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Abstract—Let D be a central division algebra of degree n over a field K. One defines the
genus gen(D) as the set of classes [D′] ∈ Br(K) in the Brauer group of K represented by
central division algebras D′ of degree n over K having the same maximal subfields as D. We
prove that if the field K is finitely generated and n is prime to its characteristic, then gen(D)
is finite, and give explicit estimations of its size in certain situations.
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1. INTRODUCTION

Let K be a field. For a finite-dimensional central simple algebra A over K, we let [A] ∈ Br(K)
denote the corresponding class in the Brauer group. Given a central division algebra D of degree n
over K, one defines the genus gen(D) as the set of classes [D′] ∈ Br(K) represented by division
algebras D′ having the same maximal subfields1 as D (cf. [6, 7]; a survey can be found in [8]). The
goal of this paper is to give a detailed and effective proof of the following result announced in [6].

Theorem 1. Let K be a finitely generated field, and let n > 1 be an integer prime to charK.
Then for any central division K-algebra D of degree n, the genus gen(D) is finite.

In [7], the proof of the finiteness of gen(D) was reduced to the finiteness of a certain unramified
Brauer group. In order to state the precise result, we need to recall some relevant definitions. Let
K be a field, n > 1 be an integer, and let v be a discrete valuation of K. If the residue field K(v)

is either perfect or of characteristic prime to n, there exists a residue map defined on the n-torsion
subgroup of the Brauer group:

ρv : nBr(K) → Hom
(
G(v),Z/nZ

)
,

where G(v) denotes the absolute Galois group of K(v) (cf. [38, Ch. 10] or [41, Ch. II, Appendix]).
We say that a class [A] ∈ nBr(K) (or a finite-dimensional central simple K-algebra A representing
this class) is unramified at v if [A] ∈ ker ρv, and ramified otherwise. Furthermore, given a set V of
discrete valuations of K such that the residue maps ρv exist for all v ∈ V , the (n-torsion of the)
unramified Brauer group with respect to V is defined as

nBr(K)V =
⋂
v∈V

ker ρv.
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64 V.I. CHERNOUSOV et al.

Assume now that a given finitely generated field K is equipped with a set V of discrete valuations
that satisfies the following two conditions (the second of which depends on n):

(A) For any a ∈ K×, the set V (a) := {v ∈ V | v(a) �= 0} is finite.
(B) For any v ∈ V , the characteristic charK(v) is prime to n (then, in particular, ρv is defined).

It was shown in [7] that if D is a central division K-algebra of degree n, then
(i) the set R(D) of those v ∈ V where D ramifies is finite;
(ii) if nBr(K)V is finite, then so is gen(D) and

|gen(D)| ≤ ϕ(n)r · |nBr(K)V | with r = |R(D)|, (1.1)

where ϕ is the Euler function.
Thus, Theorem 1 is a direct consequence of the following.

Theorem 2. Let K be a finitely generated field and n > 1 be an integer prime to charK.
There exists a set V of discrete valuations of K that satisfies conditions (A) and (B) and for which
the unramified Brauer group nBr(K)V is finite.

We will now outline the construction of a required set V in the case where K is the function
field k(C) of a smooth projective geometrically irreducible curve C over a number field k. (This
construction, on the one hand, generalizes the explicit construction we gave in [7, § 4] in the situation
where n = 2 and C is an elliptic curve over k with k-rational 2-torsion, and, on the other hand,
extends relatively easily to the general case; see below.) Let V0 be the set of (nontrivial) discrete
valuations of K that are trivial on k; these correspond to the closed points of C and will be referred
to as geometric places in the sequel. Next, we choose a sufficiently large finite subset S of the set V k

of all valuations of k that contains all the archimedean places and those nonarchimedean ones which
either divide n or where C does not have good reduction (see the notations and conventions at the
end of this section and Subsection 8.2 for more details). Each v ∈ T := V k \ S has a canonical
extension v̇ to K, and we set Ṫ = {v̇ | v ∈ T}. Then V := V0 ∪ Ṫ is as required. In fact, not only
do we prove that nBr(K)V is finite, but also give a rather explicit bound on its order. We describe
the general method for obtaining such bounds in Subsection 8.2, and here show only one sample
statement. Let J be the Jacobian of C.

Theorem 3 (cf. Theorem 8.2 for a more precise result). Let C be as above. Assume that
C(k) �= ∅ and J has k-rational n-torsion. Then the order of nBr(K)V divides n(2g+1)|S| · hk(S)2g
where g is the genus of C and hk(S) is the class number of the ring Ok(S) of S-integers in k.

We will now indicate the strategy of the proof of Theorem 2 in the general case assuming that
charK = 0 (the general case requires only minor technical—mostly notational—adjustments; see
Section 2). We begin by presenting a given finitely generated field K as a function field k(C) where
k is a purely transcendental extension of some number field P (= the algebraic closure of Q in K)
and C is a smooth projective geometrically irreducible curve over k. We again let V0 denote the set
of geometric places of K, and take V = V0 ∪ Ṽ1 where Ṽ1 consists of extensions to K of the discrete
valuations of k from a certain specially constructed set of places V1. For v ∈ V0, one can define the
residue map on the entire Brauer group

ρv : Br(K) → H1
(
G(v),Q/Z

)
.

The corresponding unramified Brauer group Br(K)V0 =
⋂

v∈V0
ker ρv is by tradition denoted

Br(K)ur, and is known to coincide with the geometric Brauer group Br(C) defined either in terms of
Azumaya algebras or in terms of étale cohomology (see [17, Sect. 6.4; 24]). The proof of Theorem 2
is based on an analysis of the well-known exact sequence for this group:

Br(k)
ιk−→ Br(k(C))ur

ωk−→ H1(k, J)/Φ(C, k), (1.2)
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where ιk is the natural map, J is the Jacobian of C, and Φ(C, k) is a certain finite cyclic subgroup of
H1(k, J) (see Section 2). More precisely, for V as above, we have the inclusion nBr(K)V ⊂ nBr(K)ur,
so proving the finiteness of nBr(K)V (and estimating its order) reduces to proving the finiteness of

M := ι−1
k (nBr(K)V ) and N := ωk(nBr(K)V )

(and estimating their respective orders). To establish the finiteness of M (see Theorem 4.2), one
shows that M contains the unramified Brauer group nBr(k)V1 as a subgroup of finite index. The
finiteness of nBr(k)V1 is then derived from the construction of V1; the argument here relies on the
fact that k is a purely transcendental extension of the number field P and makes use of the Faddeev
exact sequence and the Albert–Hasse–Brauer–Noether theorem (cf. Section 3). In order to prove
the finiteness of N , we reduce the problem to proving the finiteness of the unramified cohomology
group H1(k, nJ)V1 , where nJ stands for the n-torsion of the Jacobian J of the curve C. The latter is
proved by an argument that imitates the proof of the weak Mordell–Weil theorem (cf. [42, Ch. VIII,
§ 1, § 2]).

After completing the proof of Theorem 2 as outlined above, we learned from J.-L. Colliot-Thélène
that one can also derive it from results on étale cohomology. For this, one realizes K as the function
field of a smooth arithmetic scheme X on which n is invertible, and lets V be the set of discrete
valuations of K associated with prime divisors on X. The proof of the finiteness of nBr(K)V is
then derived from Deligne’s finiteness theorem for the étale cohomology of constructible sheaves (see
“Théorèms de finitude” in [13]) and Gabber’s purity theorem [14] (see the Appendix for details).
While this proof does not lead to explicit estimations on the size of the genus and/or the unramified
Brauer group, it has the advantage of allowing more flexibility in the choice of V : for example, X
can be replaced by an open subscheme, enabling us to remove from V any finite subset and still
preserve the finiteness of the corresponding unramified Brauer group. (In fact, this can also be
accomplished using our argument.)

It should be noted that the assumption of finite generation of K is essential for the finiteness
of the genus (see [26, 44] for a construction of division algebras with infinite genus in the general
situation).

Notations and conventions. Given a discrete valuation v of a field k, we let Ok,v, or
simply Ov, denote the valuation ring, and set k(v) and kv to be the corresponding residue field
and the completion of k at v, respectively. Let C be a smooth projective geometrically irre-
ducible curve over k. We say that C has good reduction at v if there exists a smooth curve C
over Ov with the generic fiber C ×Ov k isomorphic to C such that the special fiber (reduction)
C(v) := C ×Ov k(v) is smooth and geometrically irreducible. Any such choice of the Ov-model C
determines a unique unramified extension v̇ of v to k(C) (corresponding to the special fiber) with
residue field k(C)(v̇) = k(v)(C(v)).

If k is a number field, we will use V k to denote the set of all places of k, and let V k
∞ denote the

subset of archimedean places.
For an integer n > 1 we let μn denote the group of nth roots of unity, and for an abelian group A,

we let nA denote the n-torsion subgroup of A.

2. AN EXACT SEQUENCE FOR THE BRAUER GROUP OF A CURVE

In this section, we review the construction of an exact sequence generalizing (1.2) to fields of
arbitrary characteristic mainly in order to describe our set-up carefully and introduce the neces-
sary notations. For a slightly different approach, we refer the reader to Lichtenbaum’s paper [24],
where one can also find a derivation of (1.2) from the Hochschild–Serre spectral sequence in étale
cohomology, as well as a proof of the fact that Br(k(C))ur coincides with Grothendieck’s geometric
Brauer group of the curve C (see also [15, Ch. III]).
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Throughout this section, we will use the following notations. Let k be an arbitrary field. Fix an
algebraic closure kalg of k, let k̄ = ksep be the separable closure of k in kalg, and set Γ = Gal(k̄/k)
to be the absolute Galois group of k. Now, let C be a smooth projective geometrically irreducible
curve defined over k with function field K = k(C) and denote by J = J(C) the Jacobian of C. We
will construct an exact sequence of the form

Br(k)
ιk−→ Br′(k(C))ur

ωk−→ H1(k, J)/Φ(C, k) (2.1)

where Br′(k(C))ur is the unramified part of

Br′(k(C)) := Br(k̄(C)/k(C)).

We recall that as follows from Tsen’s theorem (cf. [17, Theorem 6.2.8]), Br(kalg(C)) = 0. So,
Br′(k(C)) contains nBr(k(C)) for any n prime to char k, making (2.1) applicable in our set-up.
(Obviously, Br′(k(C)) also contains Br(k).) We have

Br′(k(C)) = H2(Γ, k̄(C)×).

To make use of this description, we let C = C ×k k̄ (so that k̄(C) = k̄(C) = Kk̄) and consider the
following standard exact sequences of Γ-modules:

0 → k̄× → k̄(C)× → P(C) → 0 (2.2)

and
0 → Div0(C) → Div(C)

δ−→ Z → 0, (2.3)

where Div(C) is the group of divisors of C, δ is the degree map (recall that C(k̄) �= ∅, making
δ surjective), and Div0(C) and P(C) are the subgroups of Div(C) of degree zero and principal
divisors, respectively. Then (2.2) gives rise to the following exact sequence:

Br(k)
ιk−→ Br′(K)

α−→ H2(Γ,P(C)), (2.4)

where ιk is the natural base change map.
Now, the inclusions P(C) ↪→ Div0(C) ↪→ Div(C) induce homomorphisms

H2(Γ,P(C))
β0

−→ H2(Γ,Div0(C))
ε−→ H2(Γ,Div(C))

and we set β = ε ◦ β0. It follows from [17, Sect. 6.4] that the unramified Brauer group Br′(K)ur
coincides2 with the kernel of

ρ := β ◦ α : Br′(K) → H2(Γ,Div(C)). (2.5)

Since H1(Γ,Z) = 0, it follows from the cohomological sequence associated with (2.3) that ε is
injective. Thus,

Br′(K)ur = ker ρ0 where ρ0 = β0 ◦ α. (2.6)

On the other hand, the standard exact sequence defining the Picard group of C,

0 → P(C) → Div0(C) → Pic0(C) → 0, (2.7)
2We note that for any closed point P of C and the corresponding valuation vP of K, the associated residue map ρvP
is defined on the entire group Br′(K) because every class in the latter splits over the maximal unramified extension
of the completion KvP (cf. [40, Ch. XII]).
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gives rise to the bottom exact sequence in the following diagram:

Br(k)

ιk

Br′(K)

α

H1(Γ,Div0(C))
ϕ

H1(Γ,Pic0(C))
γ

H2(Γ,P(C))
β0

H2(Γ,Div0(C))

(2.8)

It is well-known that Pic0(C) and J(k̄) are isomorphic as Γ-modules (cf. [28]), and we will henceforth
routinely identify H1(Γ,Pic0(C)) with H1(k, J). Furthermore, set Φ(C, k) = Imϕ. Using (2.6), we
obtain from (2.8) that for every a ∈ Br(K)ur there exists b ∈ H1(k, J) such that γ(b) = α(a), and
the coset

b̄ := b+Φ(C, k) ∈ H1(k, J)/Φ(C, k)

is well-defined. Then the correspondence a 	→ b̄ defines the required homomorphism

ωk : Br′(K)ur → H1(k, J)/Φ(C, k),

and the exactness of the resulting sequence (2.1) follows from the exactness of (2.4).
Lemma 2.1. Φ(C, k) is a finite cyclic group. It is trivial if C(k) �= ∅.
Proof. From (2.3), we obtain the exact sequence

Div(C)Γ
δ−→ Z → H1(Γ,Div0(C)) → H1(Γ,Div(C)) = 0,

in which the vanishing of the term on the right is derived from the fact that Div(C) is a permutation
Γ-module. So,

H1(Γ,Div0(C)) 
 Z/δ(Div(C)Γ);

hence Φ(C, k) is a finite cyclic group. If C(k) �= ∅, then δ(Div(C))Γ = Z, and Φ(C, k) is trivial. �
Remark 2.2. (a) Let �/k be a field extension and C
 = C ×k � be the base change of C

(viewed as a curve over �). It is well-known (see, e.g., [28]) that J(C
) = J(C)
. It follows from our
construction that the restriction map h : H1(k, J) → H1(�, J
) satisfies h(Φ(C, k)) ⊂ Φ(C
, �) and
hence gives rise to a map h′ in the following commutative diagram:

Br′(k(C))ur

g

ωk
H1(k, J)/Φ(C, k)

h′

Br′(�(C))ur
ω�

H1(�, J
)/Φ(C
, �)

where g is the natural map.
(b) Suppose that C(k) �= ∅. Then (2.2) admits a k-defined splitting which is constructed as

follows. Fix p ∈ C(k), let vp be the corresponding discrete valuation on k̄(C), and pick a uniformizer
π ∈ k(C) of vp. Then

k̄(C)× � f
σ	→

(
fπ−vp(f)

)
(p) ∈ k̄×

is a required section. Equivalently, σ can be described as the composition of the natural embedding
k̄(C) ↪→ k̄((π)) with the map k̄((π))× → k̄× defined by

amπm + am+1π
m+1 + . . . 	→ am
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(assuming that am �= 0). The existence of σ yields the exactness of the following sequence extend-
ing (2.4):

0 → Br(k)
ιk−→ Br′(k(C))

α−→ H2(Γ,P(C)) → 0.

According to Lemma 2.1, we have Φ(C, k) = 0, so (2.1) can be replaced with the exact sequence

0 → Br(k)
ιk−→ Br′(k(C))ur

ωk−→ H1(k, J) → 0.

As we already mentioned, if n is prime to char k, then nBr(K) ⊂ Br′(K). This enables us to
formulate the following statement which summarizes our approach to proving the finiteness of the
unramified Brauer group.

Proposition 2.3. Let V be a set of discrete valuations of K = k(C) containing V0, so that
we have an inclusion nBr(K)V ⊂ nBr(K)ur. Assume that

(I) ι−1
k (nBr(K)V ) is finite, and

(II) ωk(nBr(K)V ) is finite.

Then nBr(K)V is finite and its order divides |ι−1
k (nBr(K)V )| · |ωk(nBr(K)V )|.

3. RAMIFICATION AT THE VALUATIONS OF THE BASE FIELD

The results of this section will be used to verify assumption (I) of Proposition 2.3 for an appro-
priate set of discrete valuations (see Subsection 4.1 below). We examine the following two situations:
simple extensions of transcendence degree 1 of an arbitrary field and purely transcendental exten-
sions of global fields. The consideration of the first of these situations involves rather restrictive
assumptions (cf. Proposition 3.7), so to conclude the proof of (I) we show that any finitely generated
field can be obtained as a combination of these two types of extensions in such a way that all the
additional required conditions are satisfied (see Proposition 4.1).

3.1. Ramification and base change. First, we recall the following well-known general fact.
Let k be a field equipped with a (nontrivial) discrete valuation v, and let n > 1 be an integer
relatively prime to char k(v). Furthermore, let �/k be a field extension, w be an extension of v to �,
and �(w) be the corresponding residue field (as usual, we will identify k(v) with a subfield of �(w)).
We let (k(v))sep ⊂ (�(w))sep denote the corresponding separable closures, and let e = [w(�×) : v(k×)]
be the ramification index (assumed to be finite).

Lemma 3.1 [38, Theorem 10.4]. The diagram

nBr(k)
ρv

nι

Hom
(
Gal

(
(k(v))sep/k(v)

)
,Z/nZ

)
[e]

nBr(�)
ρw

Hom
(
Gal

(
(�(v))sep/�(v)

)
,Z/nZ

) (3.1)

where nι : nBr(k) → nBr(�) is the canonical map, ρv and ρw are the corresponding residue maps,
and [e] is the map induced by the restriction Gal((�(w))sep/�(w)) → Gal((k(v))sep/k(v)) followed by
multiplication by the ramification index e, is commutative.

Corollary 3.2. In the above notations, set

r =
[
nι

−1
(
nBr(�){w}

)
: nBr(k){v}

]
and d =

[
�(w) ∩ (k(v))sep : k(v)

]
.

If e = 1, then r ≤ d; in particular, if d is finite, then so is r, and moreover r = 1 if d = 1.
Indeed, if e = 1, then the kernel of [e] in (3.1) has order dividing d, and our claim follows from

a simple diagram chase.
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3.2. Geometric statement. Let C be a smooth projective geometrically irreducible curve
over a field k, and let v be a discrete valuation of k. Assume that C has good reduction at v (cf.
the notations and conventions in Section 1), fix an Ov-model C, and let v̇ denote the canonical
unramified extension of v to the field of rational functions k(C) determined by the closed fiber
of C. Recall that k(C)v̇ = k(v)(C(v)). Since C has good reduction at v, the residue field k(v) is
algebraically closed in k(C)(v̇), and we see from Corollary 3.2 that

nι
−1

(
nBr(k(C)){v̇}

)
= nBr(k){v}.

Thus, we obtain the following.
Proposition 3.3. Let C be a smooth projective geometrically irreducible curve over a field k,

and let V be a set of discrete valuations of k such that C has good reduction at all v ∈ V . Set

V̇ = {v̇ | v ∈ V },

where v̇ is the canonical extension of v to k(C). Then for the natural map nι : nBr(k) → nBr(k(C))
we have

nι
−1

(
nBr(k(C))V̇

)
= nBr(k)V .

We will use this statement in conjunction with the following well-known result (cf. [18, Propo-
sition A.9.1.6; 43]).

Proposition 3.4. Let k be a field equipped with a set V of discrete valuations that satisfies
condition (A) (see Section 1). Given a smooth projective geometrically irreducible curve C over k,
there exists a finite subset V (C) ⊂ V such that C has good reduction at all v ∈ V \ V (C).

We will next develop a more explicit algebraic version of Proposition 3.3.

3.3. Algebraic statement. Let K = k(x, y), where x is transcendental over k and y satisfies
a relation F (x, y) = 0 with F (X,Y ) ∈ k[X,Y ] an absolutely irreducible polynomial in variables X
and Y of the form

F (X,Y ) = Y m + fm−1(X)Y m−1 + . . . + f0(X) with fi(X) ∈ k[X].

Furthermore, we let δ(X) ∈ k[X] denote the discriminant of F as a polynomial in Y , and assume
that δ �= 0. Given a discrete valuation v of k, we consider its standard extension v̂ to k(x) given on
nonzero polynomials by

v̂(amxm + . . .+ a0) = min
ai �=0

v(ai) (3.2)

(cf. [4, Ch. VI, § 10]), and let ṽ denote an arbitrary extension of v̂ to K.
Proposition 3.5. Let nιk : nBr(k) → nBr(K) be the canonical map. If v̂(fi(x)) ≥ 0 for all

i = 0, . . . ,m− 1 and v̂(δ(x)) = 0, then

r :=
[
nι

−1
k

(
nBr(K){ṽ}

)
: nBr(k){v}

]
is finite. Moreover, if the reduction F (v)(X,Y ) ∈ k(v)[X,Y ] is absolutely irreducible, then r = 1,
and in this case v̂ extends to K uniquely.

Proof. Let Ô be the valuation ring of v̂, and let Õ be the integral closure of Ô in K. It follows
from our assumptions that y ∈ Õ. Moreover, the discriminant of the basis 1, y, . . . , yn−1 of K
over k(x) is δ, hence a unit in Ô, implying that

(a) Õ = Ô[y], and
(b) any extension of v̂ to K (in particular, ṽ) is unramified
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(cf. [19, Ch. I, Theorems 7.3, 7.5]). Since the residue field k(x)(v̂) coincides with k(v)(x̄), it follows
from (a) that the residue field K(ṽ ) is k(v)(x̄, ȳ), where x̄ and ȳ denote the images of x and y (these
obviously satisfy the relation F (v)(x̄, ȳ) = 0). As v̂(k(x)×) = v(k×), applying (b) we find that
the ramification index e = [ṽ(K×) : v(k×)] is 1. Obviously,

[
K(ṽ ) ∩ (k(v))sep : k(v)

]
< ∞, so from

Corollary 3.2 we conclude that r < ∞. If F (v) is absolutely irreducible over k(v), then

K(ṽ ) ∩ (k(v))sep = k(v)

(see [25, Sect. 3.2, Corollary 2.14]), and again Corollary 3.2 implies that r = 1. In fact, in this case
we have

[
K(ṽ ) : k(x)(v̂)

]
= [K : k(x)], and therefore ṽ is the unique extension of v̂. �

Next, we will need to recall the following well-known consequence of “elimination theory”
(cf. [43]), which in fact plays a crucial role in the proof of Proposition 3.4.

Lemma 3.6. Let k be a field equipped with a set W of discrete valuations that satisfies con-
dition (A). If F ∈ k[X,Y ] is an absolutely irreducible polynomial, then for almost all v ∈ W the
reduction F (v) ∈ k(v)[x, y] is defined and is absolutely irreducible.

Now Proposition 3.5 and Lemma 3.6 together yield
Proposition 3.7. Let K = k(x, y) where x is transcendental over k and F (x, y) = 0 with

F ∈ k[X,Y ] an absolutely irreducible polynomial of the form

F (X,Y ) = Y m + fm−1(X)Y m−1 + . . . + f0(X), fi(X) ∈ k[X].

Let δ(X) ∈ k[X] be the discriminant of F as a polynomial in Y, and assume that δ(X) �= 0.
Furthermore, let W be a set of discrete valuations of k that satisfies condition (A). For each
v ∈ W, we consider the extension v̂ to k(x) given by (3.2), pick one extension3 ṽ of v̂ to K, and
set W̃ = {ṽ | v ∈ W}. If

v̂(fi(x)) ≥ 0 for all i = 0, . . . ,m− 1 and v̂(δ(x)) = 0

for all v ∈ W, then
rW :=

[
nι

−1
k

(
nBr(K)

˜W

)
: nBr(k)W

]
< ∞.

In fact, rW = 1 if the reduction F (v)(X,Y ) ∈ k(v) is absolutely irreducible for all v ∈ W .
Proof. We have an injective map

nι
−1
k

(
nBr(K)

˜W

)
/nBr(k)W →

∏
v∈W

ι−1
k

(
nBr(K){ṽ}

)
/nBr(k){v}. (3.3)

By Lemma 3.6, the subset W0 of v ∈ W such that the reduction F (v)(X,Y ) fails to be absolutely
irreducible is finite. Invoking Proposition 3.5, we see that the quotient nι

−1
k (nBr(K){ṽ})/nBr(k){v}

is finite for all w ∈ W and is trivial for v ∈ W \W0. Thus, the target in (3.3) is always finite, and
in fact is trivial if F (v) is absolutely irreducible for all v ∈ W , hence our assertions. �

3.4. Purely transcendental extensions. Let � = k(x1, . . . , xr) be a purely transcendental
extension of a field k, and let n > 1 be an integer prime to char k. For i ∈ {1, . . . , r}, we set
�i := k(x1, . . . , xi−1, xi+1, . . . , xr) and let Vi denote the set of discrete valuations of � = �i(xi) that
correspond to the irreducible polynomials in �i[xi] (and thus are trivial on �i). We define

V =

r⋃
i=1

Vi.

3As follows from Proposition 3.5 and Lemma 3.6, for almost all v ∈ W , the extension ṽ is unique.
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(Geometrically, one interprets � as the field of rational functions on the projective space Pr
k, and

thinks of each Vi as a subset of the set V0 of discrete valuations of � associated with the prime
divisors, which, of course, correspond to irreducible homogeneous polynomials in k[X0,X1, . . . ,Xr].
Then the union above is taken inside V0; note that Vi and Vj for i �= j are not disjoint. Obviously, V
depends on the choice of a transcendence basis x1, . . . , xr.) Furthermore, let T be a set of discrete
valuations of k such that (n, char k(v)) = 1 for all v ∈ T . For each v, we let v̌ denote its natural
extension to � given on nonzero polynomials by

v̌

( ∑
i1,...,ir

ai1,...,irx
i1
1 . . . xirr

)
= min

ai1,...,ir �=0
v(ai1,...,ir), (3.4)

and let Ť = {v̌ | v ∈ T}. Now, set
V (T ) = V ∪ Ť . (3.5)

Clearly, V (T ) satisfies condition (A) if T does. Moreover, we have the following well-known state-
ment (cf. the proof of [36, Proposition 3.4]).

Proposition 3.8. nBr(�)V (T ) = nBr(k)T .
Proof. This is an easy consequence of the following two standard facts. Let F = k(x) be the

field of rational functions over k and V F be the set of discrete valuations of F corresponding to the
monic irreducible polynomials in k[x]. Furthermore, for a discrete valuation v of k, we let v̌ denote
its natural extension to F given by (3.2). Then

(a) (assuming that (n, char k) = 1) nBr(F )V F = nBr(k) (cf. [32, Sect. 19.5]);
(b) (assuming that either k(v) is perfect or (n, char k(v)) = 1) a central division k-algebra Δ of

degree dividing n is unramified at v if and only if the algebra Δ ⊗k F is unramified at v̌.
Indeed, this follows from the diagram (3.1) written for � = F and w = v̌ since v̌ | v is
unramified and F (v̌) = k(v)(x); hence k(v) is algebraically closed in F (v̌).

Let V ′ be the set of discrete valuations of �r constructed in the same manner as V was constructed
for �; clearly, V ′ is made up of the restrictions of places from

⋃r−1
i=1 Vi. It follows from (a) and (b)

that nBr(�)V = nBr(�r)V ′ , so by induction on r we conclude that

nBr(�)V = nBr(k).

Applying (b) again, we obtain

nBr(�)V (T ) = nBr(k)T ,

as required. �
3.5. Global fields. We now recall the well-known description of the Brauer group of a global

field. So, let k be a global field, V k be the set of all places of k, and let V k
∞ ⊃ V k

real be the subsets
of archimedean and real places, respectively (of course, V k

∞ = ∅ if k has positive characteristic).
According to the Albert–Hasse–Brauer–Noether theorem (cf. [32, Sect. 18.4; 17, Corollary 6.5.4]),
there is an exact sequence

0 → Br(k) →
⊕
v∈V k

Br(kv)
inv−−→ Q/Z → 0,

where inv is the sum of the local invariant maps invv : Br(kv) → Q/Z. Furthermore, invv is injective
for all v ∈ V , and in fact is an isomorphism for v nonarchimedean, identifies Br(kv) with (1/2)Z/Z
for v ∈ V k

real, and is trivial for v ∈ V k
∞ \ V k

real. Moreover, for v nonarchimedean, invv actually
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coincides with the corresponding residue map, so the unramified Brauer group Br(kv){v} is trivial.
Now, let S ⊂ V k be a finite subset containing V k

∞, and set T = V k \ S. Then the unramified Brauer
group nBr(k)T is identified with the kernel of⊕

v∈S
nBr(kv)

i−→ Q/Z,

where i is the sum of invv for v ∈ S. The above description of Br(kv) implies that nBr(kv) is
(1/n)Z/Z for v nonarchimedean, (n, 2)−1Z/Z for v ∈ V k

real, and trivial for v ∈ V k
∞ \ V k

real. On the
other hand, Im i is (1/n)Z/Z if S �= V k

∞, is (n, 2)−1Z/Z if S = V k
∞ and V k

real �= ∅, and is trivial
otherwise. We then obtain the following.

Lemma 3.9. Let a = |V k
real| and b = |S \ V k

∞|. Then nBr(k)T is a finite group whose order
β(n, k, T ) equals (n, 2)anb−1 if b > 0, (n, 2)a−1 if b = 0 but a > 0, and 1 if a = b = 0. (Note that
in all cases the order divides (n, 2)anb.)

3.6. Purely transcendental extensions of global fields. Combining Proposition 3.8 with
Lemma 3.9, we obtain the following finiteness result.

Proposition 3.10. Let � = k(x1, . . . , xr) be a purely transcendental extension of a global
field k, let n > 1 be an integer prime to char k, and let T = V k \ S, where S ⊂ V k is a finite
subset containing V k

∞ ∪ V (n). Then the group nBr(�)V (T ) is finite, where V (T ) is as in (3.5).
Remark 3.11. One can show that the group nBr(�)V ′ remains finite for any subset V ′ ⊂ V (T )

with finite complement V (T ) \ V ′. This result would enable us to somewhat streamline the proof
of Theorem 2, but in fact its use can be avoided by a simple algebraic trick which we will describe
in Section 4.

3.7. ιk vs. nιk. While the application of Proposition 2.3 requires information about I :=
ι−1
k (nBr(k(C))V ) for the natural map ιk : Br(k) → Br(k(C)), the results of the current section

provide information about J = nι
−1
k (nBr(k(C))V ) for the restriction nιk : nBr(k) → nBr(k(C)). So,

in this section we will relate the finiteness of I to that J , and more precisely establish a connection
between the orders of these groups. Of course, if C(k) �= ∅, then ιk is injective and hence I = J .
In the general case, the relationship between these groups depends on the following relative Brauer
group:

Br(k(C)/k) := Ker
(
Br(k) → Br(k(C))

)
.

First, we mention the following elementary group-theoretic lemma.
Lemma 3.12. Let A be an abelian group, B ⊂ A be a finite subgroup, and φ : A → A/B be

the canonical homomorphism. Then for any integer n ≥ 1, the index [n(A/B) : φ(nA)] is finite and
divides |B|. Thus, if nA is finite, then n(A/B) is finite of order dividing |nA| · |B|.

Proof. Define ψ : n(A/B) → B/Bn by aB 	→ anBn. Then the sequence

nA
φ−→ n(A/B)

ψ−→ B/Bn

is exact, and the lemma follows. �
In our situation, this lemma yields the following.
Proposition 3.13. Assume that the relative Brauer group Br(k(C)/k) is finite. If J is finite,

then I is also finite, with |I| dividing |J | · |Br(k(C)/k)|2. In particular, if the group Br(k(C)/k) is
trivial (which is always the case when C(k) �= ∅), then I = J .

Proof. By definition, Br(k(C)/k) coincides with Ker ιk. So, applying the lemma to A = I and
B = Br(k(C)/k), we find that the index [ιk(I) : ιk(J)] divides the order of Br(k(C)/k), and our
assertion follows. �
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It was shown by M. Ciperiani and D. Krashen [9, Proposition 4.11] that Br(k(C)/k) is always
finite if k is finitely generated (and not only for a curve C but for any smooth projective variety).
We note that their result is formulated for finitely generated extensions of Q; however, the proof
relies only on the finite generation of Pic0(C)(k), which holds in any characteristic. Since in the
context of Theorem 2 the field k will be finitely generated, proving the finiteness of I is equivalent to
proving the finiteness of J . For convenience of reference, we will formulate the following immediate
consequence of Proposition 3.3 and Lemma 3.9.

Corollary 3.14. Let C be a smooth projective geometrically irreducible curve over a global
field k such that C(k) �= ∅, and let T ⊂ V k be a subset containing V k

∞ with finite complement
V k \ T . Assume that C has good reduction at every v ∈ T, let v̇ denote the canonical extension
of v to k(C), and set Ṫ = {v̇ | v ∈ T}. Then for the natural map ιk : Br(k) → Br(k(C)) we have∣∣ι−1

k

(
nBr(k(C))Ṫ

)∣∣ = β(n, k, T )

(see Lemma 3.9 for the definition of β(n, k, T )).

4. A RESULT ON FINITELY GENERATED FIELDS

In this section, we will describe a specific presentation of a given finitely generated field as a
function field of a geometrically irreducible smooth projective curve C. We will then use properties
of this presentation to verify assumption (I) of Proposition 2.3 for an appropriate set of valuations.

Proposition 4.1. Let K be a finitely generated field which is not a global field. There exists a
global field P ⊂ K and elements t1, . . . , tr, x, y ∈ K such that

(1) K = P (t1, . . . , tr, x, y);

(2) t1, . . . , tr and x are algebraically independent over P ;

(3) k := P (t1, . . . , tr) is algebraically closed in K;

(4) there is a polynomial f(T1, . . . , Tr,X, Y ) ∈ P [T1, . . . , Tr,X, Y ] of the form

f = Y d + pd−1(T1, . . . , Tr,X)Y d−1 + . . .+ p0(T1, . . . , Tr,X)

that satisfies the following properties :

(a) f(t1, . . . , tr, x, y) = 0;

(b) f(t1, . . . , tr, x, Y ) ∈ k(x)[Y ] is irreducible;
(c) the discriminant δY (f) of f as a polynomial in Y has the form

δY (f) = qm(T1, . . . , Tr)X
m + qm−1(T1, . . . , Tr)X

m−1 + . . .+ q0(T1, . . . , Tr),

with qi ∈ P [T1, . . . , Tr] and qm ∈ P×.

4.1. Verification of assumption (I) of Proposition 2.3. We may assume that the given
finitely generated field K is not global as otherwise Theorem 2 follows from Lemma 3.9. We fix
a presentation of K of the form K = P (t1, . . . , tr, x, y) satisfying the properties listed in Proposi-
tion 4.1. Set k = P (t1, . . . , tr) and let C be a connected k-defined smooth projective curve such that
k(C) = k(x, y) = K. Note that due to condition (3) in the proposition, C is geometrically irreducible
(see [25, Sect. 3.2, Corollary 2.14]). As in Subsection 3.4, we write ki = P (t1, . . . , ti−1, ti+1, . . . , tr),
let Vi be the set of discrete valuations of k corresponding to the irreducible monic polynomials
in ki[ti], and set

V =
r⋃

i=1

Vi.
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Next, for each discrete valuation v of P , we let v̌ be its natural extension to k given by a formula
similar to (3.4), and further denote by v̂ the extension of v̌ to k(x) given by (3.2). Now, pick a set
T ⊂ V P of discrete valuations with finite complement V P \ T such that for each v ∈ T we have
(n, charP (v)) = 1 and

v̂(pi(t1, . . . , tr, x)) ≥ 0 for all i = 1, . . . , d− 1 and v(qm) = 0. (4.1)

Since the discriminant is given by an integral polynomial in the coefficients of the original polyno-
mial, we have v̂(δY (f)) ≥ 0, so the condition v(qm) = 0 forces

v̂(δY (f)) = 0. (4.2)

Set Ť = {v̌ | v ∈ T} and V (T ) = V ∪ Ť . We will still use the notation v̂ to denote the extension
of every v ∈ V (T ) to k(x) given by (3.2). Let ṽ denote an arbitrary extension of v̂ to k(x, y) = K

and set Ṽ (T ) = {ṽ | v ∈ V (T )}. Then (4.1), (4.2), and the fact that qm ∈ P× imply that

v̂(pi(t1, . . . , tr, x)) ≥ 0 for all i = 1, . . . , d− 1 and v̂(δY (f)) = 0

for all v ∈ V (T ); thus, the assumptions of Proposition 3.7 hold for W = V (T ). We then obtain the
following.

Theorem 4.2. In the above notations, for the canonical map ιk : Br(k) → Br(K), the group
ι−1
k

(
nBr(K)

˜V (T )

)
is finite.

Proof. By Proposition 3.13 and subsequent remarks, it is enough to prove that the group

nι
−1
k

(
nBr(K)

˜V (T )

)
is finite. Furthermore, by Proposition 3.7, the index

[
nι

−1
k

(
nBr(K)

˜V (T )

)
: nBr(k)V (T )

]
is finite.

Finally, by Proposition 3.10, the group nBr(k)V (T ) is finite, completing the proof. �
4.2. Proof of Proposition 4.1. We will derive this proposition from the following more

general result. Following [21, Ch. VIII], we will call a field extension K/P regular if it is separable
and P is algebraically closed in K; equivalently, P and K are linearly disjoint over P , for a choice
of algebraic closure P of P (see [21, Ch. VIII, § 4], particularly pp. 366–367).

Proposition 4.3. Let K be a finitely generated regular field extension of an infinite field P of
transcendence degree > 0. Then there exist elements t1, . . . , tr, x, y ∈ K such that

(1) K = P (t1, . . . , tr, x, y);

(2) t1, . . . , tr and x are algebraically independent over P ;

(3) k := P (t1, . . . , tr) is algebraically closed in K;

(4) there is a polynomial f(T1, . . . , Tr,X, Y ) ∈ P [T1, . . . , Tr,X, Y ] of the form

f = Y d + pd−1(T1, . . . , Tr,X)Y d−1 + . . .+ p0(T1, . . . , Tr,X)

that satisfies the following properties :

(a) f(t1, . . . , tr, x, y) = 0;

(b) f(t1, . . . , tr, x, Y ) ∈ k(x)[Y ] is irreducible;
(c) the discriminant δY (f) of f as a polynomial in Y has the form

δY (f) = qm(T1, . . . , Tr)X
m + qm−1(T1, . . . , Tr)X

m−1 + . . .+ q0(T1, . . . , Tr),

with qi ∈ P [T1, . . . , Tr] and qm ∈ P×.
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To derive Proposition 4.1 from this proposition, we let F denote the prime subfield of K. Since
F is perfect, the extension K/F has a separating transcendence basis s1, . . . , sa (cf. [21, Ch. VIII,
Proposition 4.1]). Set E = F if the characteristic is zero and E = F (s1) if the characteristic is
p > 0. Then K/E is separable (cf. [21, Ch. VIII, Corollary 5.6]). Let P be the algebraic closure
of E in K. Note that P/E is a finite extension, and therefore P is a global field. Furthermore, the
extension K/P is still separable, hence regular, and of transcendence degree > 0 as K is not global
by assumption. Now, Proposition 4.1 immediately follows from Proposition 4.3. �

4.3. Proof of Proposition 4.3. We will need the following case of the Zariski–Matsusaka
theorem (cf. [21, Ch. VIII, Theorem 5.7]).

Proposition 4.4. Let K/k be a regular finitely generated field extension, and let y, z ∈ K
be algebraically independent over k and such that at least one of them does not lie in Kpk if the
characteristic is p > 0. Then for all but finitely many c ∈ k, the field K is regular over k(y + cz).

Corollary 4.5. Let x, z1, . . . , zr be a separating transcendence basis for a regular field exten-
sion K of an infinite field P . Then for any positive integers m1, . . . ,mr and any infinite subset
P ⊂ P there exist c1, . . . , cr ∈ P such that for the elements

t1 = z1 + c1x
m1 , . . . , tr = zr + crx

mr ,

the field K is a regular extension of P (t1, . . . , tr).

Proof. We will induct on r, observing that there is nothing to prove if r = 0. So, let r > 0.
Clearly, z1 /∈ KpP if the characteristic is p > 0, so by Proposition 4.4 there exists c1 ∈ P such
that K is regular over P1 := P (t1) where t1 = z1 + c1x

m1 . Then x, z2, . . . , zr is a separating
transcendence basis of K over P1, and by induction there exist c2, . . . , cr ∈ P ⊂ P1 such that for
t2 = z2 + c2x

m2 , . . . , tr = zr + crx
mr , the field K is regular over P1(t2, . . . , tr) = P (t1, . . . , tr). �

Turning now to the proof of Proposition 4.3 (which imitates the proof of Noether’s normalization
lemma), we first observe that since K/P is a finitely generated regular field extension of transcen-
dence degree > 0, one can find a separating transcendence basis x, z1, . . . , zr. Then there exists
y ∈ K such that K = P (x, z1, . . . , zr, y). Multiplying y by a suitable element of P [x, z1, . . . , zr], we
may assume that there exists an irreducible polynomial f̄ ∈ P [X,Z1, . . . , Zr, Y ] of the form

f̄ = Y d + p̄d−1(X,Z1, . . . , Zr)Y
d−1 + . . .+ p̄0(X,Z1, . . . , Zr)

such that f̄(x, z1, . . . , zr, y) = 0. Then f̄(x, z1, . . . , zr, Y ) ∈ P (x, z1, . . . , zr)[Y ] is the minimal
polynomial for y over P (x, z1, . . . , zr), hence separable, and therefore the discriminant δY (f̄) ∈
P [X,Z1, . . . , Zr] is nonzero. If r = 0, then K = P (x, y), and there is nothing to prove, so we
assume that r > 0. Fix positive integers m1, . . . ,mr. By Corollary 4.5, we can pick nonzero
c1, . . . , cr ∈ P such that for

t1 = z1 − c1x
m1 , . . . , tr = zr − crx

mr ,

the field K is a regular extension of P (t1, . . . , tr). Then properties (1)–(3) in the statement of the
proposition are clearly satisfied, and it remains to pick the integers m1, . . . ,mr so as to satisfy
property (4) as well (the choice of the ci’s will play no role as long as they are nonzero). We
introduce new variables Ti = Zi − ciX

mi , i = 1, . . . , r. Since P [X,Z1, . . . , Zr] = P [X,T1, . . . , Tr],
we can express p̄0, . . . , p̄d−1 (respectively, f̄) in terms of X,T1, . . . , Tr (respectively, X,T1, . . . , Tr, Y ),
and we will denote the resulting polynomials by p0, . . . , pd−1 (respectively, f). Clearly, we have

f = Y d + pd−1(X,T1, . . . , Tr)Y
d−1 + . . . + p0(X,T1, . . . , Tr) and δY (f) = δY (f).
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Write
δY (f̄) =

∑
(i0,i1,...,ir)∈I

ai0i1...irX
i0Zi1

1 . . . Zir
r with ai0i1...ir �= 0,

where the sum is taken over a finite subset I ⊂ (N ∪ {0})r+1. Pick an integer � so that � ≥ ij for
every (i0, i1, . . . , ir) ∈ I and all j = 0, . . . , r, and then set mj = (�+ 1)j for j = 1, . . . , r. We have

δY (f) =
∑

(i0,i1,...,ir)∈I
ai0i1...irX

i0(T1 + c1X
m1)i1 . . . (Tr + crX

mr)ir .

Note that

Xi0(T1 + c1X
m1)i1 . . . (Tr + crX

mr)ir =

(
r∏

j=1

cj

)
Xd(i0,i1,...,ir) + (terms of lower X-degree),

where
d(i0, i1, . . . , ir) := i0 + i1(�+ 1) + . . .+ ir(�+ 1)r.

It easily follows from our choice of � that the numbers d(i0, i1, . . . , ir) for (i0, i1, . . . , ir) ∈ I are all
distinct, and in particular there exists only one (i00, i

0
1, . . . , i

0
r) ∈ I for which d(i00, i

0
1, . . . , i

0
r) equals

m := max
(i0,i1,...,ir)∈I

d(i0, i1, . . . , ir).

Then

δY (f) = ai0i1...ir

(
r∏

j=1

cj

)
Xm + qm−1(T1, . . . , Tr)X

m−1 + . . . ,

as required. �

5. FINITENESS OF UNRAMIFIED COHOMOLOGY IN DEGREE ONE

As we indicated in Section 1, assumption (II) of Proposition 2.3 will be verified by employing
a suitable modification of the strategy used in the proof of the weak Mordell–Weil theorem. This
strategy is based on the consideration of unramified cohomology classes, and in this section we recall
the relevant definitions and discuss the basic set-up.

Let �/k be a Galois extension with Galois group Γ = Gal(�/k). For a Γ-module M , the coho-
mology group H i(Γ,M) will, as usual, be denoted by H i(�/k,M). Furthermore, we will write M(k)
for MΓ and H i(k,M) for H i(ksep/k,M), where ksep is a (fixed) separable closure of k. Given a
discrete valuation v of k, we let kur

v denote the maximal unramified extension of the completion kv .
Let M be a finite Gal(ksep

v /kv)-module. We say that a cohomology class x ∈ H i(kv ,M) (i ≥ 1) is
unramified if it lies in the image of the inflation map H i(kur

v /kv ,M(kur
v )) → H i(kv,M). In the cur-

rent paper, we will use this notion only for i = 1, where it is equivalent, by the inflation–restriction
exact sequence, to the fact that x lies in the kernel of the restriction map H1(kv ,M) → H1(kur

v ,M).
Furthermore, for a Gal(ksep/k)-module M , a class x ∈ H i(k,M) is unramified at v if its image un-
der the restriction map H i(k,M) → H i(kv ,M) is unramified. Finally, given a set T of discrete
valuations of k, we say that x ∈ H i(k, T ) is unramified at T if it is unramified at every v ∈ T . The
subgroup of all classes in H i(k,M) that are unramified at T will be denoted by H i(k,M)T .

In order to formulate the conditions that guarantee the finiteness of H1(k,M)T in certain
situations, we need to introduce the following definitions. Let T be a set of discrete valuations
of k satisfying condition (A) (see Section 1). We let Div(T ) denote the free abelian group on the
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set T , the elements of which will be called “divisors.” Since T satisfies (A), to any a ∈ k× we can
associate the “principal divisor ”

(a) =
∑
v∈T

v(a) · v,

and we let P(T ) denote the subgroup of Div(T ) formed by all principal divisors. The quotient
Div(T )/P(T ) will be called the Picard group of T and denoted by Pic(T ) (or Pic(k, T ) if the field k
needs to be specified). Furthermore, we define the group of T -units U(T ) (or U(k, T )) by

U(T ) =
{
a ∈ k× | v(a) = 0 for all v ∈ T

}
=

⋂
v∈T

O×
k,v.

Now, for an integer n > 1, we introduce the following finiteness condition:

(F(k, T )n) the groups U(k, T )/U(k, T )n and nPic(k, T ) are finite.

We will also consider the condition

(F(k, T )) the groups U(k, T ) and Pic(k, T ) are finitely generated.

Obviously, (F(k, T )) implies (F(k, T )n) for all n > 1. The condition (F(k, T )n) plays the key role
in the following.

Proposition 5.1. Let n > 1 be an integer prime to char k. Assume that condition (F(k, T )n)
holds.

1. If k contains a primitive nth root of unity, then the group H1(k, μn)T is finite of order
dividing |U(T )/U(T )n| · |nPic(T )|.

2. If n is prime to char k(v) for all v ∈ T, then H1(k, μn)T is finite of order equal to
|U(T )/U(T )n| · |nPic(T )|.

Proof. It is well-known that there is an isomorphism

H1(k, μn) 
 k×/k×
n (5.1)

under which a coset ak×n corresponds to the class of the cocycle χa given by

χa(σ) =
σ( n

√
a )

n
√
a

for σ ∈ Gal(ksep/k)

(the cohomology class obviously does not depend on the choice of n
√
a ). In both cases 1 and 2,

for any v ∈ T the field kur
v contains a primitive nth root of unity. It follows that the class of χa

is unramified at v, i.e. lies in the kernel of the restriction map H1(k, μn) → H1(kur
v , μn), if and

only if χa vanishes on Gal(ksep
v /kur

v ), or equivalently, n
√
a ∈ kur

v . A necessary condition for this is
v(a) ≡ 0 (mod n). In fact, this condition is also sufficient if (n, char k(v)) = 1. This leads to the
following description of H1(k, μn)T . Let

E(T, n) =
{
a ∈ k× | v(a) ≡ 0 (mod n) for all v ∈ T

}
,

and let D(T, n) = νn(E(T, n)), where νn : k
× → k×/k×n is the canonical homomorphism. Then

the isomorphism (5.1) takes H1(k, μn)T into D(T, n) in case 1, and gives an isomorphism between
these two groups in case 2. Thus, to complete the proof of the proposition, it suffices to show that
D(T, n) is finite of order |U(T )/U(T )n| · |nPic(T )|. This fact follows from the existence of the exact
sequence

0 → U(T )/U(T )n
α−→ D(T, n)

β−→ nPic(T ) → 0 (5.2)
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(cf. [22, Ch. 6, Theorem 1.4]). For the sake of completeness, we briefly recall the construction
of (5.2). The map α is induced by the identity embedding U(T ) ↪→ k×; it is clearly injective and
its image is contained in D(T, n). To define β, we observe that since the abelian group Div(T ) is
torsion-free, for any a ∈ E(T, n) there exists a unique d(a) ∈ Div(T ) such that

(a) = n · d(a). (5.3)

Then β sends νn(a) to the class p(a) ∈ Pic(T ) of d(a). It follows from (5.3) that p(a) depends
only on νn(a) and belongs to nPic(T ). Conversely, given any p ∈ nPic(T ), for a divisor d ∈ Div(T )
representing p we have n · d = (a) for some a ∈ k×. Then a ∈ E(T, n) and β(νn(a)) = p, i.e. β is
surjective. Finally, suppose b = νn(a) ∈ Ker β. Then

(a) = n · (c) for some c ∈ k×.

It follows that (a · c−n) = 0, i.e. a · c−n ∈ U(T ), and

b = νn(a) = νn(a · c−n),

proving the exactness of (5.2) in the middle term. �
5.1. Arbitrary finite module of coefficients. We will now extend the above finiteness

result to the case of an arbitrary finite module M and estimate the order of H1(k,M)T . Given a
field extension �/k and a set T
 of discrete valuations of �, we will say that T
 lies above T , and write
T
 | T , if the restriction to k of every w ∈ T
 lies in T . Let now M be a finite Gal(ksep/k)-module,
�/k a finite Galois extension, and T
 | T .

Lemma 5.2. Assume that H1(�,M)T�
is finite. Then H1(k,M)T is also finite of order dividing

|H1(�/k,M(�))| · |H1(�,M)T�
|.

The proof immediately follows from the inflation–restriction exact sequence

0 → H1(�/k,M(�))
i−→ H1(k,M)

r−→ H1(�,M)

as r takes H1(k,M)T to H1(�,M)T�
.

Combining Proposition 5.1 with Lemma 5.2, we obtain the following.
Proposition 5.3. Let M be a finite Gal(ksep/k)-module that has d generators and exponent

dividing n with (n, char k) = 1 as an abelian group. Assume that there exists a finite Galois exten-
sion � equipped with a set T
 of discrete valuations lying above T such that

(a) � contains a primitive nth root of unity and M = M(�),

(b) condition (F(�, T
)n) holds.
Then H1(k,M)T is finite of order dividing

|H1(�/k,M(�))| ·
(
|U(�, T
)/U(�, T
)

n| · |nPic(�, T
)|
)d
. (5.4)

Indeed, by our assumption

M 
 Z/n1Z× . . .× Z/ndZ for some ni | n

as abelian groups. Then it follows from (a) that

M 
 μn1 × . . .× μnd

as Gal(ksep/�)-modules. Since for m | n, the orders of U(�, T
)/U(�, T
)
m and mPic(�, T
) are finite

and divide the orders of U(�, T
)/U(�, T
)
n and nPic(�, T
), respectively, our assertion follows from

the previous statements.
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5.2. Explicit estimations. Let k be a global field, S ⊂ V k a finite nonempty subset con-
taining V k

∞, and T := V k \ S. Then U(T ) coincides with the group of units Ok(S)
× of the ring

Ok(S) of S-integers in k and hence is isomorphic to μ(k)× Z|S|−1, where μ(k) is the group of roots
of unity in k (Dirichlet’s theorem, cf. [1, Ch. II, Sect. 18] or [35, Proposition 5.17]). Furthermore,
Pic(T ) coincides with the class group of Ok(S) and hence is finite (cf. [1, Ch. II, Sect. 17] or [35,
Theorem 5.18]). In particular, condition (F(k, T )) holds; in fact,

|U(T )/U(T )n| = (n, |μ(k)|)n|S|−1,

while nPic(T ) is the n-torsion subgroup of the class group of Ok(S), so has order dividing hk(S, n),
the largest divisor of the class number hk(S) of Ok(S) that involves only the prime divisors of n.

On the other hand, the order of H1(�/k,M(�)) divides the order of the group of 1-cocycles
Z1(�/k,M(�)), which in turn can be embedded into the direct product M(�)s where s is the number
of generators of Gal(�/k). This crude estimation can be improved and made explicit in various
concrete situations that arise in applications (cf. Section 9).

6. BACK TO THE BRAUER GROUP OF A CURVE: A LOCAL COMPUTATION

Let C be a smooth projective geometrically irreducible curve over a field k and n > 1 be an
integer prime to char k. We will follow up on the description of nBr(k(C))ur given in Section 2
assuming that C(k) �= ∅. According to Remark 2.2, this assumption implies that the natural
embedding k̄× → k̄(C)×, where k̄ = ksep, has a k-defined section ε : k̄(C) → k̄×, and then (2.2)
combined with Hilbert’s Theorem 90 implies that for the group P(C) of principal divisors on C =
C ×k k̄ we have H1(k,P(C)) = 0. The vanishing of this group tells us that the map Div(C)(k) →
Pic(C)(k) is surjective. (Recall that for a Γ-module M , where Γ = Gal(k̄/k), we write M(k) to
denote H0(Γ,M) = MΓ.) Again by Hilbert’s Theorem 90, every element in P(C)(k) is the divisor
of a function in k(C)×. We will now use these facts to construct a pairing

μ : H1(k,Z/nZ)×H0(k, nPic
0(C)) → nBr(k(C))ur.

Let χ ∈ H1(k,Z/nZ) = Hom(Γ,Z/nZ) be a character of order m | n, and let a ∈ nPic
0(C)(k).

Pick a divisor â ∈ Div(C)(k) representing a. Then nâ ∈ P(C)(k), and we set fa = ε(nâ), where
ε : P(C) → k̄(C)× is the embedding given by identifying P(C) with Ker ε. We then consider the
corresponding cyclic algebra (χ, fa) of degree dividing n (cf. [17, Sect. 2.5] for precise definitions),
and define μ by sending the pair (χ, a) to the class [χ, fa] ∈ Br(k(C)) of (χ, fa).

Proposition 6.1. 1. [χ, fa] ∈ nBr(k(C))ur.

2. The diagram

H1(k,Z/nZ)⊗H0(k, nPic
0(C))

μ ν

nBr(k(C))ur
ωk

nH
1(k,Pic0(C))

where ν is the ∪-product H1(k,Z/nZ)×H0(k, nPic
0(C)) → H1(k, nPic

0(C)) followed by the natural
map θk : H

1(k, nPic
0(C)) → nH

1(k,Pic0(C)), commutes.

Proof. 1. Let x = [χ, fa]. We need to show that ρ(x) = 0, where ρ : Br′(k(C)) →
H2(k,Div(C)) is defined by (2.5). Let m | n be the order of χ as a character of Γ = Gal(k̄/k), and
let Δ = Kerχ so that Γ/Δ is a cyclic group of order m. Clearly, Imχ = (n/m)Z/nZ, and we pick
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σ ∈ Γ such that χ(σ) = (n/m) (mod n). Then the coset σΔ generates Γ/Δ, and x corresponds to
the cohomology class in H2(k, k̄(C)×) given by the following cocycle on Γ/Δ:

ξ(σiΔ, σjΔ) =

{
1, i+ j < m,

fa, i+ j ≥ m
(0 ≤ i, j ≤ m− 1). (6.1)

Let ξ̂ be the cocycle on Γ/Δ with values in Div(C) given by a formula similar to (6.1) in which fa
is replaced by â. It follows from the construction of ρ in Section 2 that ρ(x) is represented by the
cocycle n · ξ̂. But since m = |Γ/Δ| divides n, the class of n · ξ̂ in H2(k,Div(C)) is trivial. Thus,
ρ(x) = 0, as required.

2. We will use the natural maps

α : Br′(k(C)) = H2(k, k̄(C)×) → H2(k,P(C)) and γ : H1(k,Pic0(C)) → H2(k,P(C))

introduced in Section 2. Since C(k) �= ∅, by Lemma 2.1, the map γ is injective, so it is enough to
show that

γ ◦ ωk ◦ μ = γ ◦ ν.

By construction, γ ◦ ωk = α, so what we need to prove is that

(α ◦ μ)(χ⊗ a) = (γ ◦ ν)(χ⊗ a) (6.2)

for all χ ∈ H1(k,Z/nZ) and a ∈ H0(k, nPic
0(C)). Using the same notations as in the proof of

assertion 1, we see that the left-hand side of (6.2) is represented by a cocycle ξ̄ on Γ/Δ with values
in P(C) given by a formula similar to (6.1) in which fa is replaced with the corresponding principal
divisor (fa). On the other hand, ν(χ⊗ a) is represented by the cocycle

ζ(τ) = χ(τ) · a ∈ Pic0(C), τ ∈ Γ

(since a ∈ nPic
0(C), the product is well-defined); note that ζ descends to Γ/Δ. We will now

compute the right-hand side of (6.2) using the fact that γ is the coboundary map associated with
the exact sequence (2.7). Let ϕ : Γ → Z be a function defined by ϕ(τ) = i(n/m) if τΔ = σiΔ with
0 ≤ i ≤ m− 1. Then the function

λ : Γ → Div0(C), λ(τ) := ϕ(τ) · â,

has the property π(λ(τ)) = ζ(τ), where π : Div0(C) → Pic0(C) is the canonical map. Thus, the
right-hand side of (6.2) is represented by the cocycle on Γ/Δ given by

κ(σiΔ, σjΔ) =
(
ϕ(σi) + ϕ(σj)− ϕ(σi+j)

)
· â.

But

ϕ(σi) + ϕ(σj)− ϕ(σi+j) =

{
0, i+ j < m,

m · (n/m) = n, i+ j ≥ m.

Since n · â = (fa), we see that κ coincides with ξ̄, and our claim follows. �
Let J be the Jacobian of C. As before, we will tacitly identify Pic0(C) with J(k̄) as Γ-modules.

Since n is prime to char k, the n-torsion nJ(k̄) as an abstract group is isomorphic to (Z/nZ)2g,
where g = dim J is the genus of C (cf. [16, Corollary (5.11)]). Assume now that the n-torsion is
k-rational, i.e. nJ(k̄) ⊂ J(k). Then the ∪-product

H1(k,Z/nZ)⊗H0(k, nJ) → H1(k, nJ)
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is an isomorphism. We also recall that from the long exact cohomology sequence associated to the
Kummer sequence

0 → nJ → J
[n]−→ J → 0

(here [n] is the morphism given by multiplication by n) one obtains that the natural map

θk : H1(k, nJ) → nH
1(k, J)

is always surjective, with kernel isomorphic to J(k)/nJ(k). Combining these remarks, we obtain
Lemma 6.2. If nJ(k̄) ⊂ J(k), then ν is surjective. If in addition J(k) = nJ(k), then θk, and

hence ν, is an isomorphism.
Remark 6.3. Assume that the n-torsion of J is k-rational. Then ν is surjective, and conse-

quently

nBr(k(C))ur = nBr(k) + Imμ (6.3)

(in fact, this is a direct sum). To describe Imμ explicitly, we let ai for i = 1, . . . , 2g denote the
preimage of the ith basic vector under a fixed isomorphism nJ(k) 
 (Z/nZ)2g, and let fi := fai in
our previous notations (in fact, one can take fi ∈ k(C)× to be any function such that (fi) = n · âi
with âi ∈ Div0(C) having the property that its image in Pic0(C) corresponds to ai). Then the
elements of Imμ are represented by tensor products of cyclic algebras of the form

(χ1, f
m1
1 )⊗K . . . ⊗K

(
χ2g, f

m2g

2g

)
for some characters χi ∈ H1(k,Z/nZ) and some integers 0 ≤ mi < n, with i = 1, . . . , 2g. Now
assume in addition that k contains all nth roots of unity, and fix an isomorphism Z/nZ 
 μn, which
is equivalent to fixing a primitive root ζn ∈ μn(k). Then by Kummer theory, every χ ∈ H1(k,Z/nZ)
can be written in the form χ = χa for some a ∈ k× defined uniquely modulo k×n where χa : Γ → μn

is given by the formula

χa(σ) =
σ( n

√
a )

n
√
a

, σ ∈ Γ

(this definition is independent of the choice of n
√
a ). Let m | n be the order of χ = χa. Then the

cyclic algebra (χa, f) is nothing but the symbol algebra (a, f)
m,ζ

n/m
n

of degree m constructed using

the mth root of unity ζ
n/m
n , which we will denote simply by (a, f). Consequently, the elements

of Imμ are represented by tensor products of symbol algebras of the form

(a1, f
m1
1 )⊗K . . . ⊗K

(
a2g, f

m2g

2g

)
for some a1, . . . , a2g ∈ k× (with the same mi as above). Together with (6.3), this gives an explicit
description of nBr(k(C))ur. Here is one concrete example.

Let C be an elliptic curve over a (perfect) field k of characteristic �=2, 3 with k-rational 2-torsion.
Then C can be given by a Weierstrass equation

y2 = (x− a)(x− b)(x− c)

for some pairwise distinct a, b, c ∈ k. Set K = k(C). In this case, the genus g = 1, and one can
take f1 = x − a and f2 = x − b in the above notations. So, the preceding discussion leads to the
following result [5, Theorem 3.6]: 2Br(K)ur = 2Br(k) + I where the subgroup I consists of classes of
bi-quaternionic algebras of the form (r, x− a)⊗K (s, x− b) for some r, s ∈ k×. (Here (α, β) stands
for the quaternion algebra over K corresponding to the pair α, β ∈ K×.) This result was used in [7]
to prove Theorem 1 for K = k(C), where C is an elliptic curve over a number field k, with an
explicit estimation. The argument in [7] can be viewed as a prototype of our proof of Theorem 1 in
the general case.
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The case of a strictly henselian field. Let � be a field equipped with a discrete valuation v.
Throughout this subsection we will assume that � is henselian and the residue field �(v) is separably
closed (i.e., � is strictly henselian). We will later apply the results proved here to the case where � is
the maximal unramified extension of a complete discretely valued field. Fix an integer n > 1 prime
to char �(v). Let C be a smooth projective curve over � having good reduction at v. Thus, there
exists a smooth projective curve C over the valuation ring O
 ⊂ � with generic fiber C ×O�

� 
 C. We
let C(v) = C ×O�

�(v) denote the corresponding closed fiber or reduction (assumed to be irreducible).
Let J be the Jacobian of C. In this situation, the following properties hold, enabling us to apply
our previous results.

(i) C(�) �= ∅. This immediately follows from Hensel’s lemma since �(v) is separably closed and
therefore C(v)(�(v)) �= ∅ (cf. [34, Theorem 3.5.60]).

(ii) nBr(�) = 0 (cf., for example, [40, Exercise 3, p. 187]). Consequently, ω
 : nBr(�(C))ur →
nH

1(�, J) is an isomorphism.
(iii) n · J(�) = J(�); hence θ
 is an isomorphism (cf. the discussion prior to Lemma 6.2). Indeed,

there exists an abelian scheme J over O
 with generic fiber J ×O�
� = J (cf. [3, Ch. 9]). Since J

is proper (and separated) over SpecO
, every �-point Spec � → J uniquely extends to an O
-point
SpecO
 → J by the valuative criterion. Thus,

J (O
) = J (�) = J(�).

Let J (v) = J ×O�
�(v) denote the reduction (which is the Jacobian of C(v)). Since n is prime

to char �(v), the multiplication by n map [n] : J (v) → J (v) is étale, so n · J (v)(�(v)) = J (v)(�(v)) as
�(v) is separably closed. Then by Hensel’s lemma n · J (O
) = J (O
), and our claim follows.

(iv) In the notations of (iii), the restriction of the reduction map J (O
) → J (v)(�(v)) to nJ(�)
is injective. Indeed, the kernel of the reduction map has no n-torsion (see [18, Sect. C.2] for a
proof using formal groups). For a different proof one observes that the reduction map nJ (O
) →
nJ

(v)(�(v)) is surjective by Hensel’s lemma, so it must also be injective as both have the same
order n2g where g is the genus of C (cf. [18, Exercise C.9]).

In view of properties (i)–(iii), Proposition 6.1 and Lemma 6.2 with k = � yield the following.
Proposition 6.4. μ is a bijection.
Since C has good reduction at v, there exists a canonical (unramified) extension v̇ of v to �(C)

with residue field L := �(v)(C(v)). Let

ρv̇ : nBr(�(C)) → H1(L,Z/nZ)

be the corresponding residue map. We will now combine the previous results with property (iv) to
establish the following.

Theorem 6.5. The restriction of ρv̇ to nBr(�(C))ur is injective.
Proof. By Hensel’s lemma, the field � contains a primitive nth root of unity ζ, which we will

fix and use in the sequel to identify μn with Z/nZ and construct symbol algebras. Note that the
group �×/�×n is cyclic of order n with generator π�×n, where π ∈ � is an arbitrary uniformizer, and
by Proposition 6.4 the map μ is a bijection. So, the description given in Remark 6.3 tells us that
every element of nBr(�(C))ur is represented by a symbol algebra (π, fa) of degree n for a unique
a ∈ nJ(�). As the extension v̇ | v is unramified, π remains a uniformizer for v̇. Let us identify
H1(L,Z/nZ) with H1(L, μn) 
 L×/L×n using the image of ζ in �(v) (which is still a primitive nth
root of 1). We then have the following formula for the residue (cf. [17, Example 7.1.5]):

ρv̇([π, fa]) = (−1)v̇(fa)π−v̇(fa)fa(L×)n ∈ L×/L×n
, (6.4)

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 292 2016



ON THE SIZE OF THE GENUS OF A DIVISION ALGEBRA 83

where for a function h ∈ �(C) such that v̇(h) = 0 we let h̄ denote the image of h in L×. Let
g := π−v̇(fa)fa. Then (g) = (fa) = n · â, where â ∈ Div(C) is a divisor whose image in J(�) is a,
and (ḡ) = n · b̂, where b̂ ∈ Div(C(v)) is a divisor whose image in J (v)(�(v)) is b = ā (the image of a
under the reduction map).

Now, if the residue of [π, fa] is trivial, it follows from (6.4) that (ḡ) ∈ n · P(C(v)). This means
that b̂ ∈ P(C(v)), and therefore b = ā = 0. Invoking property (iv), we conclude that a = 0, and
therefore [π, fa] is trivial, as required. �

7. THE FINITENESS OF ωk(nBr(k(C))V )

We begin with the following immediate consequence of Theorem 6.5. As before, let

θk : H1(k, nJ) → nH
1(k, J)

be the natural (surjective) map given by the inclusion nJ ↪→ J , and let ωk : Br
′(k(C))ur →

H1(k, J)/Φ(C, k) be the map constructed in Section 2.
Proposition 7.1. Let C be a geometrically irreducible smooth projective curve over a field k

having a k-rational point (hence the group Φ(C, k) is trivial). Let v be a discrete valuation of k
such that char k(v) is prime to n and C has good reduction at v, and denote by v̇ the canonical
extension of v to k(C). If x ∈ nBr(k(C))ur is unramified at v̇, then

θ−1
k (ωk(x)) ⊂ H1(k, nJ){v}.

Proof. Let � = kur
v be the maximal unramified extension of the completion kv. First note that

since C(k) �= ∅, the groups Φ(C, k) and Φ(C, �) are trivial by Lemma 2.1, and we have the following
commutative diagram:

nBr(k(C))ur

α

ωk
nH

1(k, J)

β

nBr(�(C))ur
ω�

nH
1(�, J
)

where J
 := J ×k � is the Jacobian of C
 := C ×k �, α is the natural map, and β is given by
restriction. Pick any y ∈ H1(k, nJ) such that θk(y) = ωk(x). Since C
 has good reduction and x is
unramified at v̇, we conclude from Theorem 6.5 that α(x) = 0, and therefore β(ωk(x)) = 0. On the
other hand, from the commutative diagram

H1(k, nJ)
θk

γ

nH
1(k, J)

β

H1(�, nJ)
θ�

nH
1(�, J)

we see that θ
(γ(y)) = 0. Since θ
 is an isomorphism (see property (iii) before Proposition 6.4), we
conclude that γ(y) = 0 and hence y is unramified at v (cf. Section 5). �

A finiteness result. Let C be a geometrically connected smooth projective curve over a
field k, and let n > 1 be an integer prime to char k. Denote by V0 the set of geometric places
of k(C). Furthermore, suppose we are given a set V1 of discrete valuations of k such that for each
v ∈ V1 the characteristic of the residue field k(v) is prime to n and C has good reduction at v. We
then let v̇ denote the canonical extension of v to k(C), and set

V̇1 = {v̇ | v ∈ V1} and V = V0 ∪ V̇1.
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Finally, fix a finite Galois extension �/k over which C has a rational point, and let V 

1 denote the

set of all extensions of the valuations in V1 to �.
Theorem 7.2. 1. If the group H1(�, nJ)V �

1
is finite, then so is the group ωk(nBr(k(C))V ) and

|ωk(nBr(k(C))V )| divides |H1(�/k, nJ(�))| · |Φ(C, k)| ·
∣∣H1(�, nJ)V �

1

∣∣.
2. If every v ∈ V1 is unramified in �/k and the group H1(k, nJ)V1 is finite, then

|ωk(nBr(k(C))V )| divides |Φ(C, k)| · |H1(k, nJ)V1 |.

Proof. Applying Lemma 3.12 to the canonical homomorphism H1(k, J)
φk−→ H1(k, J)/Φ(C, k)

and taking into account the surjectivity of θk, we see that for the composition θ′k = φk ◦ θk, the
index [

n

(
H1(k, J)/Φ(C, k)

)
: Im θ′k

]
divides |Φ(C, k)|. So, if we set

X = (θ′k)
−1

(
ωk(nBr(k(C))V )

)
,

then the index [ωk(nBr(k(C))V ) : θ
′
k(X)] divides |Φ(C, k)|. In particular, if X is finite, then

ωk(nBr(k(C))V ) is also finite, of order dividing |X| · |Φ(C, k)|.
Now, consider the following commutative diagram:

Br′(k(C))ur

α

ωk
H1(k, J)/Φ(C, k)

β′

Br′(�(C))ur
ω�

H1(�, J)/Φ(C, �)

(note that Φ(C, �) is the trivial group since C(�) �= ∅), and let λ : H1(k, nJ) → H1(�, nJ) be the
restriction map. We then have the inclusions

λ(X) ⊂ θ−1



(
ω
(α(nBr(k(C))V ))

)
⊂ H1(�, nJ)V �

1

(observe that θ′
 = θ
 in the above notations). The first inclusion follows from the definitions, and
the second is a consequence of Proposition 7.1 as the elements of α(nBr(k(C))V ) are unramified
at V 


1 . Since Kerλ = H1(�/k, nJ(�)), assertion 1 follows immediately. If v ∈ V1 is unramified
in �, then for w | v we have �ur

w = kur
v . Then the fact that λ(X) ⊂ H1(�, nJ)V �

1
implies that

X ⊂ H1(k, nJ)V1 , yielding assertion 2. �

8. PROOF OF THEOREM 2

8.1. Proof of Theorem 2. Let K be a finitely generated field, and let n > 1 be an integer
prime to charK. If K is a global field, then our assertion is well-known (cf. Lemma 3.9). So, we
will assume in this section that K is not global, and pick for K a presentation K = k(x, y), where
k = P (t1, . . . , tr) is a purely transcendental extension of a global field P , with the properties listed
in Proposition 4.1. Let C be a geometrically irreducible smooth projective k-defined curve with
function field k(C) = k(x, y) = K, and let V0 be the set of geometric places of k(C). Furthermore,
the construction described in Subsection 4.1 yields a set of discrete valuations T ⊂ V P with finite
complement and the corresponding sets V (T ) and Ṽ (T ) = {ṽ | v ∈ V (T )} of places of k and K,
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respectively. In addition, by reducing T if necessary we may assume that the ring of S-integers
OP (S) for S = V P \ T is a unique factorization domain (UFD). Set

V = V0 ∪ Ṽ (T ).

Our goal is to show that the unramified Brauer group nBr(K)V is finite. As we already observed
in Section 2, it is enough to check conditions (I) and (II) of Proposition 2.3, i.e. the finiteness of
ι−1
k (nBr(K)V ) and ωk(nBr(K)V ), respectively, where ιk and ωk are the maps from the standard

exact sequence (2.1). The fact that (I) holds is established in Theorem 4.2, so we only need to
verify (II). The fact that V (T ) satisfies condition (A) of Section 1 implies that there exists a finite
subset S1 ⊂ V (T ) such that C admits a smooth proper model C → SpecA where

A =
⋂

v∈V (T )\S1

Ok,v

(cf. [18, Proposition A.9.1.6]). For v ∈ V (T ) \ S1, the base change Cv := C ×A Ok,v is a smooth
model over Ok,v and hence defines a canonical (unramified) extension v̇ of v to K.

Lemma 8.1. There exists a finite subset S2 ⊂ V (T ) \ S1 such that for v ∈ V (T ) \ (S1 ∪ S2)
we have ṽ = v̇.

Proof. It follows from Proposition 3.5 and Lemma 3.6 that there exists a finite subset S′ ⊂
V (T ) \ S1 such that for every v ∈ V (T ) \ (S1 ∪ S′) the valuation v̂ of k(x) has a unique extension ṽ
to K. On the other hand, there exists a finite subset S′′ ⊂ V (T ) such that v̇(x) = 0 for all
v ∈ V (T ) \ (S1 ∪ S′′). Set S2 = S′ ∪ S′′, and let v ∈ V (T ) \ (S1 ∪ S2). In view of the uniqueness
of an extension of v̂ from k(x) to K, it is enough to show that the restriction v̇ | k(x) coincides
with v̂. But this follows from the uniqueness of an extension w of v to k(x) such that w(x) = 0
(cf. [4, Ch. VI, § 10, no. 1, Proposition 1]). �

Let V1 = V (T ) \ (S1 ∪ S2 ∪ S3), where S3 = {v ∈ V (T ) | v(n) �= 0}, and let Ṽ1 = {ṽ | v ∈ V1}
and V ′ = V0 ∪ Ṽ1. Then, of course, ωk(nBr(K)V ) ⊂ ωk(nBr(K)V ′). On the other hand, in view
of Lemma 8.1 and our constructions, we can use Theorem 7.2 to conclude that the finiteness of
ωk(nBr(K)V ′) would follow from the finiteness of H1(�, nJ)V �

1
, where J is the Jacobian of C, for

some finite Galois extension �/k such that C(�) �= ∅, with V 

1 being the set of all extensions of

the valuations from V1 to �. One can find a finite Galois extension � of k so that C(�) �= ∅ and
the n-torsion of J is �-rational.4 Then according to Proposition 5.3, to prove the finiteness of
H1(�, nJ)V �

1
, it is enough to check condition (F(�, V 


1 )) of Section 5, i.e. the finite generation of the
groups U(�, V 


1 ) and Pic(�, V 

1 ). Let

B =
⋂
v∈V1

Ok,v and B
 =
⋂

w∈V �
1

O
,w.

Then B
 is the integral closure of B in �. By our construction, the ring of S-integers OP (S)
for S = V P \ T is a UFD, which implies that the ring B is the localization of the polynomial
ring OP (S)[t1, . . . , tr] with respect to a multiplicative set generated by a finite set, and hence a
finitely generated ring. It follows that B
 is a finitely generated B-module (cf. [4, Ch. V, § 1, no. 6,
Corollary 1]), and consequently also a finitely generated integral domain. Then the finite generation
of U(�, V 


1 ) = B×

 is a classical result of P. Samuel [39, Theorem 1]. Furthermore, let X = SpecB

and X
 = SpecB
. Clearly, X is regular in codimension 1, so X
, being the normalization of X in �,
is also regular in codimension 1. Then Pic(�, V 


1 ) coincides with the divisor class Cl(X
), which is
finitely generated by [20, Theorem 1]. This completes the proof of Theorem 2. �

4Recall that the existence of the Weil pairing on J shows that this condition implies that μn ⊂ � (cf., for
example, [18, Exercise A.7.8]).

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 292 2016



86 V.I. CHERNOUSOV et al.

8.2. Explicit estimates. The proof of Theorem 2 given above enables one to give explicit
bounds on the order of the n-torsion of the unramified Brauer group, and hence on the size of
the genus of a division algebra of degree n. To illustrate the method, we will develop some explicit
formulas in the case K = k(C) where C is a geometrically irreducible smooth projective curve over a
number field k such that C(k) �= ∅; numerical examples will be given in Section 9. As above, let V0

be the set of geometric places of K. Fix a finite subset S ⊂ V k that contains V k
∞, all divisors of n,

and also all v ∈ V k \ V k
∞ where C does not have good reduction. Each v ∈ T := V k \ S canonically

extends to a valuation v̇ of K (this extension is determined by the given smooth Ok,v-model of C),
and we set

Ṫ = {v̇ | v ∈ T} and V = V0 ∪ Ṫ .

We will now estimate the order of the unramified Brauer group nBr(K)V . First, by Proposition 2.3,
the order |nBr(K)V | divides |ι−1

k (nBr(K)V )| · |ωk(nBr(K)V )|. Next, it follows from Corollary 3.14
that the first factor |ι−1

k (nBr(K)V )| divides the number β(n, k, T ) introduced in Lemma 3.9, and con-
sequently divides (n, 2)anb where a = |V k

real| and b = |S \ V k
∞|. On the other hand, since C(k) �= ∅,

we can apply Theorem 7.2 with � = k to conclude that |ωk(nBr(K)V )| divides |H1(k, nJ)T | (we
observe that Theorem 7.2 enables one to deal also with the situation where C(k) = ∅, but then
the equations become more cumbersome). To estimate the order of H1(k, nJ)T , we need to pick
a finite Galois extension �/k that contains the n-torsion of J and hence also contains μn. Then
applying Proposition 5.3 with M = nJ 
 (Z/nZ)2g, where g is the genus of C, we find from (5.4)
that |H1(k, nJ)T | divides

|H1(�/k, nJ(�))| ·
(
|U(�, T 
)/U(�, T 
)n| · |nPic(�, T 
)|

)2g
.

(We let S
 (respectively, T 
) denote the set of all extensions of valuations in S (respectively, T )
to �; note that T 
 = V 
 \ S
.) As we indicated in Subsection 5.2,

|U(�, T 
)/U(�, T 
)n| = (n, |μ(�)|)n|S�|−1;

hence it divides n|S�|, and |nPic(�, T 
)| divides h
(S

), the class number of the ring O
(S


) of
S
-integers in � (in fact, it divides h
(S


, n) as introduced in Subsection 5.2). Finally, one can
estimate the order of H1(�/k, nJ(�)) as indicated in Subsection 5.2. To give a really “clean” sample
result however, let us consider the situation where one can take � = k.

Theorem 8.2. Keep the above notations and assume that C(k) �= ∅ and J has k-rational
n-torsion. Then the order of nBr(K)V divides

(n, 2)a nb+2g|S| hk(S)
2g

and consequently divides

n(2g+1)|S| hk(S)
2g.

Combining this result with (1.1), we obtain the following.

Corollary 8.3. In the above notations, given a central division algebra D of degree n over K,
we have the following estimation of the size of its genus :

|gen(D)| ≤ ϕ(n)r n(2g+1)|S| hk(S)
2g,

where r is the number of v ∈ V where D ramifies and ϕ is the Euler function.
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9. EXAMPLES

9.1. Elliptic curves and n = p a prime. In this subsection, we will deviate from our
standard notation C for a given curve, and will use E to denote an elliptic curve over a number
field k. Mimicking the construction described in Subsection 8.2, we pick a finite subset S ⊂ V k

that contains V k
∞, all extensions of the p-adic valuation of Q, and all places of bad reduction (these

can be easily determined from the Weierstrass equation of E). Then each v ∈ T := V k \ S extends
canonically to a valuation v̇ on K = k(E), and we set

Ṫ = {v̇ | v ∈ T} and V = V0 ∪ Ṫ ,

where V0 is the set of geometric places of K. Again, in our standard notations, |pBr(K)V | di-
vides |ι−1

k (pBr(K)V )| · |ωk(pBr(K)V )|. As in Subsection 8.2, the first factor divides (p, 2)a pb where
a = |V k

real| and b = |S \ V k
∞|. Let � be the (Galois) extension of k generated by the coordinates of

elements of order p in J = E. Then as in Subsection 8.2, the second factor divides

|H1(�/k, pE)| · |U(�, T 
)/U(�, T 
)p|2 · |pPic(�, T 
)|2, (9.1)

where T 
 = V 
 \ S
 and S
 consists of all extensions of the valuations in S to �. We know from
Subsection 8.2 that the product of the second and the third factors in (9.1) divides p2|S

�| h
(S

)2

where h
(S

) is the class number of the ring O
(S


) of S
-integers in �. To estimate the first factor,
we need the following simple computation, where we write Fp for Z/pZ.

Lemma 9.1. Let M = F2
p, and let G be any subgroup of Aut(M) = GL2(Fp). Then H1(G,M)

has order either 1 or p; the order is 1 if p = 2.
Proof. Let Gp be a Sylow p-subgroup of G. Since pM = 0, the restriction H1(G,M) →

H1(Gp,M) is injective. If Gp is trivial, then there is nothing to prove; otherwise Gp is conjugate
in GL2(Fp) to U = 〈u〉 where u =

(
1 1
0 1

)
, and it is enough to compute H1(U,M). Since U is cyclic,

H1(U,M) 
 KerN/(u− 1)M , where N = 1 + u+ . . .+ up−1 ∈ End(M) is the norm map. A direct
computation shows that N = 0 if p > 2, and is given by the matrix

(
0 1
0 0

)
if p = 2. Thus, KerN

is Fp in the first case and Fpe1 in the second (here e1, e2 is the standard basis of F2
p). On the other

hand, (u− 1)M = Fpe1 in all cases. We see that |H1(U,M)| = p if p > 2, and is 1 if p = 2, so our
assertion follows. �

In our situation, pE 
 F2
p and Gal(�/k) embeds in GL2(Fp), so the lemma applies. Putting

everything together, we obtain the following.
Proposition 9.2. The order of pBr(K)V divides{

2a+b+2|S�| h
(S

)2 if p = 2,

p1+b+2|S�| h
(S

)2 if p > 2.

(Note that a+ b = |S| − c, where c is the number of complex places of k.)
Here is one explicit example for k = Q and p = 3.
Example 9.3. In [31, Theorem 2.2], L. Paladino constructed a two-parameter family Fβ,h

(β, h ∈ Q×) of elliptic curves over Q having a Weierstrass equation of the form y2 = x3 + bβ,hx+ cβ,h
with

bβ,h = −27
β4

h4
+ 18

β3

h2
− 9

β2

2
+ 3

βh2

2
− 3

h4

16
,

cβ,h = 54
β6

h6
− 54

β5

h4
+ 45

β4

2h2
− 15

β2h2

8
− 3

βh4

8
− 1

32h6
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and discriminant

Δ = − 216β3(h4 − 6β2h2 + 12β3)

h6
.

The family Fβ,h contains infinitely many nonisomorphic curves, and for any E ∈ Fβ,h the field �
generated by the 3-torsion of E is Q(ζ3), where ζ3 is a primitive third root of unity, and hence has
class number 1. It follows now from Proposition 9.2 that for any choice of T ⊂ V Q as above, the
order of 3Br(Q(E))V divides 3|S|+2|S�|.

In particular, taking β = h = 1 yields the curve E with the Weierstrass equation

y2 = x3 − 195

16
x+

647

32

and discriminant Δ = −1512 = −23 · 33. It follows that one can take S = {∞, 2, 3}. Every prime
in S remains prime in �, so |S
| = 3. Thus, the order of 3Br(Q(E))V divides 39. Combining
this with (1.1), we obtain the following bound on the size of the genus of a central cubic division
algebra D over K = Q(E):

|gen(D)| ≤ 2r · 39,

where r is the number of v ∈ V where D ramifies.
We note that the structure of the field generated by the 3-torsion is described explicitly in [2]

for all elliptic curves over Q.

9.2. Hyperelliptic curves and n = 2. Let C be a hyperelliptic curve over a number field k,
i.e. a smooth projective geometrically connected curve of genus g ≥ 1 admitting a finite k-morphism
C → P1 of degree 2. It is well-known that C contains the affine plane curve given by an equation
of the form y2 = f(x) where f(x) ∈ k[x] is a separable polynomial of degree m ≥ 3. Then g and m
are related by the formula

g =

{
(m− 1)/2, m odd,

(m− 2)/2, m even

(cf. [25, Sect. 7.4, Proposition 4.24]). Pick a finite set of places S ⊂ V k as above. Let us first
consider the case where C is split, i.e. all roots of f are in k. Then the Jacobian J of C has
k-rational 2-torsion (cf. [45, Proposition 3]), so Theorem 8.2 yields the following.

Proposition 9.4. Let C be a split hyperelliptic curve of genus g over a number field k. Then
in the above notations, the order of 2Br(k(C))V divides 2a+b+2g|S| hk(S)

2g where hk(S) is the class
number of the ring Ok(S) of S-integers in k; in particular, it divides 2(2g+1)|S| hk(S)

2g.

In the general case, we let � denote the splitting field of the polynomial f . Then the 2-torsion
of J is �-rational. As we have seen in Subsection 8.2, explicit estimations of the order of 2Br(k(C))V
depend on the size of H1(�/k, 2J(�)). Let us consider the “generic” situation where the Galois group
Gal(�/k) is the symmetric group Sm. Since Sm is 2-generated, the order of the group of 1-cocycles
Z1(�/k, 2J(�)) divides |2J(�)|2 = 24g. So, the method described in Subsection 8.2 shows that the
order of 2Br(k(C))V in the “generic” case divides 22g(|S

�|+2) h
(S

)2g, where h
(S


) is the class
number of the ring O
(S


) of S
-integers in �.
We note that the torsion subgroups in the Jacobians of hyperelliptic curves over Q were exten-

sively analyzed by V.P. Platonov and his collaborators (cf. [33]).

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 292 2016



ON THE SIZE OF THE GENUS OF A DIVISION ALGEBRA 89

10. APPENDIX: FINITENESS OF THE UNRAMIFIED
BRAUER GROUP VIA ÉTALE COHOMOLOGY

In this section, we outline an alternative approach to Theorem 2 that was suggested to us by
J.-L. Colliot-Thélène.5 For the reader’s convenience, we begin by recalling the required input from
étale cohomology theory. Given a scheme X, we will denote by Sh(Xét) the category of abelian
sheaves on the étale site Xét. Also, we let Gm,X and μn,X (or simply Gm and μn if there is no
confusion) denote, respectively, the multiplicative group scheme and group scheme of nth roots of
unity on X, as well as the corresponding étale sheaves. Finally, we will use the standard notations
for the Tate twists of μn. Namely, if j > 0, then μ⊗j

n = μn ⊗ . . . ⊗ μn is the étale sheaf given by
the tensor product of j copies of μn. We set μ0

n to be the constant sheaf (Z/nZ)X . For j < 0, we
define

μ⊗j
n = Hom

(
μ⊗(−j)
n , (Z/nZ)X

)
.

The first result is a finiteness theorem for the higher direct images of constructible sheaves.6 In
the statement below, we let T denote a noetherian scheme.

Theorem 10.1. Suppose T is regular of dimension 0 or 1 and n is an integer that is invertible
on T . Let X and Y be T -schemes and f : X → Y be a T -morphism of finite type. If F ∈ Sh(Xét)
is an n-torsion constructible sheaf, then the sheaves Rif∗F are constructible for all i ≥ 0.

(This is Theorem 1.1 in Deligne’s article [13, “Théorèmes de finitude”]; the proof is given in
Sections 2 and 3 therein.)

We will now use Theorem 10.1 to derive the following statement, which is one of the key ingre-
dients of the cohomological proof of Theorem 2.

Theorem 10.2. Let X be a smooth integral scheme of finite type over T = SpecA, where
A is either a finite field or the ring of S-integers in a number field (with S a finite set of places
containing all of the archimedean ones). For any integer n invertible in A, the cohomology groups
H i

ét(X,μn,X) are finite for all i ≥ 0.
Proof (sketch). If A = Fq is a finite field, then according to [27, Ch. VI, Corollary 5.5], the

groups H i
ét(X,F) are finite for all i for any finite locally constant sheaf F whose torsion is prime

to charFq, which yields the statement in this case.
Thus, we can now assume that A = OK,S is a ring of S-integers in some number field K, where

S is a finite set of places of K containing V K
∞ . Applying Theorem 10.1 to the structure morphism

f : X → T , we conclude that the higher direct images Rqf∗(μn,X) are constructible n-torsion sheaves
on T for all q ≥ 0. Next, fix an algebraic closure Ksep of K, denote by KS the maximal Galois
extension of K contained in Ksep which is unramified outside S, and let GK,S = Gal(KS/K).
Letting η̄ = SpecKsep, we recall that the étale fundamental group π1(T, η̄) coincides with GK,S

(see, e.g., [23, Corollary 6.17]), and the functor F 	→ Fη̄ defines an equivalence of categories between
constructible sheaves on T and finite discrete GK,S-modules. Under these identifications, for any
prime � invertible on T , we have an isomorphism of �-primary parts

Hp(T,F)(�) 
 Hp(GK,S ,Fη̄)(�)

for all p ≥ 0 (see [29, Ch. II, Proposition 2.9]). Furthermore, according to [30, Theorem 8.3.20(i)],
if M is a finite GK,S-module whose order is invertible in A, the groups Hp(GK,S,M) are finite for
all p ≥ 0. It now follows that Hp(T,Rqf∗(μn,X)) are finite for all p, q ≥ 0. Finally, the Leray

5J.-L. Colliot-Thélène, private communication (2012).
6We recall that for a scheme X, a sheaf F ∈ Sh(Xét) is said to be constructible if each affine open U ⊂ X has a
decomposition into finitely many constructible reduced subschemes Ui of U such that for all i the restriction F|Ui

is locally constant and has finite stalks at all geometric points.
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spectral sequence Hp(T,Rqf∗F) ⇒ Hp+q(X,F) [27, Ch. III, Theorem 1.18] yields the finiteness of
H i(X,μn,X) for all i ≥ 0. �

Remark 10.3. It should be pointed out that the argument sketched above actually shows
that for X as in Theorem 10.2, the groups H i(X,F) are finite for any n-torsion constructible sheaf
F ∈ Sh(Xét).

The second ingredient that will be needed is Grothendieck’s absolute purity conjecture, which
was proved by O. Gabber. Let us first recall the relevant notation. Suppose i : Y ↪→ X is a
closed immersion of schemes and let F ∈ Sh(Xét). Then for any integer n ≥ 0, one defines sheaves
Hn

Y (F) ∈ Sh(Yét) as follows. Set U = X \ Y and let j : U ↪→ X be the inclusion. We let

F
! = ker(F → j∗j

∗
F),

where j∗ and j∗ are the corresponding pushforward and pullback functors, and define i!F = i∗F!. It
is easy to see that we obtain in this way a functor

i! : Sh(Xét) → Sh(Yét)

that is left exact and preserves injectives. Taking right derived functors, we arrive at the definition

Hn
Y (F) = Rni!F.

In more concrete terms, the correspondence that associates to an étale map f : V → X the coho-
mology group Hn

f−1(Y )(V, f
∗F) is a presheaf on Xét, and one can consider the associated sheaf. It

is supported on Y and coincides with the direct image of the sheaf Hn
Y (F).

Theorem 10.4 (absolute purity). Let i : Y ↪→ X be a closed immersion of noetherian regular
schemes of pure codimension c. Let n be an integer that is invertible on X. Then for any integer j,
we have

Hi
Y (μ

⊗j
n,X) =

{
0 for i �= 2c,

μ
⊗(j−c)
n,Y for i = 2c.

An account of Gabber’s first proof, written up by Fujiwara, can be found in [14]. A different,
more recent approach, also due to Gabber, is explained in [37]. Furthermore, we refer the reader
to [10] for an extensive discussion of examples and applications of absolute purity, as well as to [12,
p. 153] and the discussion after Theorem 4.2 in [11] regarding the history of the question.

Next, in view of absolute purity, the local-to-global spectral sequence

Ep,q
2 = Hp

ét
(
Y,Hq

Y (μ
⊗j
n,X)

)
⇒ Hp+q

Y

(
X,μ⊗j

n,X

)
degenerates, leading to isomorphisms

H i
Y

(
X,μ⊗j

n,X

)

 H i−2c

(
Y, μ

⊗(j−c)
n,Y

)
. (10.1)

Plugging (10.1) into the standard long exact sequence

. . . → H i(X,μ⊗j
n ) → H i(U, μ⊗j

n ) → H i+1
Y (X,μ⊗j

n ) → H i+1(X,μ⊗j
n ) → . . .

yields the so-called Gysin sequence

. . . → H i(X,μ⊗j
n ) → H i(U, μ⊗j

n ) → H i+1−2c
(
Y, μ⊗(j−c)

n

)
→ H i+1(X,μ⊗j

n ) → . . . . (10.2)
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Suppose now that A is a discrete valuation ring with fraction field K and residue field κ. We
let X = SpecA and set Y = Specκ to be the closed point and η = SpecK the generic point.
Writing H i(A,μ⊗j

n ) for H i(X,μ⊗j
n ) and identifying the étale cohomology groups of Y and η with

the respective Galois cohomology groups for κ and K, we obtain from (10.2) the exact sequence

. . . → H i(A,μ⊗j
n ) → H i(K,μ⊗j

n )
∂A−−→ H i−1

(
κ, μ⊗(j−1)

n

)
→ H i+1(A,μ⊗j

n ) → . . .

for any integer n invertible in A. In particular, taking i = 2, we obtain a residue map

∂A : nBr(K) → H1(κ,Z/nZ) (10.3)

whose kernel is known to coincide with that of the residue map ρv : nBr(K) → H1(κ,Z/nZ) con-
sidered in Section 1, where v is the discrete valuation of K associated with A.

Furthermore, if X is a smooth integral affine scheme of finite type over a finite field or a ring of
S-integers in a number field with function field K = K(X), then it follows from purity for discrete
valuation rings together with the discussion in [10, § 3.4] that there is an exact sequence

0 → nBr(X) → H2(K,μn)
∂−→

⊕
x∈X(1)

H1(κ(x),Z/nZ), (10.4)

where Br(X) = Hét(X,Gm) is the geometric Brauer group, the direct sum is taken over all points x
of codimension 1 with residue field κ(x), and ∂ is the product of the residue maps (10.3).

We are now in a position to give a sketch of
Cohomological proof of Theorem 2. Pick a model X for K, i.e. a smooth affine integral

scheme X as in Theorem 10.2 with function field K. By Theorem 10.2, we see that H2(X,μn,X) is
finite. The cohomology sequence associated to the Kummer sequence

1 → μn,X → Gm,X
n−→ Gm,X → 1

then implies that nBr(X) is finite. Finally, (10.4) shows that nBr(X) is precisely the unramified
Brauer group nBr(K)V , where V is the set of discrete valuations of K associated with the divisors
of X (obviously V satisfies conditions (A) and (B)). �
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