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1. Introduction

We are concerned with the spectral theory of canonical differential systems, which
we write in the form

dYy

Y JH ()Y, <z<
&~ wHEY,  O0sz<d (1.0.1)
Yl(O,Z) =0.

We assume that H(x), the Hamiltonian, has 2m x 2m selfadjoint matrix values,

J = [I?n Iﬂ . Y(2,2) = ng;’jﬂ , (1.0.2)

where Yi(z, z) and Ya(z, z) are m-dimensional vector-valued functions, and z is a
complex parameter. It is assumed throughout that || H (z)|| is integrable on [0, £].
In a natural way, we shall define L?(Hdz) as a Krein space of (equivalence classes
of) 2m-dimensional vector-valued functions with inner product

‘
(ol = [ HOHOAE dt
0
Let W (x, z) be the unique 2m x 2m matrix-valued function satisfying
d
—W:inH(x)VV, 0<a <Y,
dz
W(O, Z) = Igm .
The eigentransform for (1.0.1) is defined by V f = F,

(1.0.3)

£
Plz) = /0 [0 L] W*(z,2) H(x)f() da,

for any f in L?(Hdwx). For fixed f, F = V f is an m-dimensional vector-valued
entire function.

Our purpose here is to construct inner products (-, -).. on vector-valued entire
functions such that (fi, fa) ; = (F1, F»),. for suitable transform pairs F; = V fi,
Fy = V fy. The quantities 7 used to define such inner products are constructed
with the aid of boundary conditions at the right endpoint of [0, ], and they are
called pseudospectral data for the system (1.0.1). In general, we allow Hamiltonians
satisfying H(xz) = H*(x) a.e., and the inner product (-,-). is indefinite. In the
definite case, that is, when H(x) > 0 a.e., L?(Hdx) is a Hilbert space, and the
inner product identity becomes

¥/ o)
t/ﬁ@memm:/A@mwmmux (1.0.4)
0 —00

where 7(z) is a nondecreasing m x m matrix-valued function of real xz. However,
(1.0.4) is not asserted for all fi, fo in L?(Hdz), and in general V is a partial
isometry. For this reason we call 7(x) a pseudospectral function for (1.0.1). We
call 7(x) a spectral function if V' is an isometry. In some cases, the pseudospectral
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functions that we construct are spectral functions. These results appear in §4
and depend on properties of eigenfunctions and resolvent operators for constant
boundary conditions.

Basic notions of eigenfunction and resolvent operators relative to variable
boundary conditions are introduced in §3. With variable boundary conditions, in
the definite case H(z) > 0 a.e., in place of (1.0.4) we have the weaker result that

/ZF*( )dr / £ V() da (1.0.5)

whenever F' = V f for some f in L?(Hdx).

This paper is a continuation of our study of indefinite generalizations of
some results of [15]. It differs in two key ways from our previous work. Whereas
operator identities and the inverse problem are central in [10, 11, 12], here operator
identities do not appear, and we are concerned now with the direct problem.
The approach using eigenfunctions is similar in spirit to Atkinson [2, Chapter
9] but is technically different. Our methods are most closely related to A. L.
Sakhnovich [13]. The study of canonical differential equations is a large and old
one and owes much to fundamental work of L. de Branges and M. G. Krein. For
different approaches, historical remarks, and many additional references, see Arov
and Dym [1], de Branges [3, 4], Gohberg and Krein [5], Kaltenbdck and Woracek
[8], and the second author [14, 15].

2. Preliminaries

Assume given a system (1.0.1) where H(z) is a measurable 2m x 2m matrix-valued
function satisfying

(i) H(z) = H*(x) a.e. on [0,4];

oyl

(i) fo [1H (@)]| do < oo; .
(iii) the only g in C™ such that H(z) {g] =0a.e.on [0,/ is g = 0.

In the definite case, that is, when H(z) > 0 a.e., (iii) is equivalent to:
Hu(l‘) le(.’lf):|
Hiy(x) Ha(x)|

In fact, if (iii’) is false, we can find g # 0 in C™ such that Has(x)g = 0 a.e. on
[0, £]. Hence for any x such that H(xz) > 0 and any u € C™ and z € C,

(iii’ fo Hos(t) dt > 61, for some § > 0, where H(z) = [

0< [Z;} H(x) [Z;} =r?A+re B+ re?B,

where z = re, A = w*Hyi(z)u, and B = u*Hjo(x)g. This is only possible if
B = 0. Since v is arbitrary, Hi2(z)g = 0, and hence (iii) is false. Thus (iii) implies
(iii"). The reverse implication is easy and omitted.
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2.1. Fundamental solution

Let W (x, z) be the unique solution of (1.0.3). In standard terminology, this is the
fundamental solution of (1.0.1) whose value for 2z = 0 is the identity matrix. For
fixed x in [0,¢], W(z, z) is an entire function of z satisfying

W*(x,2)JW (x,2) = W(z,2)JW*(x,2) = J (2.1.1)
for all complex z. The Lagrange identity
W*(z,w)JW (z,z) —J
i(z —w)

/093 W (u, w)H (u)W (u, z) du = (2.1.2)

holds for all z in [0,¢] and all complex z and w. When w = %, (2.1.2) becomes

/0 W, D) H ()W (w, 2) du = i Wi (2, ) TW (2, 2)

=—iW(z,2)" Wi (z,2), (2.1.3)
where W (z,2z) = dW (x, 2)/dz. For by (2.1.2) and (2.1.1),

x

/05” W*(u, 2)H(u)W (u, z) du = lim W* (u, w)H (u)W (u, z) du

w—Zz 0

W(z,w)* W (x, z) — W(x, 2)*JW (z, 2)

= 1.
Wk i(z — w)
=3 [lim Wiz, w) — I_/V(x,z)} JW (z, 2)
w—z w—Zz

=i Wi(x, 2)" TW (x, 2),
which is the first equality in (2.1.3). The second equality follows from the first on
taking adjoints and replacing z by Z.
Throughout the paper we write
_wrr s = |az) b(z)
A(z)=W*(,z) = [c(z) ()| (2.1.4)
Here a(z),b(2), ¢(2), d(z) are m x m matrix-valued entire functions. By (2.1.1) and
(2.1.3), for all complex z,

a(2)b*(2) + b(z)a*(z) = 0, a*(z)e(z) + ¢*(2)a(z) = 0,
a(z)d*(2) + b(2)c*(2) = I, a*(2)d(z) + c*(2)b(z) = L, (2.1.5)
c(z)d*(2) + d(z)c*(2) = 0, b*(2)d(z) + d*(2)b(z) = 0,

and
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2.2. Transform V'

Given a 2m-dimensional vector-valued function f, we define its transform F' =V f
as the m-dimensional vector-valued function

F(z):/o [0 L] W*(2,2) H(x)f(z) da. (2.2.1)

The functions f which we consider here are assumed to belong to the Krein space
L?(Hdz) which is defined below. For each f in L?(Hdz), the transform F = V f
is an entire function with values in C™.

In the definite case, L2(Hdzx) is the well-known Hilbert space of (equivalence
classes) of 2m-dimensional vector-valued functions f on [0, ¢] with

¥
112 = / FOH@ L) dt < .

To define L?(Hdzx) in the general case, we write H(z) = H, (z) — H_(x), where
H, (z) are measurable functions on [0, ¢] such that Hy(x) > 0 and Hy (z)H_(z) =
0 a.e. As a linear space L?(Hdw) is defined to be L?((H, + H_)dx). This is a Krein
space in the inner product

V4
Urfob g = / f@H@) [ () de,  fu fo € L2(Hdz),

We have L?(Hdz) = L?(H,dx)® L*(H_dx), and this direct sum is a fundamental
decomposition. Two elements f; and fo of the space are considered identical if
H(x)[fi(x) — fi(z)] = 0 a.e. The elements of L?(Hdx) are thus cosets, but in
the usual abuse of terminology we treat L?(Hdz) as a space of functions. We use
standard notions of orthogonality, continuity, and boundedness for operators on a
Krein space.

Proposition 2.2.1. Let G(z) = [F(z) — F(20)]/(z — 20) where F = V f for some
f € L?(Hdx) and some zg € C. Then G = iVg, where g(x) = g(x,2) is the
unique solution of

d
ﬁ:izOJH(x)g—l-JH(a:)f, 0<z<Y,
g9() = 0.

The equation (2.2.2) is solved by setting g(x) = W (z, 20)U(z). We get

(2.2.2)

¢
g(x, z0) = —W(x,zo)/ W (t,20) " JH(t) f(t) dt. (2.2.3)
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Proof. The Lagrange identity (2.1.2) can be used to show that

14 («I ZZ): - 17 ZO — / W* U/ Z )W(U,ZQ) du JW*(x,ZO)
— <0

Thus by (2.2.1), G(2) = [F(2) — F(20)]/(z — z0) is given by

V4 * 7) — * Z
G(Z) :/0 [0 Im] w (tv ) w (tv O)

zZ— 20
L pt
=—i[0 I,,] /0 /O W (u, 2)H (W)W (u, 20) du JW*(t, Z) H(t)f(t) dt.

H(t)f(t) dt

On interchanging the order of integration and using the second equality in (2.1.1),
we obtain

L L
Glz) = —i /O [0 L] W (u, 2)H (u)W (u, 20) / W (t, )~ JH(®) f(1) dt du.

By (2.2.3), G(z) = Zfo [0 I ]W*(u, Z)H (u)g(u, z9) du, that is, G = iVyg. O

2.3. Nevanlinna pairs

By a Nevanlinna pair we mean a pair R(z), Q(z) of m x m matrix-valued functions
which are analytic on a region Qg o containing C; U C_ such that

(i) R*(2)Q(z) + Q" (2)R(z) = 0 on Qg q; )

(ii) the kernel i[R*({)Q(2) + Q*(¢)R(2)]/(z — ¢) is nonnegative on Qg q.
When R(z) = R and Q(z) = @ are constant, Qr o = C is the complex plane.
Proposition 2.3.1. Let R(z),Q(z) be a Nevanlinna pair of functions analytic on

Qr,q such that c(z)R(z) + d(2)Q(z) is invertible except at isolated points. Then
the meromorphic function

v(z) =i [a(z)R(2) + b(z)Q(2)] [e(2) R(2) + d(2)Q(2)] " (2.3.1)

satisfies v(z) = v*(2) at all points of analyticity. If K(z) = c¢(2)R(2z) + d(2)Q(2),
then

W) = Q) _ pegy1 ROQE +QORE)
- © e ®
L
[ v eorawe.s)|

for 2, € Qr.q such that z # ( and K(z) and K({) are invertible.

I( )] it (2.3.2)

—iv(z

Proof. By (2.1.2) and (2.1.4),
/é W*(t, O)HHW(t, 2) dt = M)m—@_‘]
0 i(z—¢)

Hence
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—iv(z)

] AC)JA(2) — J { I }

_ /0 ‘ [ ()W (L OHOW(t, 2) [—h{(z)} dt.

Breaking the left side into two parts and rearranging terms, we obtain

1] )

o) = (Q) _ —iv(:)
i< i~ Q)
1 i @O E)| )
- )

14
. . I
+ /0 [T w*(O]W*(t,Q)H ()W (t,z) [iv(z):| dt. (2.3.3)

Recall that K(z) = c(z)R(z ). In addition, set H(z) = a(z)R(z) +
b(2)Q(z). Then by (2.3.1), v(z) = iH(2)K(2)~!. By (2.1.4),

O] - R iaed] e [50)

N —
S

C o~
N
~—
—~
N

and therefore

g 5 =[5

By (2.1.1), 2(2)JU*(2) = J. Hence A(z)~! = JA*(2)J and

Bgzﬂ K(z) ! = (z) ! {_“}(3)] — JA(2) {_mf (Z)].

Thus by (2.3.3),

o) =0 (Q) _ iv(2)
2= ¢ i(C - 2)
L
+/O [ i (Q]W*(t, OH W (¢ z)[ ig(z)] dt
KO RO Q@)K
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—1 R(O"Q(2) + Q(O)"R(2)

=K*(¢ — K(z)!
© . (2
¢
- * I
[ 1w eorowes| o]
which is (2.3.2). The identity v(z) = v*(Z) is easily deduced from (2.3.2). O

3. Systems with boundary conditions

Let R(z),Q(z) be a Nevanlinna pair of functions analytic on Qg ¢ such that
c(z)R(z) + d(2)Q(z) is invertible except at isolated points. We study the eigen-
functions and resolvent operators for the system

%:inH(x)Y, 0<x </,

Y1(0,2) =0, R*(Z2)Y1(¢,z) + Q% (2)Ya2(4, z) = 0,

(3.0.1)

where z € Qp o and the Hamiltonian H (x) satisfies the conditions in §2.

3.1. Eigenfunctions and resolvents
Consider a system (3.0.1) with Hamiltonian H(x) = H*(z).

Definition 3.1.1. For every ¢ € Qg g, let £¢ be the linear subspace of L?(Hdx)
consisting of all solutions of (3.0.1) with z = (.

We call a point ( € g ¢ an eigenvalue for (3.0.1) if £, contains a function
Y (z,¢) such that Y # 0 as an element of L?(Hdx). In this case, we call any such
Y an eigenfunction and £ the eigenspace for the eigenvalue (.

Proposition 3.1.2. For any ¢ € Qg q, £¢ is the set of functions of the form

0
Y(z,() =W(x, , cr,
@0 =Wl ge .-

[R*(O)e"(O) + Q" (C)d*({)]g = 0.
Hence £ = {0} except at isolated points of Qr.q.

Proof. Let Y =Y (z,() € £¢, and set
_ [Y0,01 _[g
v0.0=16.6) = o)
Since dY/dx = i(JH (2)Y on [0,£] and W(0,¢) = Iom,

V()= Wia.0)|f].
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The condition Y7 (0, ¢) = 0 says that § = 0, so

Y1(4,¢) Q) < (Q]0] _ [¢*(Qg
[ Ya(£,¢C )] { b(0) d*(<)} { } - [ *(C)g]
From R*(C)Y1((,¢) + Q*(C)Y2((,¢) = 0, we get [R*(C)c*(¢) + Q*(Q)d*({)]g = 0.
Thus Y has the form (3.1.1). These steps are reversible. O

Lemma 3.1.3. Let ¢ € Qg . Assume that R*(¢)R(¢)+Q*(0)Q(C) and R*({)R(¢)+
Q*(C)Q(C) are invertible. Set

M, = ran [ggg] and Mg = ran [gggﬂ (3.1.2)

Then dim M = dim Mg = m, ZMCL = JM¢, and MC—L = JM;.

Proof. Our assumptions imply that

o[9[ -1

and this implies dim M = dim Mz = m. By the definition of a Nevanlinna pair,
R*(0)Q(¢) + Q*(C)R(¢) = 0, and hence JMg C Mg Equality holds because M
and Mg have dimension m. Similarly, M L= M. g

Lemma 3.1.4. Let ¢ € Qr . Assume that R*(()R(¢)+Q*(¢)Q(¢) and R*(C)R({)+
Q*(Q)Q(C) are invertible. Then c(()R(¢) + d(¢)Q(C) is invertible if and only if

c(Q)R(C) +d(Q)Q(Q) is invertible.

Proof. Suppose that ¢(¢)R(¢)+d(¢)Q(C) is not invertible. Then there is a nonzero
vector g in C™ such that [R*({)c*(¢) + Q*({)d*(¢)]g = 0. Therefore

(8
C*(f ] [C*(C) } n
R*( - € Mz = JM,
[ a(C) d*(C)g ‘
where M and Mg are as in Lemma 3.1.3. Hence there is g1 in C™ such that

) = a0m) =~
Thus by (2.1.5),

[(Q)R(C) + d(Q)Q(¢)]gr = ¢(¢)d" (¢)g + d(¢)e*(()g = 0.
We show that g; # 0. In fact, if g3 = 0, then d*({)g = ¢*(¢{)g = 0, which
by (2.1.5) implies that g = [a({)d*(¢) + b({)c*(¢)]g = 0, a contradiction. Since
c(Q)R(¢) +d(¢)Q(¢) has a nontrivial kernel, it is not invertible. The result follows
on interchanging the roles of ( and (. g

The next result prepares the way for the definition of a resolvent operator in
Definition 3.1.6.
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Proposition 3.1.5. Suppose that z € Qg g and c(z)R(z)+d(2)Q(2) and c¢(Z)R(Z)+
d(2)Q(%z) are invertible. Then for any f € L?>(Hdzx), the system
awv .
%:zzJH(x)V—&—JH(x)f(x), 0<z<{,
V1(0,2) =0, R (Z)V1(4,2) + Q" (2)Va(4,z) = 0,

(3.1.3)

has a unique solution given by
0 I, e -
V(z,z) =W(x, z){ [0 —iv(z)] /0 W*(t,2)H(t)f(t) dt

0 0 Lo
i [—Im —w(z)] /x W (t, 2)H(1)f(t) dt}, (3.1.4)
where v(2) is defined by (2.3.1).

Proof. If a solution V (x, z) exists and V(x,z) = W(z,2)U(z, z), then by (1.0.3)
and (2.1.1),

dU

= Wiz, 2) " JH(z)f(x) = JW*(x, 2)JH (z) f (),

and so

Ulz, =) = U(0, 2) +/OI JW* (2 H() f(2) dt. (3.1.5)

The boundary condition V1(0,z) = 0 and relation V(0,z) = W(0,2)U(0,2) =
U(0, z) imply that Uy (0, z) = 0, and hence

0
U(0,z) = {Uz(()’Z)]. (3.1.6)
The boundary condition R*(Z)V1(¢, z) + Q*(2)Va(¢,z) = 0 can be written in the

form [R*(z) Q*(2)]V(¢,z) = 0. Here V({,2z) = W({,2)U(¢, z), and so by (2.1.4),
(3.1.5), and (3.1.6),

= [R*(2)a*(2) + Q*(2)b"(2) R*(2)c*(2) + Q*(2)d"(2)]-

' { {Uz(%,z)] - /OZW(tv@_lJH(t)f(t) dt}.
By (2.1.1),

0=[R*(2)a*(2) + Q*(2)b"(2) R*(2)c*(2) + Q*(2)d"(2)]-
L
J

' {[U2(%,z)} * W*(t,2)H(t) f(t) dt}
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= [R*(2)c"(2) + Q"(2)d" (2)]U2(0, 2)
+ [R*(2)a*(2) + Q*(2)b*(2)  R*(2)c*(2) + Q*(2)d"(2)]-
- / W () (1) .
0

Solving for Us(0, z), we get

U0, 2) = — /W (£, 2)H(6) (1) dt,
where ¢(2) = i(—1)[R*(2)c"(2) +Q"(2)d" (2)] T [R* (2)a™ (2) + Q" ()" (2)] = iv*(2),
that is, ¢(z) = iv(z). Thus
¢
U0, 2) = {_Z_S(Z) _%JJ /0 Wt 2 H () f(2) dt. (3.1.7)
Then by (3.1.5) and (3.1.7),
V(z,z) = W(ac,z){ {w ] / W*(t,2)H(t)f(t) dt

! [Igl I(;]J /O W*(¢,2)H (1) (1) dt}
- W(%z){ {—w ] / W (b, 2) B (1) (1) dt
" [_“’Z —1, ] / w2 ()dt}

:W(x,z){{g _i}mz]/zW*(t,z)H(t)f(t) dt

+[_m o ]/W*tz ()dt}

which is one direction of the theorem. The other direction follows on reversing the
steps. [l

Definition 3.1.6. Let 2, be the maximum domain of analyticity of the function
v(z) defined by (2.3.1). For each z in €,, define a resolvent operator B(z) on
L?(Hdz) by

B(2)f = V(x,2), f € L*(Hdx), (3.1.8)

where V(z, z) is given by (3.1.4).

The domain €2, contains all removable singularities of (2.3.1) as well as real
intervals across which this function has an analytic extension.
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Proposition 3.1.7. The resolvent B(z) is analytic as a function of z, has compact
values, and satisfies B*(zZ) = —B(z) on Q.

Proof of Proposition 3.1.7. The fact that B(z) is analytic and has compact values
follows from (3.1.4). We show that B*(Z) = —B(z). First use (3.1.8) and (3.1.4)
to write B(z) = By(z) + Ba(z), where

Bi(2)f = W(z, 2) [8 _Z.Iv"éz)} /O W*(t,2)H () f(¢) dt, (3.1.9)

l
Bg(z)gW(x,z)[_(}m _ig(z)] / W*(t, 2)H(t)g(t) dt, (3.1.10)

for any f,g € L?(Hdx). By (3.1.9),

¢ T
B = [ s @H@WE) ] w0 d

-/ W OO
where
h(z) = W(z, 2) L?n WO(ZJ /m W () H () g () d
By (3.1.10),

hz) = —W(z, ?) {_(I’ _ig(z)} / W 2V H ()9 () i = —Ba(2)g.

Therefore B (z) = —By(Z), and the assertion follows. O

Proposition 3.1.8. For each f € L*(Hdx) and z in Q,,
WB(2)f, [)y = F*(2)v(2)F(2) + il f(2), (3.1.11)

where F(z) is given by (2.2.1), and

L
Ii(z) =-Ty(2) = /0 -/0 [ @)M(x,t,2)H(t)f(t) dt dx,

W(a:,z)[g Iﬂw*(t,z), v >t

Mz, t,z) =
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Proof. By (3.1.8) and (3.1.4),

By = [ F@HEWE z>{[8 ) [ aamr a
+[_m o ]/W*tz f()dt}dx.

The parts of the two integrals on the right containing —iv(z) combine to give

B = [ rerewea{[s 0] [ wesroma

+[8 Iﬂ / W*(t,2)H(t)f(t) dt

{ }/W*tz f()dt}dx

= —iF"(z / / (= M(z,t,z)H(t)f(t) dt dx.
This yields the formula for T's(z) in (3.1.11). The equality T';(z) = —T';(Z) follows
from the identities B*(Z) = —B(z) and v*(Z) = v(z). O

3.2. Definite case: V' as a contraction operator

We again assume given a system (3.0.1), but now in addition we assume that
H(x) > 0 a.e. Then L?(Hdz) is a Hilbert space. There are no nonreal eigenvalues
in this case (Proposition 3.2.1). We derive a Cauchy representation for the resolvent
and show its consequence for the transform V' (Theorem 3.2.4).

Proposition 3.2.1. If R*(2)R(z)+Q*(2)Q(z) is invertible for every nonreal z, then
(3.0.1) has no nonreal eigenvalues.

Proof. Fix ¢ # (, and suppose that Y (¢, () € £,. We show that Y = 0 in L?(Hdz).
We borrow a formula from the proof of Proposition 4.1.1, which is valid under the
present assumptions as well:

i(c - g/y*tc; W (£,C) dt = Y* (6, O)TY (¢, ¢). (3.2.1)

Define M, and Mg by (3.1.2). The boundary condition at £ in (3.0.1) implies that
Y (4, () is orthogonal to Mg. Since we assume that R*(¢)R(¢) + Q*(¢)Q(¢) and

R*(Q)R(C) + Q*(0)Q(() are invertible, it follows from Lemma 3.1.3 that Y (¢,¢) €
n

= = JM¢. Therefore
- [

for some g € C™. Then by (3.2.1) and the definition of a Nevanlinna pair,
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4 * *
0 i(¢—=¢)
:_fiR(om2+?<omog§0
Since H(z) > 0 a.e., the left side is nonnegative and hence equal to zero. O

In the definite case, it follows from (2.3.2) that
v(z) =i [a(2)R(2) + b()Q(2)] [e(2) R(z) + d(2)Q(=)] " (3.2.2)

is a Nevanlinna function. This means that all nonreal singularities of v(z) are
removable, v(z) = v*(Z) for all nonreal z, and v(z) has nonnegative imaginary
part on C,. Hence v(z) has a Nevanlinna representation

v(z):a+ﬁz+/oo { ! ! ] dr(t). (3.2.3)

o lt—2 142
Here o and 8 are m x m matrices such that « = o*, 8 > 0, and 7(t) is a nonde-
creasing m x m matrix-valued function such that [*_dr(t)/(1+4t?) is convergent.
In particular, the resolvent B(z) is analytic on 2, D CL UC_.

Lemma 3.2.2. For each z € C; and f € L*(Hdz),
Re (B()f, £y = Tm = (B()f, B()) > 0. (3:2.4)
Proof. Without loss of generality, we can assume that c¢(z)R(z) + d(2)Q(z) and

c¢(2)R(Z) + d(2)Q(Z2) are invertible. Then B(z)f = V is the unique solution of
(3.1.3), and thus

IViV)ig,00 = = H@V. Vg 00+ H@ V) 00
=iz(V, V>H +(f, V>H~

Hence
¢
2Re(f,V)y =2Imz(V,V)y, -|—/ [VE(t,2)JV'(t,2) + V" (t,2) IV (t, 2)] dt
0

=2Imz(V,V); +V*(,2)JV (£, z) —V*(0,2)JV(0,2)
=2Imz(V,V); +V*({, 2)JV (L z2),

since V*(0, 2)JV (0, z) = 0 by the boundary condition at 0 in (3.1.3). Let M, and
M: be as in Lemma 3.1.3, so JM, = M;-. By the boundary condition at ,

<V(£,z), {ggﬂgkm =0, geC™

Hence V (£, 2) € M} = JM,, so V(£,2) = [ggz)]gz for some g, € C™. Thus

V*(l,2)JV(L,z) =2Imzg}
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for Imz > 0 by the definition of a Nevanlinna pair (see §2.3). Recalling that
V = B(2)f, we deduce (3.2.4). O

Lemma 3.2.3. The resolvent operators have a representation

iB(2) = /OO G0 L ec,uc, (3.2.5)

o t— 2

where G(x) is a nondecreasing function of real x whose values are operators on
L?(Hdz) such that G(z) = 1 [G(z+0)—G(z—0)] for all real x and [*_dG(t) < I.

Proof. By Lemma 3.2.2 and the identity B*(Z) = —B(z), iB(z) is a Nevanlinna
function and hence has a representation

o 1 t

where C7 = Cf, C3 > 0, and G(z) is a nondecreasing function satisfying G(x) =
1[G(z +0) = G(z — 0)] for all real x such that the integral [ dG(t)/(1+ t?) is
weakly convergent. By Lemma 3.2.2, if f € L?(Hdz),

liBGin)fI13 < § 1By fll | 1

and hence y||iB(iy)|| < 1 for y > 0. It follows that Cy = 0. Therefore

iB(iy) = C1 + / h [ ! t} dG(1)

oo Lty 1412

BN B R
-a [ it ) o

and so

/ Z ﬁiﬁ dG(t) = yTm [iB(iy)].

Since y||iB(iy)|| < 1 fory > 0, [*°_dG(t) < I. The representation (3.2.6) can thus
be written in the form

. B * dG(t) <t

iB(z) = C +[m — _/700 e dG(t). (3.2.7)
Since yl|iB(iy)| is bounded for y > 0, Cy = [*_t(1 4 t*)~' dG(t) and so (3.2.7)
reduces to (3.2.5). O

Theorem 3.2.4. For any f € L*(Hdz),
(B, = [ OO

o t—=z

., zeC,uUC._, (3.2.8)

where T(x) is as in (3.2.3) and F(z) is given by (2.2.1). Moreover,

0o £
/ F*(t)dr(t)F(t) < /O FHOHG)f() dt. (3.2.9)

— 00
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That is, the transform V acts as a contraction from L*(H) into L*(dr).

Proof. Apply Lemma 3.2.3 and Proposition 3.1.8 to write
) < d(G(t)f,

oo t—=z

= F*(2)v(2)F(2) +iT;(2).

By the Livsic-Stieltjes inversion formula, for any a,b, —co < a < b < o0,

(GO) = G@If. g =tim [ I[Pt = i)ele + )Pt + iv)] de

1 b b
Flim 2 [T+ iy) dt = / F*(H)dr () F(2).
ylom J, a
In the last equality the term involving I'¢(z) makes no contribution because I'f(z)
is continuous and real on the real axis. This proves (3.2.8). We deduce (3.2.9) from
the inequality [*°_dG(t) < I in Lemma 3.2.3. O

4. Constant boundary conditions and main results

Our main results construct pseudospectral data and pseudospectral functions for
a system (1.0.1) by considering boundary conditions as in §3. For this purpose it
is necessary to assume that the Nevanlinna pair R(z) = R and Q(z) = @ in (3.0.1)
is constant. In this case, the domain of analyticity of the pair is 2, = C. Thus
throughout this section we assume given a system

dy
— =izJH(2)Y, 0<z </,
dx

Yi(0,2) =0,  RYi(L,2) +Q Ya(l,2) = 0,

where R, are m X m matrices such that R*Q + Q*R = 0, the entire function
c(z)R+d(z)Q is invertible except at isolated points, and z is any complex number.
As usual, we assume that the Hamiltonian H(x) satisfies the conditions in §2.
Notice that R*R + Q*Q is invertible, since otherwise ¢(z)R + d(z)Q cannot be
invertible at any point.

(4.0.1)

4.1. Construction of pseudospectral data

Assume given a system (4.0.1) with Hamiltonian H(z) = H*(x). The goal of this
section is Theorem 4.1.11, which is the basis for the notion of pseudospectral data.
We also derive additional properties of eigenfunctions and resolvents that will be
important for later results.

By Proposition 3.1.2, for each ¢ € C, £, is the set of functions

Y0 = W)  gecn

(4.1.1)

[R*c*(C) + Q7d*(()]g = 0.
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Proposition 4.1.1. For any ¢(1,(2 € C and Y (z,(1) € £¢, and Y (z,{2) € £¢,,

¢
i1 — 52)/ Y*(t, G)H)Y (t,¢1) dt = 0. (4.1.2)
0
Hence £¢, L £¢, if (1 # Ca, and £L¢ is a neutral subspace of L?(Hdx) if ¢ # C.

Proof. By the differential equation in (4.0.1),
¢
i(gl—@)/ Y*(t, )H ()Y (¢, (1) dt
0
¢ ¢
— [V @IiGIHOY (0 d+ [ GIEOY (€)Y 6 6)d
0 0

4
= /O [Y*(t, ) JY (£, C1) + Y (8, G) Y (,¢1)] dt

= Y*(& CQ)JY(& Cl) - Y*(O’ CQ)JY(Oa Cl)
= Y*(£7 CZ)JY(& Cl)»

where at the last stage we used the initial conditions Y7(0,¢1) = Y1(0,¢2) = 0.
Applying Lemma 3.1.3 to the subspace

M = ran {R] cc?m, (4.1.3)

Q
we see that dim M = m and M+ = JM. Since R*Y1(£,(1) + Q*Ya(4,¢(1) = 0
and R*Y1(4,() + Q*Y2(4,() = 0, Y(¢,¢1) and Y (¢,(2) are orthogonal to M.
Therefore Y (¢,{1) € M+ = JM and JY({,{;) € M. Since Y({,(2) € M*,
Y*(¢,(2)JY (£,¢1) = 0. This proves (4.1.2).

The last part of the lemma follows in a straightforward way from (4.1.2),
provided that whenever (4.1.2) is applied with (; = (2 = ¢ then Y(z,¢{1) and
Y (x,(2) are understood to be possibly different elements of £. O

Given a linear operator T' on some linear space and an eigenvalue « for T,
let Ro(T,v) = ker(T — ~I). If R,;(T,~) has been defined for j = 0,...,k, let
Ri+1(T, ) be the set of all vectors f such that (T — ~vI)f € R(T,~). We call
Ro(T,v),R1(T,7), ... the root subspaces for T for the eigenvalue ~.

Lemma 4.1.2. Given a linear operator T with eigenvalue -y,

(i) the subspaces Ro(T,7), R1(T,7),... are invariant for T;
(ii) {0} CRo(T,v) C R (T,) C ---, and if equality holds at one stage, it holds
at all later stages;
(iii) if Ro(T, ) is finite dimensional, so is Rg(T,7) for every k =0,1,2,...;
(iv) if Ro(T, ) is finite dimensional and v # 0, then T is a one-to-one mapping
from R (T,~) onto itself for each k =0,1,2,....

The details are elementary and omitted. We introduce an analogous notion
for canonical systems.
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Definition 4.1.3. Assume given a system (4.0.1) Wlth eigenvalue (. Let E(O) £

be the correspondmg eigenspace. If the subspaces 2 S(k) have been deﬁned
let £(k+1 be the set of all functions Y which satlsfy

dy

—— =i(JH(z)Y + JH(z)Y®

&z~ WH@Y + JH@)YT, (4.1.4)

[Im 0]Y(0) =0, [R* Q*]Y(¢) =0,

for some Y (%) ¢ Sgk). We call 2&0)7221), ... the root subspaces for (4.0.1) for the
eigenvalue (.

It is easy to see that for any eigenvalue ¢ of (4.0.1), Eéo) C 2&1) C .-, and if
equality holds at one stage, it holds at all subsequent stages.

Theorem 4.1.4. Let zy € C, and assume that c(z0)R + d(20)Q is invertible.

(i) The nonzero eigenvalues of the resolvent operator B(zg) coincide with the set
of numbers i/(zg — ) where ¢ is an eigenvalue of (4.0.1).
(ii) For each eigenvalue ¢ of (4.0.1) and every k =0,1,2,...,

£ = Ru(B(z0),i/ (20 = ©)).

Proof. Let ¢ be an eigenvalue for (4.0.1). Thus Eéo) =L #{0}.IfY € 220)7 then

% =i(JH(x)Y =izJH(2)Y + JH(x)[i(¢ — 20)Y],
I, 0]Y(0) =0, and [R* Q*]Y(¢) = 0. Therefore B(z)[i(¢ — 20)Y] = Y. It
follows that i/(zp — ¢) is a nonzero eigenvalue of B(zp), and
£ € Ro(B(20),i/(20 — €)).

On the other hand, if Y € Ro(B(z0),%/(20 — ()), we can reverse these steps to
show that ¥ € 22-0). Thus i/(z0 — ¢) is a nonzero eigenvalue of B(z), and

£ = %R (B(20), /(20 — €)).-

Conversely, suppose that 7 is a nonzero eigenvalue of B(z). Consider any
eigenvector Y. Then B(z)[y~'Y] =Y. This means that

d}; =i2JH(z)Y + JH(z)[y Y],

[I.  0]Y(0) =0, [R* Q*]Y(¢) =0.
Define ¢ by v =14/(z0 — (). Then

e izoJH(x)Y + JH(2)[i(¢ — 20)Y] = iCJH(2)Y,

(I, 0]Y(0)=0,and [R* Q*]Y(£)=0. Hence Y is an eigenvector for (4.0.1).
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Thus far we have proved (i). We have also proved (ii) for k£ = 0. In particular,
for any eigenvalue ¢ of (4.0.1),

dim 9o(B(z0),i/(z0 — ¢)) = dim £ < o0

by the representation (4.1.1) of the elements of an eigenspace. It remains to com-
plete the proof of (ii). Suppose we know that

Re(Bl20), i/ (0 — ) = £
for some k > 0. Let Y € Sékﬂ). Choose Y %) € Eék) satisfying (4.1.4). Then

% = izgJH(2)Y + JH(x)[i(¢ — 20)Y + Y ¥,

(L, 0]Y(0)=0, [R* Q]Y(0)=0,
which means that B(z)[i(( — 2z0)Y +Y®] =Y, or

[B(zo) S 1} Y= Bla)y®. (4.1.5)
20— (¢ 20 — ¢
Since Y (%) € E(Ck) = Rk (B(20),%/(z0 — ()), by (4.1.5) and Lemma 4.1.2(iv),
(B0~ 2 1] € BBl i/ (20— ), (4.1.6)
and so Y € Ryy1(B(20),i/(20 — ¢)). Thus
£ € Riy1(B(20), 1/ (20 — €)). (4.1.7)

To prove the reverse inclusion, consider any Y € Ry41(B(20),%/(20 —¢)). Then YV’
satisfies (4.1.6). Using Lemma 4.1.2(iv), we deduce (4.1.5) for some

Y% € Re(B(20),i/(20 - €)) = £

Now we can reverse the steps and conclude that Y € Sékﬂ). Therefore equality

holds in (4.1.7), and the proof of (ii) is complete. O

We say that a real interval (a,b) is H-indivisible if

H(z) =nh(z)n* ae.on (a.b), n= {g], (4.1.8)

where h(z) is a measurable function with selfadjoint m x m matrix values, and «
and @ are m x m matrices such that n*Jn = a*8 + *a = 0. The notion of an
H-indivisible interval is due to Kac [7]. See also Hassi, de Snoo, and Winkler [6]
and Kaltenbéck and Woracek [8, Part IV]. It should be noted that some authors
use a trace-normed Hamiltonian, and their formulas have a different appearance.

Definition 4.1.5. Let L2(Hdzx) be the subspace of L2(Hdz) consisting of all f such
that for every H-indivisible interval (a,b), there is a ¢ € C?>™ satisfying

H(z)f(x) = H(z)c a.e.on (a.b).
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When H(z) > 0 a.e., L*(Hdz) is a Hilbert space, and an argument in Kac
[7] can be used to show that the subspace L?(Hdz) is closed. In the general case
H(x) = H*(x), the inner product of L?(Hdw) is indefinite, and we make no similar
assertion.

Proposition 4.1.6. (1) Let F' =V f be given by (2.2.1) for some f in L*(Hdz). If
f is orthogonal to the subspace L*(Hdx), then F(z) = 0.

(2) The root subspaces 220),221), ... of (4.0.1) are contained in L?(Hdz).

Proof. (1) Let g € C™ and z € C. By (2.2.1),

fF@:<ﬂ@ﬂmmﬂﬂ>. (4.1.9)

H
We show that the function

n@:W@am

belongs to L2 (Hdz). Consider an H-indivisible interval (a,b), and suppose that
H(x) is represented as in (4.1.8) on (a,b). By (1.0.3), dY/dx = izJH(2)Y a.e. By
(4.1.8) and the identity n*Jn =0,

d

o (Y (2)) = @zn* Inh(z)n"Y (x) = 0

a.e. on (a,b). Therefore n*Y (x) = const. on (a,b). The constant belongs to the
range of n*, and so n*Y (x) = n*c on (a,b) for some ¢ € C*™. Then
H(2)Y (z) = nh(z)n"Y (x) = nh(z)n*ec = H(x)e
a.e. on (a,b). Hence Y € L2(Hdz). Since f is orthogonal to L%(Hdz), g*F(z) =0
by (4.1.9). By the arbitrariness of g, F/(z) = 0.
(2) Eigenfunctions have the form (4.1.1) and hence belong to L2(Hdz) by the
proof of (1). Thus Eéo) C L*(Hdx).LetY =Y (x) € £ék+1), k > 0. Then Y satisfies

an equation (4.1.4). Let (a,b) be an H-indivisible interval with H(z) represented
in the form (4.1.8) on (a,b). By (4.1.4) and (4.1.8),

d, . - * x *

(Y (@) = iCn* Inh(x)n"Y () + 0" Tnh(x)y"Y ¥ () = 0
a.e. on (a,b) because n*Jn = 0. Therefore n*Y () = const. on (a,b). As in the
proof of (1), we deduce that Y € L?(Hdz). O

Proposition 4.1.7. The identity B(z) — B(w) = i(z — w)B(2)B(w) holds at all
points w, z such that B(z) and B(w) are defined. Hence the subspace 8 = ker B(z)
1s independent of z.

Proposition 4.1.7 is a statement about resolvent operators for systems (4.0.1)
with constant boundary conditions. The resolvent identity does not hold in general
for systems (3.0.1) with variable boundary conditions.
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Proof. Fix f € L?*(Hdx). Without loss of generality assume that c¢(z)R + d(2)Q
and ¢(w)R + d(w)Q are invertible. Then according to Definition 3.1.6, B(z)f and
B(w)f are determined by Proposition 3.1.5. Set

B(w)f = h = {Z;]

By Proposition 3.1.5,

%:inH(x)h($)+JH(l')f(x)7 0<z<,
M) =0, R'hi(0)+Q ha(t) =0,
Hence
% =izJH(z)h(z) + JH(z) [f(x) —i(z — w)h(x)L 0<z<{,
m(0) =0,  R'hi(f) +Q ha(l) =
Therefore B(z)|f —i(z — w)h| = h, and the result follows. 0

Proposition 4.1.8. For any complex number (, the following are equivalent:

(i) ¢ is an eigenvalue for (4.0.1);

(ii) ¢(Q)R+ d(C)Q is not invertible.
Proof. (i) = (i) If ¢(¢)R + d(¢)Q is not invertible, neither is ¢(¢)R + d({
Lemma 3.1.4. Hence we can choose g # 0 in C™ such that [R*c* (¢)+Q*d* (¢)]

Thus (see (4.1.1))

T
Y(@,¢) = Wz, () [2] € 2.

We show that Y # 0 as an element of L?(Hdx). Argue by contradiction. If Y is
equivalent to zero in L?(Hdx), then

/f (t,C) dt

for all f € L?(Hdz). This implies that H(z)Y (z,{) = 0 a.e., and hence dY/dz =
i¢JH(xz)Y =0 a.e. on [0, ¢]. Therefore Y is constant, and so

Ve =v0.0=[)] wad  HE)]
g g

By the nondegeneracy condition (iii) in our assumptions on H(z) in §2, ¢ =0, a

contradiction. Therefore Y # 0 in L?(Hdx) and ( is an eigenvalue for (4.0.1).

(i) = (ii) If ¢ is an eigenvalue for (4.0.1), there is a function (4.1.1) which
is not equivalent to zero in L?(Hdzx). The vector g in (4.1.1) can therefore not be
zero, and so ¢(¢)R + d(¢)Q is not invertible. Then ¢(¢)R 4 d(¢)Q is not invertible
by Lemma 3.1.4. O

] =0 a.e.
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Since the functions R(z) = R and Q(z) = @ in (2.3.1) are constant,
v(z) =i [a(2)R + b(2)Q] [c(z)R + d(2)Q] " (4.1.10)

is meromorphic in the complex plane. The remaining results in this section add
the hypothesis that v(z) has only simple poles.

Proposition 4.1.9. Assume that v(z) has only simple poles. Define v(() for every

by C € C by
v(z) = g(—oz +v1(2), (4.1.11)

where v1(z) is holomorphic at z = (. Then v({) = 0 except at the poles of v(z),

and (¢) = v(¢)*. For each ¢ € C,
[R*c*(C) + Q" (O)]v(¢) =0, (4.1.12)

and hence for every g € C™,

Y(2,¢) = W(a, ) L(g)g} € g (4.1.13)
Proof. Clearly v(¢) = 0 except at the poles of v(z). Since v(z) = v*(2),
_ 1 _ 2D .
v(z) = T +o1(z) = Ej + 07 (2), (4.1.14)

and hence v(¢) = v(¢{)*. By (4.1.10) and (4.1.14),

i(¢ = 2)[a(z) R+ b(2)Q] = [v()" + (¢ = 2)vi (2)][c(2) R + d(2)Q).
Letting z — (, we deduce (4.1.12). Then (4.1.13) follows from (4.1.1). O

The eigenvalues of (4.0.1) are isolated in the complex plane and occur in
conjugate pairs by Proposition 4.1.8 and Lemma 3.1.4. Assuming again that v(z)
has only simple poles, we fix the following notation for these points.

e Let {\;}’_; be the real eigenvalues of (4.0.1) (0 < r < oc). For each j =
1,...,7, write

Tj *
v(z) = 3 ) =T =)
J

o Let {yu, fix}3—; be the nonreal pairs of eigenvalues of (4.0.1) (0 < s < o0).
For each k =1,...,s, write

*

W) = 2 )= i), A=),
Hk — 2 Pr — 2

e Let 7 = T g be the collection of all eigenvalues Aj, puy, fir, together with the
matrices 75,0k, j =1,...,rand k=1,...,s.
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By Proposition 4.1.1, £x, L £y, if j # k, £5; L (£,, +£5,), and £, is a neutral
subspace of L?(Hdx) forall j=1,...,rand k=1,...,s

Let L3(T) be the space of all C™-valued functions defined on the points
Aj, Wk, e having only finitely many nonzero values, in the inner product

(F,G)paimy = > GN)'1;F +Z (k)" BrF () + G () B F ()] -
j=1
Equivalently, we can consider the elements of LZ(7) as C™-valued functions on
the complex plane in the inner product

(F,G)pamy = D G (OVOF(Q). (4.1.15)
¢eC
Two functions F} and F5 are identified if

YOIFL(Q) — F2(Q] =0,  (eC. (4.1.16)

The inner product in L3(T) is nondegenerate and in general indefinite.

We investigate the transform F = V f defined by (2.2.1) as a mapping from
L?(Hdz) into L3(T).
Lemma 4.1.10. Assume that v(z) has only simple poles. Let Y (x,() belong to £

and have the form (4.1.1). Then VY belongs to L3(T) and is equivalent to the
function F defined by

AC g, z = Cv
F(z)= {07 D¢, (4.1.17)
where - -
A = A = i[d(Qd"(€) + () (O] (4.1.18)

Proof. The identity A; = A’f follows from (2.1.6). Let G = VY. For z # (,

Il
o
~

i

By (2.1.5), ¢(¢)d*({) 4 d(¢)c*
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Thus F(¢) = G(¢). To show that G is equivalent to F in LZ(7), by (4.1.17) we

must show that for all w # ¢, y(w)[F(w) — G(w)] = 0, that is, v(w)G(w) = 0, or
c(w)d*() +d(w)c*(Q)

7(w) i —w) g=0. (4.1.19)

Fix w # ¢ and consider any g € C™. Write
72w (@ +dwe @ = ([ 267 | ) L aa)
(C2m

Define M as in (4.1.3), so M+ = JM. By (4.1.12), [R*c*(w) + Q*d* (w)]y(w)* = 0,
and hence

] €M™+ (4.1.21)

By (4.1.1), [R*c*(¢) + Q*d*({)]g = 0, that is, {f;igg} € M+ = JM. Hence
d*(¢)g *(Q)g
i) = i) <™ )
By (4.1.20), (4.1.21), and (4.1.22), §*y(w)[c(w)d*({) + d(w)c*(¢)] g = 0. Since § is

arbitrary, this proves (4.1.19), and the result follows. O

Theorem 4.1.11. Assume that v(z) has only simple poles.
(1) If f1 and fa are finite linear combinations of eigenfunctions of (4.0.1), then

2
/0 FEOHO L) dt = VALV E) a0,

(2) If f € L*(Hdx) and f is orthogonal to every eigenfunction of (4.0.1), then
Vf =0 as an element of L3(T).

Definition 4.1.12. By pseudospectral data for (1.0.1) we mean a collection 7 of the
type considered above satisfying the properties (1) and (2) in Theorem 4.1.11.

Proof. (1) By linearity, we may assume that f;(z) = Y((;, ), where
0 .
Y(J?,Cj) = W(Q?,CJ) |:gj:| € ng, ] = 1,2, (4.1.23)

as in (4.1.1) for some (1, (2 € C. By Lemma 4.1.10, VY (z, ;) is equivalent to

A i 93> = Cla
Fi(z) = {074 9 ;écj_’ (4.1.24)

j =1,2, where A. is given by (4.1.18). To prove (1), we must show that

/ Y(t, Q) H(t)Y (t,¢1) dt = (F1, Fa) 2,y - (4.1.25)
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Case 1: (, # (;. Then foz Y(t,()*H(t)Y (t,¢1) dt = 0 by Proposition 4.1.1. By
(4.1.15),

(1, F) 2y = D FE(OVQOFQ) = F5 (GO F (G),
¢eC

since F1(¢) = 0 for ( # (1 by (4.1.24). In the same way, F>(¢) = 0 for ¢ # (2, and
hence F,(¢;) = 0 because (; # (o. Thus Fy L Fy in L3(T), and (4.1.25) follows.

Case 2: (» = (;. Write the two points as (; = ¢ and (» = (. By (2.1.6),
¢ ‘
[reoraayvega=p o) [ weonoweo )]
0 0 g1
0 o[ . 1[0
-0 4l [ i[(¢)d*(O) + d’<<)c*<<>]] [gl]
= G501 (4.1.26)
Since

(F1, F2) (- =) F5() = F5 (OV(QF1(Q) = g5 A7 7(O)A¢or
z€C

in order to verify (4.1.25), we must show that

92 A:(Q A1 = g3 A¢ g1 (4.1.27)
As in the proof of Lemma 4.1.10, [d*(ogﬂ € ran [R} . Hence
“(Qgr Q
Rj=d Qg and Qg = c*(O)gn (4.1.28)
for some g; € C™. Thus
Acgr =il (Q)d™(O) + d'(¢)c" (Olgr = i [ (Q)R + d'(O)Q)71- (4.1.29)

Next use (4.1.10) and (4.1.11) to write
i(¢ = 2)[a(z) R+ b(2)Q] = [v(C) + (€ — 2)ua(2)][e(2) R + d(2)Q],

where v1(z) is holomorphic at z = ¢. On differentiating this relation with respect
to z and then setting z = (, we obtain

—i[a(Q)R +b(Q)Q] = —v1(Q[c(Q)R + d(¢)Q] +v(Q) [ (OR +d'(()Q].  (4.1.30)

Therefore
A0 T E G AL (OR + ()@
G2 gz { = ila( QR+ O]+ (OO R + d(O)Q) |3
U2 g5 A {[a(Q)d (0 + b (Olan
+ 301 (Q)[e()d" () + ()" (g } -
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Thus by (2.1.5) and (4.1.18), gSAfoy(C)Acgl = gg‘AZigl = g5A¢g1. This proves
(4.1.27) and verifies (4.1.25) in Case 2.

(2) Let F =V f, where f € L?(Hdz) and f L £ for all ¢ € C. To show that
F = 0 as an element of L3(7), by (4.1.16) we must show that v(¢)F(¢) = 0 for
every ¢ € C. In fact, for every g € C™,

ps 0

by Proposition 4.1.9. By assumption, f is orthogonal to (4.1.31), and so by (2.2.1),

¢
g (OF() = g*v(C)/O [0 L,JW(t Q) H(t)f(t) dt =0.
Since g is arbitrary, v(¢)F(¢) = 0. O

4.2. Definite case: pseudospectral functions

Let a system (4.0.1) be given as before, and in addition assume that H(z) > 0
a.e. Then the function v(z) defined by (4.1.10) is a Nevanlinna function by (2.3.2).
The main results of this section appear in Theorems 4.2.2, 4.2.4, and 4.2.5.

Proposition 4.2.1. The eigenvalues of (4.0.1) are real. For any complex number ¢,
the following are equivalent:

(i) ¢ is an eigenvalue for (4.0.1);
(ii) c(Q)R+ d(¢)Q is not invertible;
(iii) ¢ is a pole of v(z).

Proof. Since H(z) > 0, the eigenvalues of (4.0.1) are real by Proposition 4.1.1 (or
Proposition 3.2.1). The equivalence of (i) and (ii) is shown in Proposition 4.1.8.
(iii) = (ii) This is obvious from the definition of v(z) in (4.1.10).
(i) = (iii) If ¢ is an eigenvalue of (4.0.1), then there is a Y # 0 in L?(Hdzx)
of the form (4.1.1). By Lemma 4.1.10, VY is equivalent to the function F(z) given
by (4.1.17). Since H(z) > 0, by Theorem 4.1.11(1) and (4.1.15),

¢
0< [ YROHOY (0 dt = (. Py = FOMOP(O).
So v(¢) # 0, and hence ( is a pole of v(z) by (4.1.11). O

Since v(z) is meromorphic in C and a Nevanlinna function, its poles are real
and simple, and hence the pseudospectral data constructed in Theorem 4.1.11 take
a simpler form. By Proposition 4.2.1, the poles of v(z) coincide with the eigenvalues
{Aj}i=y of (4.0.1). Thus we have

.
0(2) = 1 +v(2),
J
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where 7; > 0 and v;(2) is holomorphic at A;, 7 =1,...,r, and
> 1 t

where 7(t) is a nondecreasing m x m matrix-valued step function with jumps 7;
at the points A;, 7 = 1,...,r. The inner product space L3(7) is positive and has
a Hilbert space completion to L?(dr).

Theorem 4.2.2. The transform F =V f,

L
ﬂ@:Aﬁ)%UW@aHmﬂ@m,

acts as a partial isometry from L?(Hdx) into L%(d7) with initial space N equal to
the closed span N = \/;:0 £, of all eigenfunctions for the system (4.0.1).

It will be shown in Theorem 4.2.4 that the mapping in Theorem 4.2.2 is
always onto. Theorem 4.2.2 constructs a family of pseudospectral functions for the
system (1.0.1) in the sense of the following definition.

Definition 4.2.3. A pseudospectral function for (1.0.1) is a nondecreasing function
7(t) of real ¢ such that the transform

¢
(VM@:/H)%UW@@H@ﬂ@M
0

acts as a partial isometry from L?(Hdz) into L?(d7). If the partial isometry is an
isometry, we call 7(¢) a spectral function for (1.0.1). We say that a pseudospectral
function 7(¢) is orthogonal if the range of the partial isometry is all of L?(d).

Proof of Theorem 4.2.2. By Theorem 4.1.11(1), V acts isometrically from the lin-
ear span of all eigenfunctions into L?(d7). Hence V acts isometrically from 0N
into L%(d7). Theorem 4.1.11(2) asserts that every function in L?(Hdz) which is
orthogonal to all eigenfunctions is mapped by V to the zero element of L2(dr). [

Alternate proof of part of Theorem 4.2.2. We give another proof that V is isomet-
ric on N, using resolvent operators and Theorems 4.1.4 and 3.2.4. This argument
avoids any use of Lemma 4.1.10 and Theorem 4.1.11.

By (3.2.9), V is a contraction from L?(Hdz) into L?(dr). It is therefore
sufficient to show that for any eigenvalues A; and A,

O (2, 00), Y (2 0) 1 = (F5 (8), Fel)) oy (122)
where Y (x, A;) and Y (x, A;) are corresponding eigenfunctions and Fj(z) and F(2)
are their transforms under V. By Theorem 4.1.4,
1
B(2)Y (z, )‘j) = 7/\}/(% )‘j)

z2= A
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for every z such that ¢(z)R + d(z)Q is invertible. For such z,

(BE)Y (A7), Y (2 A0)) g = —— 5 (V (220, ¥ () -

— )
We deduce that
Tim g (Biy)Y (o, 07),Y (2 00) 1 = (V (2,070, Y (@ 00) 1 (4.2.3)

where the limit is through points such that c(iy)R + d(iy)Q is invertible. By the
identity (3.2.8) in Theorem 3.2.4,

lim y (BGy)Y (2, 09), Y (2. M)y = lim [ = F7(0)dr() Fi()
y—00 y—oo [t —
= (F5(t), Fe(t)) aar)- (4.2.4)
We obtain (4.2.2) from (4.2.3) and (4.2.4). O

Theorem 4.2.4. The pseudospectral function 7(t) constructed in Theorem 4.2.2 is
orthogonal.

Proof. 1t is sufficient to show that for each j =1,...,r, V.&y, = 9M;, where M; is
the subspace of functions in L?(dr) which are supported at A;.

By Lemma 4.1.10, V£, € 9M;. Since V|Ly, is one-to-one and dim9M; =
rank 7;, we only need to show that dim £, > rank 7;. For any g € C™,

Y (e, \y) = W(x,m[ 0

Ti9

] € £y, (4.2.5)
by Proposition 4.1.9. If Y = 0 as an element of L*(Hdz), then

/Og Y () H(OY (£ A dt = 0. (4.2.6)
Since H(z) > 0 on [0,£] we conclude that H(z)'/2Y (z, ;) = 0, and hence

% =izJH(x)Y =0

a.e. on [0,4]. Thus Y is constant, and so Y (z, \;) = { 0
J

} Then by (4.2.6),

[0 g*r] /OZH(t) dt [qu} =0,

J

and so 79 = 0 by the condition (iii") at the beginning of §2. Therefore we can find
a linearly independent set of elements of £, of the form (4.2.5) containing rank 7;
elements. Hence dim £>\j > rank 7;, and the result follows. O

Theorem 4.2.5. The following are equivalent.

(i) The function 7(t) in Theorem 4.2.2 is an orthogonal spectral function for the
system (1.0.1).
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(ii) The eigenfunctions for (4.0.1) are complete in L?(Hdz).
(iii) For some and hence any z in the domain of the resolvent, ker B(z) = {0}.

Proof. (i) < (ii) This follows from Theorems 4.2.2 and 4.2.4.

(ii) < (iii) By Proposition 4.1.7, & = ker B(z) is independent of z in the
domain of the resolvent. Therefore in (iii) it is sufficient to consider some z = z
such that zp = Zg and ¢(z9)R+d(z0)Q is invertible. Then iB(z() is a compact self-
adjoint operator by Proposition 3.1.7. By the spectral theorem, the eigenfunctions
for iB(zg) are complete in L?(Hdx). By Theorem 4.1.4, the eigenfunctions for
iB(zp) for its nonzero eigenvalues have the same closed span as the eigenfunctions
for (4.0.1).

Now assume (ii). Then L?(Hdxz) is the closed span of the eigenfunctions for
iB(zp) for its nonzero eigenvalues. So the origin is not an eigenvalue of iB(zp).
Thus ker B(zp) = {0}, and (iii) follows. The proof that (iii) implies (ii) follows on
reversing these steps. O

Corollary 4.2.6. Conditions (i)—(iii) in Theorem 4.2.5 hold if H(z) has invertible
values a.e.

Proof. We verify condition (iii) in Theorem 4.2.5. Suppose f € ker B(zp) for some
real number zp such that ¢(zo)R + d(z0)Q is invertible. If H(z) has invertible
values, then a function in L?(Hdxz) is equivalent to the zero element of the space
if and only if it is equal to zero a.e. Hence by Definition 3.1.6 and (3.1.4),

W(x,zo){{ ) S}J/OZW*(t,ZO)H(t)f(t) dt

—iv (2o
+ {—ivo(zo) —(}m] J/: W*(t,20)H () f(t) dt} =0.

Multiply by W (z,20)"!, then differentiate to get W*(x,z0)H(x)f(z) = 0 a.e.
Again since H(x) has invertible values a.e., it follows that f(z) = 0 a.e. This
verifies the condition (iii) in Theorem 4.2.5, and so the corollary follows. O

Recall that by Proposition 4.1.7, the subspace & = ker B (z) is independent
of z in the domain of the resolvent. Let L?(Hdz) be as in Definition 4.1.5.
Proposition 4.2.7. (1) The subspace & = ker B(z) contains L*(Hdz) © L2 (Hdz).
(2) The eigenfunctions for (4.0.1) are complete in L?>(Hdz) © R.

Proof. (1) Let f € L2(Hdz) & L*(Hdx). We must show that B(z)f = 0 for z in
the domain of the resolvent. We may suppose that z € C; UC_, in which case we
can use the representation (3.2.8). It follows from (3.2.8) that for any g € L*(Hdz),

B g = /°° G (t)dr () F (1)

)
oo t—=z
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where I and G are the transforms of f and g as in (2.2.1). Since we assume that f is
orthogonal to L?(Hdz), F = 0 by Proposition 4.1.6(1). Thus iB(z)f L L?(Hdx),
and hence B(z)f = 0.

(2) Write 8 = ker B(zg), where z is a real number such that ¢(zo)R+d(z0)Q
is invertible. As in the proof of Theorem 4.2.5, the eigenfunctions for (4.0.1) have

the same closed span as the eigenfunctions for iB(zg) for its nonzero eigenvalues.
This closed span is L?(Hdx) © & because & = ker B(2). O

In A. L. Sakhnovich [13], the term “pseudospectral function” is used in a
little different way from our definition. What is called a “pseudospectral function”
in [13] will be called a “strong pseudospectral function” here.

Definition 4.2.8. By a strong pseudospectral function for a system (1.0.1) we
mean a pseudospectral function 7(¢) such that the kernel of V' as an operator
from L?(Hdz) into L?(dr) coincides with the set of all f in L?(Hdx) such that
(Vf)(z) =0 for all z. A strong spectral function for (1.0.1) is a spectral function
7(t) such that, whenever f belongs to L?(Hdx) and its transform F =V f is zero
in L2(dr), then (V f)(z) = 0 for all 2. The term orthogonal applied to these notions
has the same meaning as in Definition 4.2.3.

Thus if 7(¢) is a pseudospectral function, it may occur that the subspaces
Ry ={f: fe€ L*(Hdz) and Vf = 0in L?(dr)},
R_={f: fe L*(Hdr)and (Vf)(z) =0 for all z € C},

do not coincide, although in every case £_ C £y. The condition for 7(¢) to be a
strong pseudospectral function is that R, = K_.

The next result follows easily from Theorem 4 of A. L. Sakhnovich [13]. Set
vo(2) = ifa(z) + b(2)][c(2) + d(2)] L. (4.2.8)

Since ¢(z) 4 d(z) is entire and has value I, for z = 0, it is invertible except at
isolated points. It is easy to see that Imvg(z) > 0 on C4 (but vo(z) # v§(Z2)).

(4.2.7)

Proposition 4.2.9. The pseudospectral function 7(t) constructed in Theorem 4.2.2
1s strongly pseudospectral if

Jm 5 [c*(—1y) — d" (—iy)][v(iy) — vo(iy)][c(iy) — d(iy)] = 0. (4.2.9)

In this case, the closed span 9 = \/;:0 £, of the eigenfunctions of (4.0.1) is equal
to the closed span of all functions

Y(z,2)=W(x,z) B}, zeC, geC™ (4.2.10)
Proof. Define 8, and &_ by (4.2.7). By Theorem 4.2.2, V acts as a partial isom-

etry from L?(Hdz) into L?(dr) with initial space &5 = \//_j £y;. By [13, Theo-
rem 4(a)], the condition (4.2.9) implies that the isometric set of V' coincides with
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AL Hence &L = &y = \/[_( £y, In particular, & = Ry, and therefore 7(t)
is a strong pseudospectral function. The last statement follows from the equality
(\/jr=0 £3,)" = R_. together with the observation that a function f in L*(Hdx)
belongs to &_ if and only if f is orthogonal to all functions of the form (4.2.10). O

Example 4.2.10. A simple example, adapted from Orcutt [9], illustrates some of
our results. Take m = 1 and fix a number 0 < z¢ < ¢. Consider a system (1.0.1)

with
1
0 ) 0 S t S Zo,
0 0
H(t) = (4.2.11)
0 0
l ] s xo <t <UL
0 1

Then L*(Hdz) is an infinite-dimensional Hilbert space. The intervals (0, zo) and
(wo, ) are H-indivisible, and therefore the subspace L?*(Hdz) of Definition 4.1.5
is two-dimensional. Straightforward calculations show that

o)
) 0 S t S Zo,
1zt 1
Wi(t,z) = , ' (4.2.12)
ll Tt ) 1_ xo)] : zo<t<4,
ixoz
and
¢
(VH(z) = / fa(t) dt, f(z) = [ggﬂ € L*(Hdz). (4.2.13)
The functions (2.1.4) are given by
a(z) b(z)]  |1- 202%(0 — zg) —imoz
[c<z> d(z)} ) l is(l—ag) 1 ] (4219

As an illustration of Theorem 4.2.2, consider a system (4.0.1), where R and
(Q are numbers not both zero such that RQ + QR = 0. Set

v(z) =i a(z)R+b()Q _ . [1- 2022(0 — x0)|R — i02Q
c(z)R+d(2)Q =R iQ

When R # 0,

.
v(z) = )\11_24—3:02',

where 71 = 1/(¢ — z9), M1 = p/({ — xp), and p = —iQ/R. Thus 7(z) is a step
function with a single jump at x = A;. The eigenspace £, is one-dimensional and
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spanned by
[?‘| ) 0 S t S Zo,
Y(t,\) = (4.2.15)
At = o) 2o <t </
1 ’ - =7

We easily check that V is a partial isometry from L?(Hdz) onto L?(dr) with
initial space £y,. In particular, a pseudospectral function need not be a spectral
function. When R = 0, v(z) = z9z and 7(z) is constant. There are no poles and no

eigenvalues, and we interpret the span of the eigenfunctions to be the zero subspace
of L?(Hdz). Trivially V is the zero operator on L*(Hdz) to L?(dr) = {0}.

The question arises if Theorem 4.2.2 generalizes to systems (3.0.1) with non-
constant functions R(z) and @Q(z). That is, is the function 7(z) in (3.2.3) is always
a pseudospectral function? An example shows that this is not necessarily the case.
Choose the Nevanlinna pair

R(z) =1, Q(z) = —igz, z € C,
where ¢ > 0. By (4.2.14),

v(z)—iaz)R(Z)+b(Z) 2 1 1
e(2)R(z) +d(2)Q(z) T 2ot q 2]
and so
1
VI x>0,
T(x): {—x0+q
0, x < 0.

By (4.2.13), the tranform F = V f of any f in L?(Hdx) is constant. The orthogonal
complement of ker V in L?(Hdz) is spanned by the element

m, 0<x <,
fo(z) =
0
|: :|, o <x < &
1
whose transform Fy = V fy is given by Fy(z) = £ — xzo. Thus
(£ = x0)?
1FollZ2ar) = [— <l—xo = | foll7

so V is not isometric on the orthogonal complement of its kernel. Hence 7(x) is
not a pseudospectral function. We remark that the inequality ||F0||2L2( any <l foll%
is a special case of (3.2.9).
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