.n-1(J2 + LJ.2)-1dJ, 

<i,j) 
and if d).(h) is chosen appropriately. 

In this paper we propose an expansion which avoids the problem just 
described, which is entirely constructive, in the sense that the expansion terms 
depend only locally on the random fields, and which converges absolutely, almost 
surely. It can be used to prove result (ii) for models (2) and (3). 

(iii) For model (4) we can prove that, with + boundary conditions and at 
sufficiently low temperature, there is spontaneous magnetization, and connected 
correlations have exponential decay properties, with probability one. The fact that 
the system exhibits spontaneous magnetization at low temperature, almost surely, 
can be shown, in ce rta in cases, with the help of a Pe ie rls argument: Let ( ) /J, + (J) 
be the equilibrium state with + b.c. Then 

where yiO means that y surrounds the origin. Now if 

f dQ(J)e-2/JJ --+0 as [3--+ oo 1 ,  

then for sufficiently large {3, 

( 1 .24) 

( 1 .25) 

( 1 .26) 

as follows from (1 .24) and (1 .25), by standard arguments. The ergodic theorem tells 
us that ((J0)p, + (J) is the spontaneous magnetization, almost surely. For closely 
related arguments see [ 12]. However, when suppdQ cf_ [0, oo ), e.g. when e- 2/JJ is not 
dQ(J)-integrable, as the case may be, then more detailed probability estimates are 
needed before Peierls inequality ( 1 .24) can be used to establish positivity of 
((J0)p, + (J). The methods developed in this paper circumvent such difficulties and 
are constructive. 

I If suppde <I' [0, co), then it is still possible that there is an interval [/30, p 1] , {3 1 < co, such 
that for P r= [/30, P 1] , S de(J)e- zpJ is so small that (1 .24) implies that <0"0) p, +(J) > 0 
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Model (4') is the random f ield Is ing model. It has been in the focus of much 
recent theoretical and experimental attention ; see references quoted in [ 1 3] .  At 
high temperatures, the equilibrium state of this model is unique, and connected 
correlations have exponential decay properties. The conjecture is that, in three or 
more dimensions and at sufficiently small temperatures, the system exhibits 
spontaneous magnetization with probability one, while in one and two dimen­
sions, there is never any spontaneous magnetization. It turns out that it is 
surprisingly difficult to prove this conjecture. For some partial results, see [1 3 ]. 
The methods developed in this paper may be useful to extend a proof of the 
conjecture for d � 3 and T =  0, i.e. in the ground state, to small, but positive 
temperatures, T. 

(iv) For model (5) a cluster expansion can presumably be derived which 
converges in LP ({ Jii}, .fl dQ(Jij)) , for p � 2. As a corollary one would get clustering 

'·1 
( oc �) of connected correlations at sufficiently high temperatures. If, in this 
example, large Jii or small hi problems are eliminated [by requiring (1.9), for 
example ] the proofs appear to be quite standard. 

All these results follow from detailed estimates on correlation functions as 
functions of (J, h). These should be of interest in their own right and are stated in 
Sects. 7, 8. 

Our paper is organized as follows. In most of the paper (Sects. 2-7) we develop 
the method in the case of model (1 ). Then, since the majority of the work is model­
independent, we discuss only the modifications needed to handle models (2)-(4) 
(Sect. 8). No applications of our techniques to renormalization (block-spin) 
transformations are studied. 

2. Singular Sets and Entropy Bounds 

We consider model (1), with alAe specified arbitrarily. We define an unnormalized 
expectation value 

[A ]h = L A exp (f3 L aiai+f3 L hiai) ' 
{a;)ieA <i,j)CAuM i EA 

where the sum runs over all spin configurations in the volume A c zv. The 
observable is 

A = n eSfO'i ' 
i Ed 

with all  si real and 2: lsil � b, some constant of order unity. Normalized 
i Ed 

expectation values and truncated expectations will be obtained by differentiating 
our expansion for log [A ]h term by term with respect to the si. 

The measure for the magnetic field at each site is 

d.A(h) = (y'2n H) -te - h2J2H2 dh. 
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We choose a cutoff H' on h. If l h;l > H' then a; is strongly favored to equal sgn h;. 
The probability that lh;l < H' is 

e=(' fiirH)-1 J' e - h2f2H2d h< 1 f!:_ H'
. V .._" 

- w v "7t H 

We choose H' such that e is small. We also demand that e4vP -2H' P � 1 .  
The main difficulties i n  the problem arise from regions o f  singular sites. These 

are sites where the random field is weak (l h;l <H) so that it is impossible to expand 
about a known, most probable, spin configuration. Only relatively crude methods 
can be applied near singular sites, and while a cluster expansion can be devised, the 
resulting clusters have an exponential divergence in the volume of the singular 
region (see Sect. 3). Such divergences make it difficult to take the logarithm of the 
partition function or to divide numerator by denominator to compute normalized 
expectations in the presence of the random field. The iterative expansion of Sect. 4 
is designed to overcome these difficulties. The iteration proceeds through a 
hierarchy of more and more extended singular regions, which we now define. 

Def in it ion. We choose a sequence of distances d 0 , d1, d2, • • •  as follows : 

d0=1, dk=21J.k+ko for k > O . 

Here k0 is a fairly small integer, and 1 <oc<2. We have dk+1 =d'k for k �  1 .  
A set D c 7// is called k-connected iff every site, j, in D can be connected to any 

other site, i, in D by a sequence of jumps (x1, xZ+ 1) CD with lx1-x1 + 11 � dk, 
1=0, ... ,m, x0=j, Xm+1 =i. 

Def in it ion. S0 = {j :  l hil < H'}. We decompose S0 into its 0-connected subsets. Every 
0-connected subset whose volume is at most 0fo= 1, whose diameter is at most 
di} +IJ.)/2 = 1 and which is separated from its complement in S0 by a distance � d1 is 
defined to be a 0-component, C�0>, oc = 1, 2, 3, . . . . We set 

S'IJ= U c�o> ,  
1J.=1, • • •  

S1 =So\S'6. 

Note that S'IJ consists of C�0>'s which are single sites separated by distances d1 � 2. 
Next, we decompose S 1 into its 1 -connected subsets, and so on. Suppose now that 
Sk_1 has been constructed. Decompose Sk _1 into (k - 1)-connected subsets. Every 
such subset, whose diameter is at most d�1_+t>i2, whose volume is not larger than � and which is separated from its complement in Sk_1 by a distance � dk is 
defined to be a (k - 1 )-component, C�k- ll, oc = 1 ,  2, . . . . We set 

S� _1= U C�
k-1> ,  and Sk=Sk-1\S�-1· 

11= 1,2, ... 

Note that, by this construction, a k-component, C�
k >, has the properties 

(a) 

(b) 

(c) 

vol ( c�k>) � ]/t4, 
dist (C�k>, Sk\C�k>) � dk+ 1, 

and that s� is a max imal union of k-components. 

(2.1) 

(2.2) 

(2.3) 
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Entropy of Components 
The following proposition shows that the "entropy" of singular components is at 
most linear in their volume. 

Proposition 2.1. As the magnet ic f ields {h) vary, the number of possible components 
C�kl of volume v contain ing the or igin is bounded by 2'w, for some constant K. T he 
min imal volume of a component, c�k)' of s� is 2k 0 

Proof. Proposition 2. 1 is clearly true for k= 0. Thus we suppose that k � 1 .  We start 
by proving the minimal-volume property of the components, C�k>, of S�. We 
decompose C�kl into its (k - 1)-connected components, D� -1l, ... , D�k

-_1/. If 
Nk_1 = 1 then, by (2. 1 )  and (2.2), either 

I) diam (D�-1 >) > d� 1_ +t>/2 , 
or 

II) 

(For, otherwise, C�kl would really be a component of S�_1 !) In case II), vol (C�kl) 
=vol(D�-1))�2\ since 1 + � � 2\ for k �  1 .  In case 1), C�kl contains at least 

1 +(d�1-+t")12/dk-1)= 1 +d�cx _-/)/2 � 2k 

sites, for k �  1 .  [This follows immediately from the facts that C�kl is (k- 1)­
connected and that diam(C�k l)� d�1_+t>t2.] If Nk_1 � 2, then 

vol (C�kl) � 2 min (vol (D�-1 l)) � 2k , (2.4) p 
provided vol (D�- 1 l) � 2k - 1 . 

We now prove by induction that the volume of each [-connected component, 
D�>, of C�kl is at least 21, for alll ;£ k-1 .  This is clearly true for l = 0. By conditions 
(2. 1 )  and (2.2), either diam(D�l)>dl�"icxl/2, or vol(D�l)>�. (Otherwise, D�l 
would be a component of Sf_1!) Since �+ 1 �21, it suffices to consider the 
case where diam(D�l)>dl�icxl/2• If D�l is composed of at least two (l- 1)-connected 
subsets, D�-1>, we may apply the induction hypothesis. Otherwise, D�l is (l-1)­
connected and hence consists of at least 1 + dl� ].1)/2 � 21 sites. This proves the 
minimal-volume property asserted in Proposition 2. 1 .  

Next, we  wish to  estimate the total number, n(N k _1), of  possible components, 
C�kl (as the magnetic fields {hi} are varied), which contain the origin and consist of 
Nk-1 (k-1)-connected constituents, D� - 1 l, f3 = 1 , . . .  , Nk_1. We let n(Nk - 2 ,p) 
denote the total number of possible (k- 1 )-connected constituents, D� - 1>, 
containing the origin and composed of Nk-2,p (k - 2)-connected sub­
constituents, D�k -2>. 

By the minimal-volume property, 

N < /2k-1 
k - 1 = v ' 

where v = vol ( C�k>). By a simple geometrical consideration, 
Nk-1 

n (Nk -1) ;£ [(2dk)"]
2Nk-1 f1 n (Nk -2,p) 

P=1 
Nk-1 ;£ [(2dk)

vyvf2k- 1 f1 n(Nk-2,p) ,  
P=1 

(2.5) 

(2.6) 
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and we have used (2 .5) in the second inequality. By iterating this inequality we 
obtain 

k 
n(Nk-1)� n [(2d,)Tf21-2 

1=1 
[1 + i 2a' + ko(a/2)1- '] vv , 

�2 !=1 �2" v ,  

for some constant K' which is finite if a <  2 .  
From this analysis we conclude that the total number, n<k>, of possible 

components C�kl (as the h/s vary) with volume v which contain the origin is 
bounded by 

(2 .7) 

since the number of possible sequences (N1,p) is bounded by 2 v .  This ends the proof. 
The entropy factor, 2" v, is balanced by the small probability, ev, that a given set 

of v points lie in S�. Thus if e2" � 1, then the C�k>•s are rather rare. More precisely, 
00 

prob (3 C�kl30) � L (e2")v �c(e2")2k . (2 .8) 
v=2k 

Given a component C�kl, we choose a simply connected set C�kJ with the 
following properties : 

c�k> ) c �k ) , 
dk� mi_n dist (b, C�kl)� ml!_x dist (b, C�kl)�2dk, beiJC&kl beiJC&kl 

ac�k) n c��') = f/J' for all k' and a'. 

It is not hard to see [5] that such a set can always be chosen. If k=O we define 
C�O)=C�OJ .  

3. An Expansion in the Nonsingular Region 

Let crmin=crmin(h) denote a spin configuration of minimal energy Emin. This 
configuration satisfies ofin = sgn h; for i E S0, because lhd > H' implies that it is 
favorable for cr; to align with h; no matter what the neighboring spins are. (We 
choose H' such that e4vP-2PH' < 1.) The minimal configuration in a component C�k J 
depends only on hlqk> . It is nonunique only on a set of measure zero for hiC�k> ; we 
choose it arbitrarily but depending only on hiC�kl .  We have dependence of crminiC�k) 
on boundary conditions only for C�kl adjacent to Ac. 

We write our unnormalized expectation as 

[A]h =e- pEminA(crmin) L exp [/3 L (cr;crj-ofincrjin) + L: (/3h; +s;)(cr;-CT'/'in)
J

. 
{u,} (i,j) i 

(3.1) 

Each spin configuration { cr;} defines a collection of clusters { X�0>, y;, <o>}. These are 
the C-connected components of the set { i:  cr; =F cr'/'in or i E S0}. 
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Def in it ion . Two lattice sites are C-connected if they are nearest neighbors or if they 
lie in the same component C�kJ of singular sites. A subset X of 7Lv is C-connected if 
there is a sequence of C-connected sites whose union is X. 

The clusters that contain sites in S0 are denoted { X�0l} p = 1• 2, . . .  ; the others are 
denoted { r;,<oJ} Y = 1, 2, . . . • The basic "cluster expansion" for [A ]h is 

[A]h=e-pEmin A(umin) L De(X�0l)De(Y(Ol) , (3.2) 
(X�O) ,Y�O)J p y y 

where Q is defined as follows. 

Definition. For clusters x<oJ, y<oJ, spin configurations u(Y<0l) and u(X<0J) are 
defined as 

u(Y(Ol). = -O"i . ' 
{ min 

l o-fun , 

•(X'"), � {- :�'"' 
0"�1n ' ' 

The configuration u(X<0l) depends on u1X<0J. 
In terms of u(X<0l) and u(Y<0l) we have 

iE Y, 
(3.3) iE yc, 

i E X<0\So, 
iES0nX<OJ , (3.4) 
iEXc. 

e(Y(O)) = exp { L f3(u(Y(O));u(Y(O))j-ufinO"jin) + L ({Jh; + s;)(u(Y(O));-ufin)} ' 
(i,j) i 

e(X(O)) = L exp { L {3( u(X(O));u(X(O)) j-ufinujin) 
aiSonX(O) (i,j) 

(3.5) 

+ � (f3hi + s;) (u(X<0J);-ufin)} . (3.6) 

Note that the sums over (i,j) may as well be restricted to ay<OJ or to bonds 
contained in x<0luoX<0J. Similarly, the sum over i may as well be restricted to y<oJ 
Or X(OJ. 

We prove estimates on these cluster activities and on their s-derivatives. Let 
!JlJ C d be a (possibly empty) collection of I!JlJI sites in the support of the ob­
servable A. Let (ojos)iJIJ= D ojos;. 

ieiJIJ 

Proposition 3.1 .  The bounds 

/(:st Q(Y(O))' �2liJ1Ji e2oe -m iY<0>i , 

j( :
s
) iJlJ Q(X<OJ)I � 2 liJ1Jie2a21x(o) nSo le -m ix<o>\So l 

hold w ith m=(2H'-4v)f3. 

Proof. Let us consider e(Y<0l) first. We have that 

f3hi(u(Y;(O))-ufin) =- 2f31h;l < - 2f3H', 

(3.7) 

(3.8) 
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since i E S0. There are at most 2vl y<o>l bonds in the sum over < i,j); each term is 
bounded by 2. This yields the decay e-mJY<OlJ. We have :L ! s il �b, so that 

iEd 
:Lsi(ui-oi'in)�2<5. Each s-derivative brings down a factor u-umin, which we i 
bound by 2. 

With the factor 2 ix<olnSol we can consider a fixed u in the sum defining g(X<0>). 
Define O'(X<0>)=u in x<0>nS0 and O'(X<0>)=umin elsewhere. The energy of u(X<0>) 
is at least (2H' -4v)I X<0\ S0! larger than the energy of O' (X<0>), since we have 
aligned ! X<0l\S0! spins with the field in S0. The energy of O' (X<0>) is larger than or 
equal to the energy of umin(X<0>) because umin has minimum energy. Hence the 
energy difference is at least (2H' -4v)! X<0>\S0! .  The s-derivatives and the terms 
involving s in the exponent are estimated as before, and the proposition is 
proven. 

The First Step 
We want to apply the polymer formalism to exponentiate the expansion away 
from S0 . The unexponentiated part can be used to define activities of the mildly 
singular regions in S�. A second cluster expansion (Sect. 4) can be derived about an 
unperturbed partition function which is the product of these activities. This can be 
exponentiated away from the next most singular regions ; exponential decays 
coming from large distances between the rare singular regions beat the exponential 
divergences in the volumes of singular regions. Activities for the next most singular 
regions can then be defined, and so on. In the end (Sect. 7), the logarithm of [A]h is 
expressed as a sum of logarithms of activities of singular regions, plus a sum of 
small, localized interactions from all the exponentiated expansions. This yields the 
desired estimates on correlation functions. 

The reader should consult [8] for more details on the version of the polymer 
expansion used here. We write 

:L = :L _!_ 
(Yl,?l) (YiO)' ... ' YIO)) l! ' 

where the second sum is over ordered collections of y<O>•s. Next we extend 
the sum over (Yf0>, . . .  , r; <0>) to conclude y<o>•s overlapping each other or 
overlapping x<0>'s. 

Definition. Two clusters overlap if they contain common sites or if a site in one is a 
nearest neighbor of a site in the other. 

Similarly, we extend the sum over {X_j? l} to include overlapping X�0l's, but we 
maintain a constraint X��>nX�0{nS0 =VI. The newly added terms are removed 
with factors u :  

u(z<o>, z<o>) = 1 ' • 2 over ap' {0 if Z(O) z(O) } 
1 2 1 otherwise . 

Here Z!0l is either an X�0l or a y;, <o>. The expansion is now 

[A]h=e-pEm;nA(umin) L L _!_ Ou(2') 0 a(X(O)) n a(r;, <Ol) .  
(X�O)) (Yio), ... , Y\0)) [! !f' p p y = 1 

Here 2' is any { X<0> y<0l} { y<o> y<0>} or {X<0> x<0>} P ' Y ' Yl ' Yz ' P1' Pz • 

(3.9) 
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Note that y<o>•s containing sites adjacent to S0 did not occur in the original 
expansion, though they can occur here. However, there is no dependence on O"IS0 
because 0' is set to O"min in y<o>c in the definition of Q(Y<0>). Similar considerations 
apply to the new x<0>'s. 

Standard manipulations [8] lead to the following form for the expansion [we 
put u(.!l') = 1 + a(.!l')]: 

[A]h=e-tJEminA(O'min) L L _!_ L n a(.!l') 
{X}?lJ (Y\0>, ... , Yl0l) {! Gc({X�O))) .2'EGc({X�0l)) 

(3. 10) 

where 

v<Ol(}'Wl) = L - __!__ L n a(Y) ii Q(Yy(O)) .  (3. 1 1) 
(f\O>, ... ,YII/l)filling y(O) m! Gc .2'eGc y= l 

Here Gc({ X�0>}) is a graph of lines .;l' which is connected in the sense that each Yy<0> 
is connected directly or indirectly to some X�0> .  The graph G c must be connected. In 
the expansion for [A]h above, we unite into a single cluster g <o> all clusters x<o> or 
y<o> involved in a connected component of the graph Gc{{ X<0>}). Grouping 
together all terms in X�0>, we obtain 

[A]h=e-tJEminA(O'min) L D gl(X�Ol) exp ( L: v<Ol( f<Ol)) · (3. 12) 
{X'\,"l) 6 y(O) 

Here X��>nX��>n S0 =f/J, the {X�0>} cover all of S0, and 

The graph Gc is now an arbitrary connected graph. 
We would like to eliminate the constraint that the {X�0>} cover S'/y. This is 

accomplished by regarding the expansion as an expansion about a new 
unperturbed system, n z( qo>), a product of activities associated with the 

" 
components, C�0>, of S'/y. The activities, z(C�0>), are defined as follows. Since 
diam (C�0>) � d0 = 1 , each C�0> is just one site, i. We set 

z(C�0l) =gl(C�0l) =  L exp [ L /3(0'-0"ii")O'jin + (f3hi + sJ(O'- O"ii")] ; 
u= ± 1 (i,j) 

(3. 14) 

see Eq. (3.6). The term with O'=O"iin on the right side of (3. 14) is equal to 1 .  The 
other term is between 0 and e26• Thus 

1 <z(C�0>) � 1 +e26• 

We can now write the expansion (3. 12) as 

[A]h=Zl L:' D lll(X�Ol) ,  
{X'(O)) 6 

(3. 1 5) 

(3. 16) 
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where 

z1 =
e- pEm'nA(amin) exp (I: y<O>( f<0>)) 0 z(C�o>) , (3.17) 

}'(0) Q( 

l?I(X�0>) =g1 (X�0>) 0 z(C�0>) - 1 . (3.18) 
"': c�o) cf�o) 

The sum I:' does not contain X�0>'s covering just one site in S�, because(} 1 (X�0>) = 1 
for such X�0>'s. The point of this operation is to make all cluster activities e1 (X�0>) 
small, as long as X�0>ns 1 = 0. Such clusters can now be exponentiated. The process 
can be continued ; we take (3.16) as the starting point for the induction step. 

4. The Induction Step 

After k steps, we have the following expansion for our unnormalized expectation: 

[A]h=Zk L: ' n(}k(X�k - 1 >) , (4. 1 )  

where 

{X�k-1)) � 

k -1 z
k = e- pEmin A( (j"min) n zu> ,  

j = O 

The sum over { X�k- 1 >} satisfies the following constraints : 
(a) The _K <k - 1 >'s are C-connected · if _K <k - 1 >n c<k '>=J=n. then c<k'> c _K <k-1 > (j , (j "' YJ, Q( (j • 
(b) x��-1 >nx�:- 1 >nsk - 1  =0. 
(c) All X�k - 1 >'s intersect Sk_1 ; their union covers all of Sk. 
(d) If X�k-1 > intersects some C�k - 1 > c S�J:_1 , then it intersects [C�k - 1 >]<. 

(4.2) 

(4.3) 

The last condition results from a division by appropriate z(C�-1 >)'s, so that 
small X�k - 1 >'s intersecting S�_1 do not occur. The cluster activities Qk(X�k-1 >), the 
z( C�k - 1 >)'s, and the yU>( fU>)'s will be defined below. 

Given a term on the right-hand side of (4. 1 ), indexed by a collection of _K <k - 1 >'s, 
we denote those _K (k - 1 )'s that do not intersect sk by { y;, (k)} ; those that do intersect 
Sk are denoted {X�k>}. As in the first step, described in Sect. 3, we wish to 
exponentiate the part of the expansion involving the y<k>•s .  Thus we extend the 
sums over x<k> •s and y<k>•s to include clusters violating (b) above, subject to the 
constraints y;, <k>nsk = 0, X�k!nX�k;nsk = 0. The additional terms are removed with 
factors u :  

u(_K <k - 1 > g <k - 1 >)= {0 if x�-1 >nx� - 1 >ns�_1 =!=0, 
1 ' 2 1 otherwise . 

The expansion ( 4. 1 )  becomes 

[A]h =Zk L n UoUt") L -�� n u(!l') n (}k(x�>) TI Qk( y;, (k)) ,  
{X�k)) !R' (Y�k), ... , Y\k)) • !R (J y = 1 

(4.4) 
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where we have made explicit the constraints X��lnX�kjnSk =0 with factors u0(.P') 
= u0(X�k!, X�j), which vanish when the constraint is not satisfied. 

The y<kl_part of the expansion is now exponentiated, yielding 

with 

1 
[A]h=Zk :L fluo(.P') :L - :L TI a(.P) 

(XhkJ) !l" (f\kJ, ... , f\kJ) [! Gc({XWJ}) 2'EGc((X<kJ)) 
1 

· TI Qk(X�l) TI Qir;,<kl) exp (I v<kl(f<kl)) , 
p y= 1 f(k) 

(4.5) 

As before, GJ{X�kl}) is a graph such that each y;, <kl is ultimately connected to some 
X�l, and Gc is any connected graph on the y<kl•s. We now unite into a single cluster 
J( <kl all clusters x<kl or y<kl involved in a connected component of the graph 
Gc({X�kl}). We obtain for (4.5), 

(4.7) 

with 

(4.8) 

The J(�kl•s in (4.7) of course satisfy X��lnX��nSk=0. 
We now define activities for components C�klcSk by summing over X <kl•s 

contained in Cikl, the neighborhood of Cikl defined in Sect. 2: 

z(C�kl)= L Qk+1(X<kl). (4.9) 
X<kJc(;�kJ 

Dividing through by the product of the z(C�kl)'s, we obtain the expansion (4. 1) 
with k + 1 replacing k: 

Here 

and we have included the product 

TI z( Cikl) exp ( :L v<kl( y<kl)) = z<kl 
a: C�kJ c s� f<kJ 

(4.10) 

( 4.1 1) 

(4. 12) 

with Zk to form Zk+ 1 . The prime indicates that the restrictions (a)-( d) stated after 
(4.3) are in effect. 

We continue the process until all singular components have been incorporated 
into the expansion. In a finite volume there is a largest k for a singular component 
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C�kl, so  Sk = 0 for k sufficiently large. There are no  _K <kl's a t  that point, since 
x<k>nsk=t=0. Thus (4.10) reduces to [A]h=Zk+1, and using (4.2), (4.3) we can 
immediately calculate the logarithm, for A= exp (.I: S;O";) : 

t Ed 
00 

log [A]h = -f3Emin + L S;O"iin + L [ L log z( C�l) + L vwcyu>)] · 
ied j=O rx:CCj>csy y<J> 

(4.13) 

Truncated expectations of spins can now be generated by differentiating with 
respect to the s;. 

Inductive Bounds 
Bounds on polymer activities §k, l!k will be proven inductively in the next section. 
They guarantee that the procedure can be continued indefinitely. First, we define a 
sequence of decay rates, mk, which decrease to some positive moo: 

( 1  + d-112) -1 k 0 1 2 mo=m-c, mk+1=mk Co k-1 , =,, , ... , 

with d_1:=1. We will also need numbers 

n;(k) = 1 +Card{j: j<k and iE C�l, for some a} 

to measure combinatoric effects of observables (or, equivalently, derivatives with 
respect to s). We also define the notion of "generalized covering": _K <kl G-covers a 
site i if i E _K (k) or if i E C�l with c�> c _K (k), 0 �j < 00. A collection of clusters { x�>} 
G-covers d C 71! if each i E d is G-covered by some .X�> and each .X�kl G-covers 
some i Ed. The cluster activities ek+ 1 (.X <k>), l!k+ 1 (.X <kl) depend only on S; for i 
G-covered by _K <k>. 

Proposition 4.1 .  Let !!4 C d be a lattice subset. The polymer activities ek+ 1 satisfy 

L I(�) nek+1cxw>) l n [emk+dxt>\Skl e- cs iX1k)nSkl] 
{X(k)) G-covering d OS iJII p p 

� [.0 n;(k)] 211J1111ff41! . (4.14) 
t EIJII 

Here Cs is a constant independent of k�O, and (o/os)IJII= n o/os; . The .X�kl•s satisfy 
ieiJII 

.X�k>nx�>nsk=0, .XW>nsk=t=0, and if C�k>c.XW>, then .X�k\C�k>=t=0. The exponent­
iated terms, v<k), satisfy 

- L I(�) v<kl( f(k)) l emk+ dY(k)l � [n n;(k)] 211J1111ff41!. (4.15) 
f(k) G-covering d OS iJII ieiJII 

We need some estimates on the activities of singular components, in order to 
obtain bounds on l?k+ 1 from (4.14). These are contained in the following 
proposition, proven in Sect. 6. 

Proposition 4.2. Let !!4 c C�k>. Then 

l(:st z( C�k>)-1 1 � 211J1111ff41!. (4.16) 
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This implies, in particular, that 

z(C�kl) - 1 � 1 .  (4.17) 

Bounds on z(C�kl) and its derivatives follow from (4. 14), since in (4.9) we have 
x<klnSk = C�kl. 

Corollary 4.3. 

Next, we formulate bounds on cluster activities lh+ 1. 

(4.18) 

Proposition 4.4. 

L I(!_) n (!k+ 1(X�l) l n [emk+ ,jX�kl\Skle -csiX�kl nSkl] 
{Xfrl} G-covering d OS fKJ p p 

� [ .nnlk + 1 )J 21fKI1 1gol ! . (4. 19) 
IEfKI 

The sum over {X�l} is as in Proposition 4.1. 
Proof. We combine Propositions 4.1 and 4.2, since (4. 1 1 )  expresses (h+ 1 in terms of 
ek+ 1 and z(C�l)-1 . We sum over go' cgo, the set of derivatives that act on 
0 ek+ 1 (X�l). The rest, go\go', act on the inverse activities. We obtain 
p 

(LHS of 4.19) � L - L l(i_) n ek+ 1 (X�l) l fKJ'CfKJ {XWll G-covering d OS fKJ' p 

·l(i_) n z(C�k))- 1 1 n [emk+ dX\l'l\Skle -csiX�lnSk iJ . 
OS fKI\fKI' a;:C�k)( u xwl p 

p 
(4.20) 

Note that each C�kl appears only once, because X�lnX��lnSk=f/J. Furthermore, 
each derivative in go\go' can act on only one z( C�kl) - 1 because the C�kl•s are 
nonoverlapping, and (o/os;)z(qkl)=O for i¢C�kl. Thus the derivatives of the 
inverse activities are bounded by 

[ 0 (n;(k + 1 ) - nlk))
J
21fKI\fKI'I Igo\go'l!. 

iefKI\fKI' 

Here we have used the fact that n;(k + 1 ) - n;(k) = 1 if i is in some C�kl, 0 otherwise. 
Applying (4.14) we obtain 

(LHS of 4.19) � L n n;(k) n (n;(k + 1 ) - n;(k))21fKIIIgol ! 
fKitCfKJ iefKJ' iefKI\fKI' 

which completes the proof. 

(4.21) 
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5. Estimates for the Induction Step 

This section is devoted to the proof of Proposition 4. 1 .  To make an induction, we 
first prove (4. 1 9) for Qo = Q (case k = -1 ). We use x < -1> to denote either x<O) or y<0>. 
Using the estimates (3.7), (3.8) we wish to prove that 

- L l(i) n g(X�-1)) 1 n [emoi.XJ- 1 >\So le - c lx�- 1 l nSo iJ � 21BBII841!' {Xp - 1>} G-covering .91 OS 9B P P 
(5. 1 )  

where x�- l>•s are nonoverlapping. Here the constant cis somewhat smaller than 
c8, the constant in (4. 14). No overlap implies that each s-derivative must act on a 
particular term in the product over {3. Thus (3.7) and (3.8) yield 

(LHS of 5 . 1 ) � L 21BBI n [e20e - <m-mo>IX� - 1 l\Sole-<c - log2JIXJ, - 1 >nSol]. 
(Xp- 1 J} G-covering .91 P 

(5.2) 

We estimate (5.2) by repeatedly using the bound L:f(t) � supc1f(t), which is 
t t 

valid when L: c1-1 � 1 . The c/s are called combinatoric factors. We allow a factor 
t 

21""'1 in order to fix a subset {a1, . • .  , am}Cd, and then we sum over clusters 
x�-1), • • •  , .x�-1) such that aj is G-covered by .x�-1). Since ldl � L IX�-1>1, we have p 

m 
(LHS of 5 . 1 ) � 21BBI n [- L 2- (2v+2J ix� - 1l nSo l e - c'IXt1>\So l] , j= 1 X� - 1 > G-covering aj 

(5.3) 

where we assume m0 � m-2J-log 2 -c', c-2log2 - 2J�(2v + 2) log2. We now 
prove that the sum inside the brackets is less than 1, for c' a sufficiently large 
constant. We first sum over the ways that .X)-1> can G-cover ai. Either 
aj E x)-1\So, or else ajE c�k> with c�J cx�-1). The first_ case is given a combinatoric 
factor 2 � 21xs- 1>\So l; the second is given 4<k+1l � 221xj - 1 >nSo l . This suffices, since 

00 
1 /2 + L: 4- (k+ 1 > � 1 .  In the first case we proceed by summing over X, the 

k=O 
component of .X)-1l\S0 containing ai, using the standard estimate 

(5.4) 
X30, X connected 

A factor 21x1 allows us to choose which C�kJ•s neighboring X are contained in_ .XJ -1>. 
Then if c' = c" + 2log 2, all three combinatoric factors are cancelled by e - c'lx]- 1>\So l 
in (5.3). We are now in a situation like the second case, where ai is in a fixed C�kJ. Let 
X' denote the union of the chosen C�kl•s. We must allow a combinatoric factor 
22•1X'I for the choice of a subset of the (at most) 2viX'I sites neighboring X'. These 
sites are the "starting points" for additional components of .X}-1\S0. We use (5.4) 
for these components, and continue the process until the choice is made not to add 
new C�k>•s or components of xr 1\S0. All combinatoric factors are cancelled by 
terms in (5.3); thus the whole sum is bounded by 1 .  This completes the proof of 
(5. 1 ) ;  the 1841! is unnecessary here. 
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We now prove (4. 14) for k�O, assuming (4. 19) for k-1 .  Let us rewrite the 
definition of Qk+ 1 [Eq. (4.8)] in a form treating x<k>•s and y<k>•s on the same footing. 
Both x<k> and y<k> are types of J(<k-1>, depending on whether the set intersects Sk or 
not. We write 

1 L: = L: Yl' 1x�klJ <x�k>, ... ,xw>> . 

using the fact that the u0-factors in (4.8) remove duplicated x<k>•s. Since l�! � 
= 

(l : l')! C � l'), the sum over x<k>•s and y<k>•s can be rewritten as follows: 

Qk+1(J(<k>)= L ..!__ fluo(.P')L: ri a(.P) Il eiX�k-1>). 
(X�k - 1J, . . . , X�k- 1 l) filling X<kJ p! .!R' Gc .!ReGc o = 1  

(5 .5) 

In (5 .5) it is assumed that J(<k>nsk=t=0, but it will be helpful to avoid this 
constraint later on. So we unify notations by defining gk+ 1 (f<k>) by the same 
formula (5. 5), where f<k> is a union of y<k>•s, f<k>nsk =l= 0. Thus gk+ 1 (f<k>) = v<kXf<k>), 
by (4.6). We let z<k> denote either an J(<k> or a f<k>. We prove a stronger form of 
(4. 14) allowing arbitrary z<k>•s. As a bonus we obtain (4. 1 5) as a special case by 
restricting to a single z<k) = y(k) in the collection { zt>}. 

We insert our formula for Qk+ 1 (z<k>) into the left-hand side of (4. 14), allowing 
arbitrary z<k>•s. Let us note that zt{n:ZtlnSk=0, and in (5.5), 
X�k1-1>nx��-1>nsk=0. Thus the entire collection of J[<k-1>'s satisfies 
J(�k-1>nx��-1>nsk=0, and we make this explicit by extending the product over 
2' to include all pairs of J(<k-1>'s. We combine all the sums over collections of 
j[<k-1l's using the multinomial theorem. Thus 

_ L J(�) fi Qk+ 1 (Z(k))l fi [emk+ 1 \Z�kl\Sk le - cs iZWlnSk l] 
{Z}rl) G-covering .511 OS iJII p p 

1 ;£ L - fi U0(2') (X!k- 1 J, ... ,xlf- 1 l): .511 is G-covered p! .!R' 

·IL: ri a(.P)(�) fi eiX�k-1>)1 ri [emk+ dX�k- 1 )\Skle - cslx�k- 1Jnsk'J. 
G .!ReG OS iJII o= 1 0 

(5.6) 

On the right-hand side, not every J(�k -1> need G-cover part of d, but each i Ed is 
G-covered by some X�k-1>. The graph G is the union of the connected graphs Gc 
corresponding to each zt>. It need not be connected but each connected 
component involves a cluster X�k-1) that G-covers some iEd. (Note that by 
considering arbitrary z<k>•s we lose the constraint that there be an x<k> in each 
connected component of G.) We have distributed the exponential factors amongst 
the X�k-1>'s, but the conditions J(�k-1>nx��-1lnSk =0 imply that each portion of 
xt>nsk is used only once. 

To estimate the right-hand side of (5.6), we need to isolate those clusters 
G-covering d. These will be held fixed while summing over the others. Call these 
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the d -clusters, and denote by G .x1 the subgraph of G of lines connecting d -clusters. 
Let Gc = G\G.x1. The graph G.x1 is an arbitrary graph on the d-clusters (each cluster 
is connected, directly or indirectly, to some d-cluster). Using this decomposition 
we have 

1 1 (5.6):;:; 2: 2: - Du0(2') 
(X<k- 1), • • . ,Xhk - 'l) G-covering d n ! (X<!;; ,'l, .... X�k; il) p ! .!/" 

· /z: n a(2') (� ) fi 'hcx�k-1)) / /z: n
·
a(2) 

nif (?k(x�k - 1)) / 
G.4 2'EG.4 US gu b� 1 Gc 2'EGc b�n+ 1 

n+p 
. n [emk+ dX\Skie -csiXnSkiJ . 

b� 1 
(5.7) 

Since G .x1 is arbitrary, we have 2: D a(2) = D u(2), where the product runs 
G.4 2'EG.4 2' _ _ 

over pairs of d-clusters. The u-factors enforce the constraints X�k,-1lnX�k2-1) 
nS);_1 = 0, and the u0-factors imply that X�k,-1lnXt2-1lnSk = 0. Thus we have 
X�\-1lnXW2 -1lnSk _1 = 0, which is one of the conditions that were assumed in 
Proposition 4.1 (the inductive hypothesis). If k = 0 the u-factors imply that 
J(�k,-n, X��-1l do not overlap, which was assumed when we verified the k = -1 
case. We can drop all the other constraints u0(2')- this only makes the right-hand 
side of (5.7) bigger. 

The following lemma controls the sums over X�\-1n, ... , J(�k+-/l. 

Lemma 5.1. Let x�-1l, ... , _X�k-1) be fixed. Then for k > O  

2: _ z: _ _!_12: n a(2) 1 
nTI 11?k(_X�k-1))emk+dx�k-l)\Skle-cslx�k-l),.,skll 

p'?;,P (Xh\-1'l, ... ,X�k+-p1l) p ! Gc 2'EGc b�n+ 1 

:;:;exp [J
1 

c1d�1(2 1X�k - 1\Skl] . (5.8) 

In Gc, each _X�k+-j1l, 1 :;:;j:;:;p, is ultimately connected to some Xlk-1l, 1:;:; l:;:; n. If k = 0 
the estimate holds with IX�k -1> 1  replacing IX�k-1\Skl on the right-hand side 
(d_1 = 1). 

The basic content of the lemma is the fact that the clusters connected to a fixed 
set of clusters forms a gas with a small activity, c1di;__l(2. 

We use the lemma with P = oo  to estimate the right-hand of(5.7) by 

n 
n [( d- 1f2) 1X-(k - 1)\S I IX-(k - 1) s I J · exp mk +1 + c1 k-1 b k - cs n k , 

b� 1 
k > O .  (5.9) 

Fork= 0, cs is replaced by c = cs - Ct. to allow for the modification in Lemma 5.1. 
Now we use the inequality 

(5.10) 
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Fig. 1 

to estimate the argument of the exponential as follows: 
( d-1f2)1x-<k-1)\S I IX-<k-1) s I mk+1 + c1 k-1 t5 k - cs t5 11 k 
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<[( + d - 112) ( 1 + d-112) d-1f2]1X-(k-1)\S I IX-(k-1) s I = mk+1 C1 k-1 C2 k-1 +csc2 k-1 t5 k-1 -cs t5 11 k-1 
< IX-(k-1)\S I IX-(k-1) s I =mk t5 k-1 -cs t5 11 k-1 · (5.11) 

Here mk+1 =mk(l +c0di:_1{2)-I, with c0 chosen appropriately. Now we can use 
(4.19) to obtain 

(5.9)� IT n;(k)21061136ll!, (5.12) 
ie&l 

which completes the proof of Proposition 4.1, assuming (5.10) and Lemma 5.1. 
[For the case k=O, we havemk+ 1 +c1d;;_1f � mk> so by (5.1) we estimate (5.9) (with 
c replacing c8) by 21061136'1! to complete the proof.] 

To verify (5.10), note that to each singular component C�k-1> c Sl:_1 contained 
in X�k-1> we can attach a large C-connected subset, X a• of _K<k-1\Sk _ 1. (See Fig. 1.) 
If k= 1 then IXal� 1, otherwise we have only that diam(Xa)�dk_1. The fact that 
diam(Xa)�dk_1 follows by noticing that (X�k-1\Sk_ 1)11[qk-1)]"=1=0. This is 
because all Q(X<k-1>)'s with C�k-1>cx<k-1J, _K<k-1>cC�k-1>, were removed when we 
divided by z(C�k-1>)- see condition (d) after (4.3). All the X a's are disjoint because 
dist(C�k-1>, Sk-1 \C�k-1>) � dk. 

Lemma 5.2. If a C-connected set X does not intersect Sk _1 and it has diameter at 
least dk _ 1/2, then 

lXI �(1-3d!(a-1)12) diamX . (5.13) 
Proof. The set X can lose volume because of empty space in c�> c X. However, by 
(2.3), dist ( c�>, c�>) � d i + 1 = dj and by (2.1 ), diam c�> � d)1 + a>f2. Thus the fraction of 
diamX lost due to c�>·s is less than 2d)1+aJ12jd'j=2di-<a-1JI2,j� 1. Similarly, the 
fraction lost due tO C�0)'S is leSS than d11, and the total lOSS is 

k-2 " 2d-:(a-1)/2 + d-1 < 3d-(a-1)/2 £..., J 1 = 1 ' j=1 
(5.14) 

which yields (5.13). 
Using the lemma we find that 

IXal �fdk-1 �fd��1IC�k-1)1, (5.15) 
since by (2.2), IC�k-1)1� �· The bound (5.10) now follows by summing over 
c�k-1>cx�k-1)11Sl:-1· 
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Fig. 2 x<k- 1 ) 
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Proof of Lemma 5.1. We use the method of [7]. Assume the lemma for smaller 
n + P. For n + P =  1 the lemma is trivial. We decompose Gc into G1 u G2u G; :  G1 . 1 " 

{X-<k-1l x-<k-1l} n { 1  } · G . 1 " contams 1nes 1 , n + i jefJ• �& C , . . .  , p , 2 conta1ns mes 
{x-<k-1J x-<k-1l} . d G' · I" {X-<k-1l x-<k-1l} j ' n + j 2 ;;; 1 ;;; n + p, je fJ •  an C con tams 1nes n + j ' j jefJC, z ;;; z ;;; n + r 

It is easy to see that G2 is arbitrary, while a; is a graph in which each X�k+-i >, 
j E QC is ultimately connected to x�- 1 >, . . .  , x�k-1) or to x�k;}>,j' E Q. Summing up 
1 + a(Y) = u(Y) for Y E G2, we obtain (see Fig. 2) 

L n a(Y) = L n a(Y) n u(Y) L: n a(Y) . 
Gc .!FeGc D .!l' eG1 � = {.X1k - l > , .X�+- .1 >h ::;! z � n , or z = n + m  G� !R eG� 

J me .!l ;  j e.!l  (5.16) 
We bound u(Y) by 1 and a(Y) by 1 for Y E G1; however we enforce the condition 
that x<k-.1) intersect x<k-1lnS9 (overlap x<k-1) if k = O) for all J" E Q  since n + J  1 k-1 1 • 
a(Y) = O otherwise. We also write 

L: L: L: __!__ 
p;;;P fJ (X�\-,' l , . . .  , x\;';,} lJ p ! 

P 1 P-!fJ I  1 = � -, - k - 1 L: _(k - 1 ) � -<k - 1  L: _(k - •  , _  , . jfJ j-0 IQ I . (X� +  I l , . . .  , Xn + J.!l l )  P - 0 (Xn + IHI + l o · • • • Xn + J HI + p ' )  (p IQ I) .  

For k > O  the left-hand side of (5.8) is now bounded by 
P 1 P-!fJI 1 

I Ll _ 1 n1 I -(k - 1 ) 
L -<k - u � p' l - (k - 1 ) L - (k - 1 ) fJ - 0  �� · (X n + l , . . .  , Xn + J.!l J )  P - 0 · (Xn + J .!l J + I • · · · • Xn + J.!l l + p ' )  

· IL: n a(Y) I n +
!n+ p' ,,?k(X!k-1))emk + , ,x\k - I )\Sk l e - cs !xlk - l ) nsk , , 

G� .!l'eG� l = n + 1 

� f -1- { _ _ L: _ l eiX<k-1>) 1 
!fJ ! = O  IQ I ! x<k - l ) : a(X(k - I ) , XIk - 1 ) ) * 0 

· exp[(mk+ 1 + cA;-!{l) IX<k-1\Sk l - cs iX<k-1lnSk iJ} 'n 1  

(5.17) 

· expLt2 
c1d,;-_1{2 1XIk - 1\Sk ll (5.18) 

We have used the induction hypothesis, (5.8) with P-+P - IQI , n-+n + IQ I - 1 , n + P 
-+n + P - 1 .  The lemma clearly follows from (5.18), provided that 

_ _ L: _ l ekcx<k-1>) 1 
x<k - l ) : a(X<k - l ) , X\k - 1 )) * 0 

· exp [(mk +1 + c1d,;-!{l) IX<k-1\Sk l - cs iX<k-1lnSk l] � c1d,;-!{2 1X�-1\Sk l · 
(5.19) 
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We prove (5 . 1 9) by noting that a(_X<k - 1>, x�-1>) =1= 0  implies that _X(k-1>nx�-1> 
Sg n. N h d-1tz lx-<k- 1>\s I . . x-<k-1> sg b n k-1 =l= v. ow t ere are at most c1 k- 1 1 k srtes m 1 n k-1, y 

(5 . 1 0). Furthermore, mk +1 + c1di:!{Z � mk, so (5 . 1 9) follows from 
L k?k(

_X(k-1 ))1emkiX< k- 1 l\Skl-csiX< k- 1 l nSkl � 1 . .f< k- 1 l 3 i  
(5 . 20) 

This is a special case of Proposition 4.4, which was shown in Sect. 4 to follow from 
our induction hypothesis, Proposition 4. 1 .  Thus Lemma 5 . 1  is proven for k > O. 

The case k = O is only slightly different. On the right-hand side of (5 . 18) 
IXIk - 1\Sk l must be replaced with IXIk-1> 1, and we have an additional term 
ckdi:!{Z IX<k - 1>nSk l inside the first exponential. Since c8 - c1d= t 12 is equal to the 
constant c in (5 . 1}, the lemma follows from 

_ _ L _ l eo(x< -1>) 1 exp [( mt + c1d= t 12) I.X< -1\S0 I - ciX< - 1>ns0 1] 
x< - 1 l : a(x< - 1 l , xl - 1 l) * O  

� c1d= t 12 1Xl- 1> 1 . (5 . 2 1) 

This follows from (5 . 1), because m1 + c1d= t t2 � m0 and because there are at most 
c11Xl- 1> 1  sites overlapping xl-1)· [Only x<- 1> overlapping .X\-1> have 
a(x<-ll, .xl-1>) =I= 0.] 

6. Estimates on Activities of Singular Sets 

In this section we prove Proposition 4.2. It is crucial to obtain lower bounds on the 
activities z( C�k>) because we obtain l!k+ 1 from §k+ 1 by dividing by these activities. 
The lower bound is not obvious from the expansion (4.9) defining z( C�k>), but by 
resuming the expansion we can express z( C�k>) as a ratio of certain partition 
functions, and the lower bound z( c�>) � 1 follows. 

Let ( · )h , E�k) denote the normalized measure on spin configurations in C�k> 
obtained by restricting the original measure, Ae-fl.te., to configurations with 
a = amin in [ C�k>]". Thus 

with 

and a = amin outside C�>. We claim that 
z( C�kl) - 1 = (Xmin( C�kl) )h, c�k) , ( 6. 2) 

where xmin( c�k)) is the characteristic function of the event 0" = O"min in c�k>. 
We prove (6.2) by comparing the expansions for [xmin( C�k>)Jh,c�k) and [ 1Jh,C�k) · 

By (4. 10) we have 
(6.3) 

where Zk+ 1 is given by (4.2}, (4.3}, except that everything is computed in C�k>. Thus 
the sum over fU> is restricted to f(j) c C�k> ; the product over ex is restricted to ex such 
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that c�> c S1n C�kl. When we expand [Xmin(C�kl)]h, E!.k>, we pretend t�at C�kl is not 
part of the interaction region. This is possible because a is fixed to amm there. Then 
we do not obtain any clusters intersecting C�k>. Clusters otherwise vary arbitrarily 
in C�kl - in the first expansion, analogous to (3.2), there are even y<Ol •s containing 
sites neighboring qk>. Each z<il produced for j < k is exactly as in the expansion for 
[1]h , E!.k>. because they do not involve clusters intersecting C�kl. Similarly, we have 
the same factor exp (- L_ v<kl( f<kl)) , but there is no z(C�kl) in z<kl. Thus 

y(k) C C!,k) 

[Xmin(C�kl)]h, E!.k> = Z
k exp ( L_ y<kl( f<kl)) , (6.4) }'(k) CC!.kl 

and (6.2) follows immediately by dividing by (6.3). 
Since a characteristic function is bounded by 1 ,  we have z( C�kl) - 1 � 1, by (6.2). 

More generally, we obtain simple estimates on derivatives of z( C�kl) - 1 , since 

(6.5) 

[Recall that a factor A(a)=exp c� siai) is present in the measure.] After this 
truncated expectation is expanded into sums of products of ordinary expectations, 
we estimate each ordinary expectation by 1 ,  since IXmin(c�kl) IT ai l � 1, for any 

i e fi8 '  
f!4' c f!B. Thus 

(6.6) 

because there are at most 2 1BII I If!BI ! terms in the expansion. (This is easily seen 
because after applying r -1  derivatives, each term has at most r expectations 
multiplied together. Each expectation can be differentiated in numerator or 
denominator, yielding at most 2r new terms for each existing term. Taking a 
product over r = 1 , . . .  , lf!BI ,  we obtain at most 2 1BII I If!BI ! terms.) This completes the 
proof of Proposition 4.2. 

Corollary 6.1 .  

J(:s).., logz(C�kl) l � 21 ..t l ( ldl - 1) ! .  (6.7) 

Proof. By (6.2) we have 

( :s) ..t logz( C�kl) = ( :s) 
..t 

log [1  ]h ,  E!.k> - ( :s) 
..t 

log [Xmin( C�kl)]h, E!.k> .  

Each of these terms is a truncated expectation of the ai, i E d. Hence it can be 
estimated as above by 2 1..t l - 1 ( 1dl - 1) ! . 
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7. Exponential Clustering of Correlations in the RFIM for Large H 

In this section we harvest the fruits of our efforts in Sects. 2-6. We prove the results 
described in Sect. 1 .3(i), i.e. we show that, in the RFIM, model (1 ), the thermody­
namic limit of arbitrary correlations exists and is independent of boundary 
conditions, and connected correlations have tree decay, provided fJ and H are so 
large that 

e(4v - eoH)p � 1 ,  (7. 1 )  

where e0 is a small number. Thus we consider the regime where the external field is  
so strong that, most of the time, the orientation of the spin, u;, follows sgn h;. 

The starting point of our considerations is Eq. (4. 1 3), i.e. 

A 
where L indicates that all the sets, c�> and Y(j), to be summed over must be 
contained in A, and 

Clearly, 

A = 0 e•'"' . 
i e d  

(u; 1 ;  • • •  ; u;)pjh) 

= £ [ i:_ (�) log z(c�>) + i:_ (�) yu>( fUl)J , 
j = O a; : C<j> ) d OS .91 f(J) G-covering d OS .91 

(7.3) 

(7.4) 

where we have set d = { i1 , . . . , in} .  The notion of "G-covering" of a set in 71: has 
been defined in Sect. 4. A site i is G-covered by yU> if i E y<i>, or if i E c�>, with 
c�> C fUl. For n = 1, a term uf:in must be included on the right-hand side of (7.4). It 
comes from the second term on the right-hand side of (7.2) which is linear in {s;} . 
Reflecting on (7.4) it is clear what the thermodynamic limit of (ui t ; . . .  ; u;)pjh) 
is : For all j < oo , the restriction that c�> and Y(j) lie in A is simply dropped on the 
right-hand side of (7.4). All terms then become independent of A, as soon as A is 
sufficiently large (depending on j and on f<i>). 

We now propose to study, with the help of the estimates proven in Sects. 5 and 
6, whether the limitsj� oo and Al'Z• (thermodynamic limit) really exist, and how 
fast the thermodynamic limit is approached. We suppose that 

dist (d', Ac) � dk , for some k ,  (7.5) 

where dk is as in Sect. 2, i.e. dk = 2"k + ko. By (2.8), we may estimate the probability that 
..sat c c�>, for some a and j � k, by 

Prob (d' CC�l, j � k) � L dj(c'e)2i � (ce)2k , (7.6) 
g k 
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for finite constants c' and c .  Here we use once again the fact that rx must be chosen 
to be < 2. We now assume that the magnetic fields { hJ are chosen such that 

Since 
d cj_ cv> ' for all y and all j "?;_  k 0 (7.7) 

diam( C�l) � dil__+t>12 + 4dk - 1 �!dk , 

for l < k, those components c�> for which s1 C c�> are, by (7.5), properly contained 
in the interior of A. We conclude that under these conditions the terms involving 
derivatives of logz( cV>) on the right-hand side of (7.4) are independent of A. By (7.6) 
we find therefore that, on sets of magnetic fields {h;} of probability "?;_ 1-(cs)2\ and 
for arbitrary A') A, 

00 *( 8 ) (") - ( ") ( ") - ( ") <(J; , ;  0 0 0 ; (Ji )p A(h) - <(J;, ; . . .  ; (J; )p A '(h) = L I: � { Vi (Y J )-VA� ( Y J )} ' n ' n ' j = 0 ):'U) US d 

where I:* ranges over all yw which G-cover s1 and at least one site in A'\A or in 
oA. Since Y(j) G-covers s1 and at least one i E A'\A, and since Y(j)nSj=0, 

diam yu> "?;. dist(d, oA)/2 . (7.8) 
From condition (2.3) and the definition of c�>, more precisely 

dist(8C(j) cu>) > d .  a ' a = J ' 
and from our construction of Y(j) in Sect. 4, (4.4) -(4.6), it follows that 

diam Y(j) "?;. dj . 
We may therefore use Lemma 5.2 and (7.8) to conclude that 

I fUll "?;. max {d)2, dist(d, 8A)/4} . 
The bounds in Proposition 4.1, namely (4.15), and the simple fact that 

mj "?;.m00 'i;, cm ,  for some c > O ,  
for all j, show that 

(7.9) 

I:*(�) VUl( fU)) � (j + l ) ld l2 1d l ls1\ !e  - cm max{d1j2 ,  dist (d , BA)/4} .  (7. 1 0) 
y(}) OS d 

From (7.10) we obtain the bound 
I<(J; , ;  . . .  ; (J;)pjh) - <(J; , ;  . . .  ; (Ji)Jl ,A'(h) \ 

� 2nn! exp( -em dist(d, 8A)/8) (Jo 2(j + Ite - cmdj/4) (7.11) 

� c�(n!)l + ' '  exp( - c2m dist(s1, 8A)) , 
for constants c 1 , c2, and s', which is valid with probability "?;_ 1 - (csfk. The decay 
rate m is given by 

m = (2H' -4v) "' c3sHf3 , for large H/3 . 

We have thus proven 
(7.12) 
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Theorem 7.1. With probability 1 the limit 

lim (ai , ;  . . .  ; ai )/J A(h) =. (ai , ; . . .  ; ai )/J(h) 
A J zv n ' n 

exists and is independent of boundary conditions, for arbitrary {i1, . . .  , in} . The limit 
is approached exponentially fast and is given by the formula 

• • _ oo [ ( 8 )  w ( 8 ) u> - w ] (ai t ,  . . .  , ai)fJ - L � � logz(Ca ) + _ .  L . � V (Y ) , 
j = O a : qJ > J d uS .91 Y<J> G-covermg d uS .91 

where d = {i1, . . .  , in} ,  and y<i>( y<il) is calculated in any volume A that is somewhat 
larger than yu> . These terms satisfy bounds (4 . 1 5) ,  (6.7). 

Next, we turn to our proof of tree decay of the correlations (ai , ;  . . .  ; ai)ih). 
We fix n arbitrary sites x1, • . .  , xn in 'll! and set ii = ()xi,j = 1 ,  . . .  , n, with () =  1, 2, 3, . . . . 
Let de = {i1, • • •  , in} · We begin by estimating the probability, P(()0), of the event that 

de,n C�l = 0 ,  for any oc and j' ?;, pl > and for all 1 = 0, 1 , 2, . . . . (7. 14) 

Here ()1 = ()0 + l, p1 is the largest integer with the property that ()1 > dp,· Clearly, 

By (7.6), 

Hence 

00 
P(()0) � 1 - I: Prob(de,n c�> =t= 0, for some oc and j � p1) . (7. 1 5) 1 = 0 

00 00 
L Prob (de,n C�> =t= 0, j � p1) � L 2aP + Pon(c'e)2p � n(c"e)2Po , (7. 1 6) l = O p = po 

when eo ...... OO ,  Po ...... OO .  Hence 

if e is small enough. 

1 - n(c"e)2Po � P(()0) l'  1 as ()0 ....,. oo , (7. 1 7) 

Let us now assume (7. 14), and prove an estimate on (ai t ; . . .  ; (J;)p(h), with 
{ i1, . . . , in} = del' Since 

diam c�> � d)l + a)fl + 4dr � dj+ 1 ' (7. 1 8) 

we have that d9, c C�1 forj < pz, because diamde, � ()1 > dp,· By (7. 1 4), de, C/.. c�> for 
j � p1• Therefore, we do not have to worry about derivatives of logz(C�1) in 
Theorem 7. 1 ,  and we conclude that 

0 0 -
00 ( 8 )  (j) - (j) 

<(Ji t ,  . . .  , (Ji)p(h) - I: _ I: � V (Y ) .  
j = 0 y(J) G-covering .91 91 uS .9191 

(7. 1 9) 

Every fU> contributing to the right-hand side of (7. 1 9) G-covers de,· Thus Y(j) 
contains a C-connected tree passing through d. (The statement that a 
C-connected set X passes through d means that each site i E d is either contained 
in X or in a set c�> with the property that c�> C X.) As in the proof of Lemma 5.2 it 
then follows that 

(7.20) 
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where T(i1, • . •  , in) is the shortest tree containing d. The details of the argument 
leading to (7.20) are a little lengthy, but straightforward. We only remark that (7.14) 
is used to insure that (}z, the minimum distance between points in d0,, is much 
larger than d�� � r)/2 + 4dp, -1, the largest possible diameter of a c�) intersecting do,· 
Repeating the arguments leading to (7. 10) and (7. 1 1) and using (7. 17) we get the 
following result. 

Theorem 7.2. Let ii = (}xi, j = 1 ,  2, . . .  , n, with (} = (}0 + l, l = 0, 1 ,  2,  . . . . With proba­
bility P((}0) � 1 - n(c"e)2Po, 

l (uh ; . . . ; u;)p(h) l � c1(n !)1 + e' exp [ - c2mi T(i1, • • •  , in) I] , 

for some finite constants c1 (depending on x 1 , . . .  , Xn and (}0) and c2, and some 
small e'. 

It follows that, with probability 1, (u; , ;  . . . ; u ;)p(h) has tree decay with decay 
rate M � const · m > 0, provided H p is sufficiently large. 

A simple application of the ergodic theorem shows that M is almost surely 
independent of the chosen sample, h. 

8. Extensions to Other Models 

Many of the features of our expansion method are model-independent, and we 
show here how to treat some other disordered systems. We consider two random 
Ising models. The first has randomness in the nearest-neighbor couplings J;i as 
well as (possibly) a random magnetic field, and we consider the high-temperature 
regime. The second has a random Jii but typically Jii � J> O ;  we take zero 
magnetic field and low temperatures. Altogether we will have treated the three 
basic types of expansions for Ising systems - large magnetic field, high tempera­
ture, and low temperature expansions. 

We remark that a much simpler high temperature expansion can be given if IJii l 
is never larger than a fixed constant. For then the standard high temperature 
expansion exp (:LPJ;p;ui) = :L D (ePJija ,a; - 1) converges for p sufficiently small 
(depending on the range of J;). However, the temperature domain for convergence 
is unnecessarily restrictive, and deteriorates as the range of Jii increases. We 
consider Jii's taking arbitrary real values, yet obtain a convergent expansion for 
O � p � p0, with Po > O. 

Similar remarks apply to the low temperature case, where a standard Peierls 
expansion can be given if 0 < C < Jii· The domain of convergence disappears as 
C --+0, whereas we consider Jii's taking arbitrary real values. 

High Temperature Spin Glass 
This model is defined as follows : 

[A]J, h = :L A(u) expP [ :L J;p;uj + :L h;u;] · 
{ai)iEA ( i, j) C AuiJA i EA  

(A) J, h  = [A]J, J[1]J, h . (8 . 1) 



1 74 J. Frohlich and J. Z. Imbrie 

The observable A is as before, a is specified arbitrarily in A c. The measure for the 
h;'s is an arbitrary probability measure, except that the h;'s are independent and 
identically distributed. We take independent, identically distributed Jii's also, 
Gaussian, with ( J;) =l,  ((J;i - J)2) = LJ2. 

We expand only the Jii's that are not too large, and we require that large Jii's 
are unlikely. By rescaling [3, we can change the scale of the 1;/s. Thus it is no loss 
of generality to choose the cutoff at I Jiil = 1 ,  and we require 

_1_ J e-<J-])2f2A2dJ=. e 4,. 1 . (8.2) 
�LJ IJI > l 

For a good high temperature expansion, we need f3 4,. 1  also. 
The singular sets Sk, S): and the singular components C�kJ are constructed 

exactly as in Sect. 2, starting with 

S0 = {j :  IJiil > 1 for some nearest neighbor i of j} . 

The entropy estimates are unchanged. 
As in the model considered in the body of the paper, it pays to be careful about 

what one perturbs about. In each component C�kJ we define amin i C�kJ as the con­
figuration minimizing the energy in C�kl, 

(8.3) 

Then we put Emin(C�kl) = E(amin, C�kl). We do not define amin in S0 because we are 
perturbing about fully disordered spins. However, we need the free energy of a 
site with a fully disordered spin, 

e-pEmin(i) = ePh, + e-Ph; ' i E S'Q 0 (8.4) 

Finally, we define Emin = L Emin(i) + L Emin( c�kl). A similar process yields the i eS8 a, k 
analog of A(amin). We put 

Amin(C�kl) =. exp ( L S;aiin) , i e C�k) 

A(amin) = O Amin(i) O Amin(C�kl) . 
i eS8 a., k 

The cluster expansion consists in writing 

(8 .5) 

for bonds (i,j) c Au 8A such that i or j is in S0 (I Jiil < 1 ) .  Expanding the product 
over such (i,j), we obtain a sum of terms. In each term we define the clusters 
{X�0l, y;,<oJ} as the connected components of S0u { i E A : (i,j) is a bond where 
ePJ,jU,"J - 1  is selected for some j}. As before, we let the X�0l's be the components 
intersecting S0• Resuming all terms leading to the same clusters, we obtain the 
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cluster expansion (3.2), with 

e(x< - 1 >) = 1: :L . n (ef1J,y1'0"j _ 1 ) exp [ . _ :L (fJhi + si)(Ji] 
u iX< - ! )  Uc < t , J) EUc tEX( - 1 )\So 

1 7 5  

· exp [ L - fJJu((Ji(Jj - (J'iin(J'Fin) + k ({Jhi + s;) ((Ji - (Jrin)J 
< i , j) C SonX( - ! J iESonX( - ! J 

n [e - f3Em'n(i)Amin(i)r 1 .  (8.6) 
iEX< - ' l\So 

Here x<- 1) is either an x�O) or a r;,<Ol, and gc is summed over all subsets of bonds 
(i,j) with i orj in St, with i E x< - 1 l,j E g< - 1 luAc, and such that all sites in x<- 1\S0 
are in some bond in gc. 

We prove estimates (3.7), (3.8) for these cluster activities, with m =  1/2 1 log2fJI 
- 2v log2, and with an extra 1�1 ! on the right-hand sides. First, consider � = f/J. 
Note that e(x< - 1 >) is an expectation of 

L . n  (ef1J,jO"iO"j _ 1) exp [ . . :L - fJJii((Ji(Ji - (Jrin(J'Fin) 
Yc < t , J)EYc < t , J) C SonX( - ! J 

+ k ({Jhi + s;) ((Ji - (Jrin)J (8.7) 
iESonX< - ! J  

in  a normalized measure _!_ exp [ _L ({Jhi + si)(Ji] on (Jig< - 1\S0. [The last 
N iEx< - 1 >\So 

factor in (8.6) is the normalization.] A factor 2 1x< - l > nSo l provides the normalization 
for the uniform measure on (Jig< - 1 >nS0, thus we take the supremum of (8.7) over 
all (J1x< - 1 l. The exponential is bounded by exp ( :L_ si( (Ji - (Jrin)) � e2� by 

iES0nx< - t J  
definition of (Jmin. There are at most 2v iX< - 1\So l bonds that can appear in g0 hence 
at most 22v lx<- '>\So l possible graphs gc. We bound efJJ'jO"iO"j - 1  by 2{3, for small {J, and 
there are at least 1/2 1%< - 1 l\S0 1 such factors. This proves (3. 7), (3 .8) for � = f/J. In 
general, taking s-derivatives generates truncated expectations in the measure on 
(Jig< - 1\S0. As in Sect. 6, these are expanded into at most 2 1BII\So i i�\S0 1 !  terms, each 
of which is a product of ordinary expectations involving derivatives of (8. 7) and (Ji, 
i E �\S0. We use the bounds 

/(!) (8. 7) 1 � 21BIInSo i21X< - ' lnSo l e2�e - miX< - 1 l\So l 
OS 3/lnSo 

and I(Jil � 1. Thus we obtain (3.7), (3 .8) with an extra 1�1 ! .  
We proceed from the basic expansion (3.2) as in Sects. 3-4 - these steps are 

essentially model-independent, as long as (3.7), (3 .8) hold. As in the discussion after 
(3 .9), we consider new clusters which overlap, but do not intersect, some C�kl (they 
contain nearest neighbor sites to qkl). These cluster activities are defined by (8.6), 
but we pretend that the C�kl's overlapping but not intersecting x< - 1 l are in Ac and 
we fix (J = (Jmin there. [Note that if x<- 1 l abuts Ac, then e(x< - 1 >) depends on liJor 
iE%<-ll, jEX<-l luAc.] These new cluster activities are precisely the ones that 
would arise from the expansion of unnormalized expectations of products of 
characteristic functions xmin( qkl) setting (J = (Jmin in C�kl. This is important so that 
the formula (6.2) for z(qkl) - 1  will hold. 
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The exponentiation of clusters avoiding singular regions and extraction of 
activities of singular regions are as in Sects. 3, 4. Even the inductive bounds are 
proven as before. We actually proved (5. 1) without the l£?81 ! on the right-hand side ; 
now with 1881! in (3.7), (3.8) we obtain precisely (5. 1 ), and no further modifications 
are necessary in the estimates. 

Estimates and formulas for z(C�kl) are proven as in Sect. 6. We need only 
remark on how the measure < · )  J , h , E&k), which plays the role of < ·  )h , c&k) in (6.2), is 
defined. We simply take the original measure, set Jij = 0 for < i,j) E ac�k), and 
restrict it to spin configurations in c�k). Then when expanding [1JJ, h, C&k) or 
[xmin(C�kl)J,, h, E&k) , we produce only clusters contained in C�kl, as required by the 
definition of z( c�kl). 

The final result is a formula analogous to (4. 1 3) :  
OCJ 

log [A]1 ,h = L:c log(eflh , + s, + e - flh , - s,) + L: [ .4: logz(C�l) + � yUl( fUl)
J

. 
i ESo j = o a : C�) csy y(J) 

(8.8) 

We apply s-derivatives to obtain expectations, and estimate the result as in Sect. 7. 

Derivatives at i E S0 produce expectations of (J; in the single-site measure � eflh''", 

instead of (Ji'in, which was produced in Sect. 7 .  Still, the term is bounded by 1 ,  and 
the remaining estimates are identical. Thus we obtain the following theorem on 
decay and boundary condition independence of expectations. 

Theorem 8.1 .  Let {J be sufficiently small. Then, with probability 1 ,  the limit 

lim <(J;, ; . . .  ; (J;)pjJ, h) = <(J; , ;  . . .  ; (J;)p(J, h) 
A ? 7lV 

exists and is independent of boundary conditions, for arbitrary { i1, . . .  , in} . The 
approach to the limit is exponential. Furthermore, the correlations 
<(J; , ;  . . .  ; (J;)p(J, h) have almost surely tree decay, with decay rate 
M � const llog{JI > 0, in the sense explained in Sect. 1.3, ( 1 . 14), and in Theorem 7.2. 

It is worth noting that the expansion described in this section extends the 
domain of convergent expansions for the fixed Jii, random h; case. We can obtain 
the model considered in Sects. 1-7 by putting J = 1 ,  Ll = 0. Then S0 = f/J and we have 
an expansion no matter what H =(hf) 1 1 2 is, for sufficiently small {J. The expansion 
before worked for large H, in particular H such that e2vfJ-V2rteHfl � 1, with e small. 
Altogether the hatched region in Fig. 3 is covered. 

H 

Fig. 3 
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Near the H = 0 axis, and at low temperatures, there is a possible ordered phase 
[model ( 4 ') in the Introduction] . Of course, when H = 0 there are convergent low 
temperature (Peierls) expansions for the ordered phase. 

Low Temperature, Predominantly Ferromagnetic Spin Glass 

This model is defined in terms of 

[A]1 = L: A(a) expfJ [ L: l;p;aj] ' 
{u;};eA ( i , j) CAu clA 

(8.9) 

and we put a; = 1 for i E Ac (symmetry breaking boundary conditions). We assume 
v � 2 so that a Peierls argument can work. We again take independent Gaussian 
Jij's, with Jij = J, (Jij - J)2  = Ll 2 . By scaling [3 we can assume J� 1 .  We require 
that Ll be small, in particular Ll 2 < (K[J) - 1 for some constant K. Thus small or 
negative Jij's  are unlikely. For a good low temperature expansion, we need [3 � 1 ,  
too. 

We must make some modifications in the constructions of singular sets. 
Starting with S0 = {j: Jij < 1/2 for some nearest neighbor i ofj}, we go through the 
constructions as before, but with a modified notion of volume. For X c 7Lv we 
define 

vol (X) = Card X + [ . . L: fJIJ;j iJ , 
( t , J ) CX , J;j < O  

(8. 10) 

where the brackets denote integer part. This allows for the especially poor 
estimates we expect for clusters containing antiferromagnetic bonds. Thus in (2.2) 
or in other appearances ofvol (X) or lXI ,  we use (8. 10). The proof of Proposition 2. 1 
(entropy bound and minimal volume bound) goes through with this new definition 
of volume. 

As before, we must verify that the volume factors (from entropy bounds or 
estimates on cluster activities) can be dominated by the small probability of 
occurrence of singular sets. Let C c 7Lv. The probability that C is a component, C�l, 
of S't is bounded by 

3v CardCe - N2/8L12e - Ntf2L12 exp (- � L llij l) :;;;; (;vol (C) ' (8. 1 1 ) 2Ll ( i , j) C X, J;j < O  

where �:--+0 as Ll --+0. The first factor allows us to choose which of the at most 
v Card C bonds in C have Jij < 0, which have 0 :;;;; Jij < 1/2, and which have 1/2 :;;;; Jij. 

1 1/2 
On the second class (N2 bonds) we estimate 1 ;:,:: J e - (J - W!ZL12d] by e - 112L12 ; on 

V 2n Ll o 
1 

the first class (N 1 bonds) we estimate 
�

Ll 
e - <J - 1 )2/2L12 by e-<1 + Z IJ I J/ZL12 • Allowing 

a combinatoric factor e iJ I /ZL1 2 to control the J-integral, we obtain the left-hand side 
of (8 . 1 1) . This is bounded by Bvol (CJ because N1 + N2 � 1/2 Card C. 

The next step is to produce an expansion analogous to (3.2). We start by writing 
a contour expansion without regard to singular regions with poor bounds. We 
define O"min = 1, Emin = - L l;j, and A( O"min) = exp ( L: s;) . Given a spin 

( i , j) C L1 u8Ll i E Ll  
configuration, let r denote the set o f  sites i n  frustrated bonds (bonds ( i,j) such 
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that a;ai = - 1). Let {y1,} denote the connected components of r - connectedness in 
the nearest neighbor sense. These are the contours of the configuration. We label 
each component of yc with a boundary condition, + or - , to indicate the sign of 
spins in y adjacent to those components. 

In order to avoid unpleasant constraints arising from matching of boundary 
conditions of contours, and to treat the effect of contours on the observable, we use 
collapsing expansions, emphasized in [8] . The spin configuration is resummed in 
minus components of yc to produce a partition function with minus boundary 
conditions. We multiply and divide by the corresponding partition function with 
plus boundary conditions, and contour-expand the one in the numerator. 
Continuing the process, we obtain a contour expansion, where each contour y has 
+ boundary conditions on the component of yc containing Ac, and where for each 
minus component of yc there is a corresponding factor of a ratio of partition 
functions, minus over plus. 

The result is the following expansion : 

where 

[A]1 = A(amin)e - PE=In L fl r(yl') , (8. 1 2) 
(y/L} I' 

r(y) =  I: exp [I; s;(a; - 1) +  I: f3J;i(a;ai - 1)] a i y compatible with y i e y  ( i , j) C y  

• fl [A(V,)]J, Vv (8. 1 3) 
V [A(V,)JJ. Vv 

• 

For a to be compatible with Yc, it must equal 1 on the boundary of the component 
of y< containing A c, and it must be constant on the boundary of every component of 
yc. Furthermore, each i E y must be in a frustrated bond (i,j) with a;ai = - 1 .  The 
components of yc with minus boundary conditions are denoted { V,}, and we have 
defined 

[A(V.)Ji. vv = L exp [ L S;a; + L f3J;p;aj] · (8. 14) 
{adievv : a  = ::1:1 for ieOVv i E Vv ( i , j) C Vv 

The contour activities obey the bound 

. lr(y) l � ec vol (y)e - tP iy\So l . . (8. 1 5) 

Each frustrated bond (i,j), i e y\S0 yields a factor e - 2P1'i � e - P1'i. Changing 
variables, a--+ - a, in [ A(V.)]J, Vv• we see that each ratio is really an expectation of 
exp [- 2  .L  s;a;J 

in an appropriate measure. Hence it is bounded by 
z e Vv 

exp [ . I: 2 ls; IJ
, and all the ratios and s-factors are bounded by e2�. The spin sum 

I E Vv 
produces a factor 2card y. Each frustrated bond ( i,j) C ynS0 produces a factor 
e - 2P1'i, which is less than 1 if Jii � O, less than e2P 1Jii l if Jii � O. Hence (8. 1 5) holds 
with our modified definition of volume. 

Differentiation with respect to s-parameters are treated in a manner analogous 
to that in the high temperature spin glass, since derivatives of the ratios in V. 
produce truncated expectations of exp [- 2  

.I: s;a;J with a;'s. The only new 
z e Vv 
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feature is an extra factor 2 1&11 1 to allow for the choice of differentiating the 
observable exp [- 2  .2: S;(J;

J 
or the measure 

l E Vv 

Thus we have 

([A( V.Hi v. ) - 1 exp [ I: S;(J; + 2: fJJ;p;(JjJ · ' v i e Vv ( i , j) C Vv 

l(:
s
) /(y) l � ec vol (y)e - tfl l y\So i 4IBII I \� \ ! . (8 . 16) 

We now obtain the standard form (3.2) for our expansion by summing (8. 12) 
within C-connected sets x<O) or y<o>. We have 

Q( Y<0>) = r( Y<0>) ,  
g(X(O)) = L n r(y p) . (8. 17) 

{y,} filling X(O) Jl 

We obtain (3 .7), (3 .8) for these cluster activities, with 2 1&11 1 replaced by 4 1BII I \.98\ ! and 
with 2 1X(OlnSo l replaced by ec vol (X(OJnSo). Thus 

l(:
s
t Q(X( - 1 )) 1 � 41&11 1 \.98 \ ! ec vol (x< - 1 l nSo)e -m lx< - 1 l\So l , (8. 1 8) 

with m = {3/2 - c. The combinatorics of the sum over {yp} in (8. 17) is by now trivial ; 
the combinatoric factors are bounded by ec card (x <o>> � ec voi (x <o>>. The large decay 
!f31X<0\S0 \ allows the replacement of vol(X<0>) with vol (X<0\S0). The modifica­
tions in (3.7), (3.8) do not affect the estimates in Sect. 5 much ; in particular, we still 
obtain (5. 1 )  with 4IB11 I replacing 2 1BII I . 

We can proceed with the expansion as in Sects. 3 and 4. Some new clusters are 
considered which as always are the ones resulting from an expansion of 
unnormalized expectations of products of characteristic functions in C�k>'s. In this 
case we have xmin(c�k)) setting (J = 1 in c�k), and the new clusters can contain sites in 
oC�k> Gust as if C�k> were part of A c). We obtain then the formula (6.2) for z( C�k>) - 1

, 
only < · )h, C�k) is replaced with < · )1, c�k> ·  The latter is defined by restricting the 
original measure to configurations with (J =  1 in oC�k>u C�k>c, so that only clusters 
contained in c�> arise in the reconstruction of z( c�k)) - 1 . 

The end result is the expansion 
CX) 

log [A]1 = I; s; + 2: f3Jij + 2: [ 2: logz(c�>) + L vwc yu>)J , 
i ( i , j) CAui!A j = O  a : C!jl C Sf Y<il 

(8. 19) 

from which we easily obtain expectations by differentiating with respect to the s;'s. 
We find that the expectation of a single spin is strictly positive, with high 
probability (symmetry breaking), as well as our usual results about decay of 
truncated functions. 

Theorem 8.2. Choose f3 sufficiently large. Then, with probability 1 with respect to J, 
there is nonzero spontaneous magnetization, and connected correlations have tree 
decay, with decay rate M � const · f3 > 0, in the sense of Sect. 1.3, ( 1 . 1 4). 
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