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ZARISKI-DENSE SUBGROUPS AND TRANSCENDENTAL
NUMBER THEORY

GorAL PRASAD AND ANDREI S. RAPINCHUK

Let K be a field, L be a field extension of K, and G be a connected semisimple
algebraic group defined over K. In [6], we called a K-torus T to be K-irreducible
if it does not contain any proper K-subtori. We established the existence of
such tori in any connected absolutely (almost) simple algebraic group over a
global field and gave applications of this result, in particular, to the congruence
subgroup problem. Subsequently, in [8] we considered maximal tori in arbitrary
semisimple groups, where the notion of irreducible tori had to be replaced with
a more general notion of quasi-irreducible tori. As in [8], we will say that a
maximal L-torus T' of G is L-quasi-irreducible (or, quasi-irreducible over L) if
it does not contain any L-subtori other than (almost direct) products of the
subtori T := TNG®, where G, ..., G®) are the connected L-simple normal
subgroups of G. In [8], we proved the existence of K-quasi-irreducible tori in G
if K is a finitely generated field of characteristic zero. (A noteworthy feature of
the argument in [8] is that it is based on the technique of embedding relevant
finitely generated fields into nonarchimedean local fields, developed and used
earlier in [7] for a different purpose.)

Assume now that K is a finitely generated subfield of the field R of real
numbers. In [8] we proved that any Zariski-dense subsemigroup of G(K) contains
a regular R-regular element x such that the centralizer T of x in G is a K-quasi-
irreducible torus and the cyclic subgroup of T'(K') generated by x is Zariski-dense
in T'. Since such elements will also play an important role in the current paper,
we recall for the reader’s convenience that a semisimple element x € G is called
regular if the identity component Zg(x)° of its centralizer is a (maximal) torus;
note that z € Zg(x)° ([4], 11.12). Regular elements form a Zariski-open subset
of G (cf.[4], §12). A regular element x of G(L) will be called L-quasi-irreducible
if the maximal L-torus T := Zg(z)° is L-quasi-irreducible, and = will be called
L-quasi-irreducible anisotropic if, in addition, T' is anisotropic over L. We will
say that an element € G(K) is without components of finite order, if in some
(equivalently, any) decomposition = = z1 - - - x4, with z; € G;, where Gy,... ,G;
are the connected absolutely simple normal subgroups of G, all the x;’s have
infinite order. It is easy to see that (for z € G(K)) this notion is equivalent to
the one introduced in [8].

An element z € G(R) is called R-regular if the number of eigenvalues, counted
with multiplicity, of modulus 1 of Ad z is minimum possible. Such an element
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is necessarily semisimple, and the identity component of its centralizer contains
a maximal R-split torus of G in its center (see [5], 1.5 and 1.6(1)).

The purpose of the current paper, which is a sequel to [8], is to use L-quasi-
irreducible anisotropic elements to answer questions posed by Y. Benoist [3] and
by T.J. Hitchman and R. Spatzier. Corollaries 1 and 2 of this paper answer
the question of Hitchman and Spatzier and these are being used by Hitchman
in his study of smooth deformation rigidity of “standard” actions of lattices in
semisimple groups of real rank one on compact manifolds.

Let now G be a connected semisimple algebraic group defined over R and I’
be a Zariski-dense subsemigroup of G(R). We observe that I" contains a finitely
generated Zariski-dense subsemigroup, hence while dealing with questions about
the existence of elements in I with certain special properties, I' can be assumed
to be finitely generated. We will therefore assume in the sequel that I' is finitely
generated. We fix a finitely generated subfield K of R over which G is defined
and such that I' C G(K). In the following, all finitely generated field extensions
of K are assumed to be contained in the field C of complex numbers.

First, we notice that Theorem 2 of [8] generalizes to the following.

Theorem 1. Given a finitely generated extension field L of K, there exists a
Zariski-dense subset A(L) of T' with the following property: every v € A(L) is
R-regqular, L-quasi-irreducible anisotropic, and is without components of finite
order.

One can prove Theorem 1 in exactly the same way as Theorem 2 was proven
in [8]; for this we need to replace K by L in the statement and proof of Theorem
3 of [8]. The argument uses embeddings ¢, of a finite extension of L, over which
G splits, into various p-adic fields Q,,’s which take the ring R generated by the
matrix entries of a finite set of generators of I' (here G is being viewed as a K-
subgroup of GL,, in terms of a fixed K-embedding) into Z, (see Proposition 1
of [8]); it yields a Zariski-dense set of regular R-regular elements v € I' without
components of finite order such that for the splitting field F' of the K-torus
T = Za(v)°, the Galois group Gal(FL/L) contains the Weyl group W(G,T);
such a torus T is quasi-irreducible and anisotropic over L.

Using Theorem 1 and a simple induction, one obtains the following.

Corollary 1. Let Ly be a finitely generated field extension of K. For anyn > 1,
there exist regular R-reqular elements 1, ..., v, € ' without components of
finite order such that if L; is the minimal splitting field (over K) of the K-torus
T; == Zg(v;)°, then T; is quasi-irreducible and anisotropic over the compositum
L()Ll .. .Lifl, fOT’ all i <n.

Let A(L)(C I' € G(K)) be as in Theorem 1 and let v € A(L). Then
T := Zg()° is a maximal K-torus which contains a maximal R-split torus of
G, v € T ([4], 11.12), and T is quasi-irreducible and anisotropic over L. The
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identity component of the Zariski-closure of the cyclic subgroup generated by ~
is a subtorus of T" defined over K, and as v is without components of finite order,
this subtorus equals T'. Thus the cyclic subgroup generated by ~ is dense in T'.
(This implies, in particular, that T'= Z¢(T) = Zg(7), i.e., Za(7y) is connected.)
We now record some simple, but useful, facts pertaining to this situation. As
usual, for a torus T, X (T) will denote the group of characters of T.

Lemma 1. Let T be a torus defined and anisotropic over a field L, and v € T(L)
be an element that generates a Zariski-dense subgroup of T.

(1) If x € X(T) is such that x(v) € L*, then x = 0.

(2) Given linearly independent characters x1i, ..., xm € X(T), if s1, ...,
Sm € Z are such that x1(7)** -+ xm (7)™ € L*, then s1 = ... = 8y, =
0.

Proof. (1): For any o in the absolute Galois group Gal(L£*/L), one has
X7 () = a(x(e™ (1) = x(7)-

Since 7 generates a Zariski-dense subgroup of T, we conclude that y? = y, i.e.
x is defined over £. But then x = 0 as T is anisotropic over L.

(2): Let x =s1x1+ -+ + SmXm. Then

X(7) = x1 ()™ - xm ()" € L7,
so x = 0 by (1), and (2) follows. O

The following proposition generalizes Lemma 1 to the case of several tori.

Proposition 1. Let Ly be a finitely generated field containing K. Given regular
semisimple elements vy, ..., v, € G(K), we let T; = Zg(7:)° be the correspond-
ing tori. Let L; denote the splitting field of T; over K, for i < n. Assume that
for each i < n, the following two conditions hold

(1) v; generates a Zariski-dense subgroup of T;;
(2) T; is anisotropic over the compositum LoLy -+ L;_1.
(4) (4)

Then, given linearly independent characters x; , ..., Xm; € X(1;) and integers
sij (wherei=1,...,n;j=1,...,m;), a relation of the form

n o m; )
(1) [T Gy e g

i=1j=1

implies that all the s; ;s are zero.

Proof. The relation (1) obviously implies that

TE e e 1
7j=1
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Applying Lemma 1(2), we obtain s,1 = ... = Spm, = 0. Then a simple
induction completes the proof. O

For convenience of reference we state separately the assertion of the proposi-
tion for the case of two tori.

Corollary 2. Let 71,72 € G(K) be two regular semisimple elements without
components of finite order, and Ty and Ty be the identity components of their
centralizers in G. Assume that T} is quasi-irreducible and anisotropic over K,
and Ty possesses these properties over Ly, the splitting field of T over K. If
Xi € X(T;) are nontrivial characters, where i = 1,2, then a relation of the form

xX1(71)"" = x2(72)%,
with s1, 89 € 7Z, implies that s1 = so = 0.

Proposition 2. Assume that K is a real number field. Then for any two ele-
ments y1,v2 € G(K) with the properties described in Corollary 2 and any non-
trivial characters x; € X(T;), the ratio

0. log x1(71)
log x2(72)
is transcendental over Q for any values of the logarithms.

Proof. 1t follows from Corollary 2 that 6 is irrational. Then according to a
theorem proved independently by Gel’fond and Schneider in 1934 (this theorem
solved Hilbert’s seventh problem), 6 is in fact transcendental (cf. [2]). O

A character x of an R-torus 7T is called positive if for every = € T(R), the
value x(x) is a positive real number. Any positive character of T is defined over
R. Given an arbitrary character x € X (7T), the character y + Y, where Y is the
character obtained by applying the complex conjugation to y, satisfies

(x + (@) = x(x)x(z) = | x(=) %,
for all x € T(R). Thus, for any character xy and = € T(R), the square of the
absolute value of y(z) is the value assumed by the positive character x + x of T'
at x.

We now fix a maximal compact subgroup K of G := G(R). Let g be the Lie
algebra of G and £ be the subalgebra corresponding to K. Let p be the orthogonal
complement of ¢ in g under the Killing form (, ) on g. Then g = ¢®p is a Cartan
decomposition of g. Let a be a Cartan subspace contained in p, and A = expa
be the connected abelian subgroup of G with Lie algebra a. We fix a (closed)
Weyl chamber a™ in a. Let S be the Zariski-closure of A. Then S is a maximal
R-split torus of G and A = S(R)°.

Let T be a R-torus of G containing S. As S is R-split, every character of S
is defined over R. Now given a character a of S, let x be a complex character
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of T" whose restriction to S is . Then the restriction of the positive character
X + X to S is 2a. Thus every character lying in the subgroup 2X (5) extends to
a positive character of any R-torus of G containing S.

Let g € G and let z (€ G) be its semisimple Jordan component. Let H be the
Zariski-closure of the cyclic group generated by  and T be a maximal R-torus
of G containing H. Let C be the maximal compact subgroup of T'(R) and T}
be the maximal R-split subtorus of 7. Then T'(R) is a direct product of C and
T,(R)° and any positive character of T is trivial on C. Moreover, H(R)NC is the
unique maximal compact subgroup of H(R), H, := (H N Ts)° is the maximal
R-split subtorus of H°, and hence H(R) is a direct product of H(R)NC and the
Euclidean group Hs(R)° = H(R) NT5(R)°. Let x = z - zp, with z. € H(R)NC
and zj, € Hy(R)°. Then z. is called the elliptic component of = (or of g), and zy,
the hyperbolic component. There is an element z € G which conjugates C into K
and T,(R)® into A such that zz,z7! = exp X, with X € a™. The element X is
the unique element of at such that the hyperbolic component of g is a conjugate
of exp X, and we will denote it by ¢(g). Thus we get a map £: G — a*.

Let {1, ... ,a,}, where r = rkg G = dim S, be the basis of the root system
of G, with respect to S, determined by the Weyl chamber a™, and let 3; = 2q;.
Then (1, ..., [, are linearly independent characters which uniquely extend to

positive characters of any R-torus of G containing S. We will identify A = S(R)°
and a with R" as follows: a € A will be identified with (log 31 (a), ... ,log 5,(a))
and X € a will be identified with (df1(X), ... ,dG.(X)); where, for i < r, d;
denotes the derivative of j;.

Given a R-torus T of G such that the maximal R-split subtorus Ty of T
is a maximal R-split torus of G, and an element g € T(R), there is a z € G
such that zT,2z7! = S and zgpz~ ! = exp X, with X € a™, where g is the
hyperbolic component of g. Then ¢(g) = X. For ¢ < r, let x; be the unique
positive character of T extending the character Int z=! - 3; of T, and dx; be the
derivative of x;. Note that x;(gn) = xi(g) for all i. Now it is obvious that

U(g) = (dx1(Adz7H (X)), ..., dx,(Ad 271 (X))

= (log x1(9), - -- ,log x+(9))

An interesting result of Benoist [3] is that if I" is a Zariski-dense subsemigroup
of G, then {(T") generates a dense subgroup of a. At the end of [3], Benoist
asks if one can always find a finite subset F' of T' such that ¢(F') generates a
dense subgroup of a. The following theorem answers Benoist’s question in the
affirmative if I" is a Zariski-dense subsemigroup of G(K), K a real number field.

Theorem 2. Assume that K is a real number field. Every Zariski-dense sub-
semigroup I' of G(K) contains a finite subset F' such that {(F') generates a dense
subgroup of a.

Proof. Let r = rkg G and pick an integer n > 72 — r + 2. Using Corollary 1 with
Ly = K, we find regular R-regular elements v1,..., v, € I' with the properties
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described therein. Then

Uv;) = (log x{ (1), .- - ,Jog X (),

for some linearly independent positive characters X§ ),... ,X,@j ) of the torus

T; = Zg(v;)°, for every j < n. It follows from Proposition 1 that the positive

algebraic numbers X(] ) (7;), where i < r, j < n, are multiplicatively independent.

According to Corollary 7.4 of [10] given multiplicatively independent positive
algebraic numbers «; j, 1 <i <7, 1 <j < n, with n > r? —r 4+ 2, the subgroup
of (R% )" generated by the n elements

(0417]', RN ar,j), 1 <] < n,

is dense in (R%)". This implies at once that the subgroup of R" ~ a generated
by the ¢(v;)’s, for j < n, is dense. O

Assuming the following well known, but very difficult, conjecture in transcen-
dental number theory ([1]), one can answer Benoist’s question in the affirmative
for any Zariski-dense subsemigroup of G.

Schanuel’s conjecture. If z1,...,2, € C are linearly independent over Q,
then the transcendence degree (over Q) of the field generated by

21

. z
Z1y -eey 2y €71 L0 €7

s = n.

Theorem 3. Assume that Schanuel’s conjecture holds, and let r = rkg G. Then
there exist r+1 elements v, ..., Y41 € I such that £(y1), ..., £(yr4+1) generate
a dense subgroup of a.

Proof. 1t follows from the result of [3] mentioned above that there exist elements
91, ..., O0p € I'such that the vectors £(d1), ... , £(d,) form a basis of a as a vector
space over R. Let

000:) = (aip, - 5 Qi)
and let P be the field generated by the a; ;’s over Q. The transcendence degree

of P/Q is at most r2.
Now, given g € G(R), there are uniquely determined real numbers z1(g), ...,

x,(g) such that
= Z zi(9)(5:)

Let £(g) = (#1(9), --- , ¢r(9)). Then
(2) ¢1(9); -5 #r(g) € P(21(9), -, 2:(9))-

According to a well known result of Kronecker, the elements £(d1), ..., £(d,)
and £(v) generate a dense subgroup of a if and only if 1,z1(v), ..., z.(v) are

linearly independent over Q. We will show that there exists a v € I'" with this
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property. Assume by way of contradiction that for every v € T, the num-

bers 1,z1(7), ..., z-(7) are linearly dependent over Q. Then given elements
Y1, -+, Yo € I', the transcendence degree over QQ of the field
Py oo m) = Plei(n), - zr(n); o5 21(m), -+ 20(0)
is <n(r—1)+r2
Fix n > 1 and pick regular R-regular elements 71, ... , 7, € I' (C G(K)) with
the properties described in Corollary 1 for Ly = K. From the description of
2g) (= (p1(9), ..., ©r(g))) given before Theorem 2, we know that
1(7) =log x{” (%), - . () = log X\ (1),
for some linearly independent positive characters Xﬁ“, el X&") of T, = Za(v4)°.
It now follows from Proposition 1 that the elements
e1(71)s s er(M)s -5 @1(Yn)s - or(Tn)

are linearly independent over QQ.
According to Schanuel’s conjecture, the transcendence degree of the field gen-
erated by the elements

901('71)7 SRR 907“('71); S 901(771)’ SR (Pr(’)/n%

and
6«01(71)7 e esor(vl); s 6«01(%)’ o ePr(rn)

is > nr. However, since e¥i(7) = Xgi)(%) is algebraic over K for all i, j, we

conclude that the transcendence degree of the field generated by

e1(71)s -5 er()i -5 @1(Yn)s - or( )
is > nr — d, where d is the transcendence degree of K over Q. Since according
to (2) the elements ¢;(v;) are contained in P(7v1, ..., 7,), we obtain that

nr—d<n(r—1)+1r?,
which yields a contradiction if n > d 4 r2. O

Remark 1. If rkgG = 1, then one has unconditional affirmative answer to
Benoist’s question. In fact, using Corollary 1 (with Ly = K), one can find regular
R-regular elements 1,72 € I' with the properties required to be able to apply
Corollary 2. Since 71 and 7, are R-regular, the elements £(71),4(y2) € a ~ R
are nontrivial. Furthermore, ¢(v;) = logx;(7y;) for some positive characters
Xi € X(T;), and Corollary 2 implies that ¢(71) and ¢(-2) are noncommensurable,
hence they generate a dense subgroup of a.

Lengths of closed geodesics in locally symmetric spaces. Let T be
a maximal R-torus of GG, Ty the maximal R-split subtorus of 1" and C be the
maximal compact subgroup of T'(R). Then T'(R) is a direct product of C and
Ts(R)°. As before, let K be a maximal compact subgroup of G = G(R) and p
be the orthogonal complement of the Lie subalgebra £ of K in the Lie algebra
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g of G under the Killing form. We fix a z € G such that 2Cz~! C K and
2Ts(R)°271 C expp. Let X = K\G be the symmetric space of G with the
Riemannian metric given by the restriction of the Killing form to p. Let I" be
a discrete torsion-free Zariski-dense subgroup of G. Then X/I' is a Riemannian
locally symmetric space.

Let x = x, - x5, with 2. € C and xj, = exp Ad 27 1(X) € T4, (R)°, X € p. Then
for any character x of T, |x(z)| = |x(zn)| = expdx(Adz~1(X)), where dx is
the derivative of x. The curve t — Kexp(tX)z, t € R, is a geodesic on X which
passes through the point Kz and Kexp(tX)z-x = Kexp((t+ 1)X)z. Therefore,
if z € ', then the image of this geodesic is a closed (in fact a periodic) geodesic
in X/T of length A\(z) = (X, X)/2. Observe that

_ _ 1
(X, X) = (Adz71(X),Ad =71 (X)) = ) (log|a(x))* = ) 1 (og|a(2)*)?,
where the summations are over the set of roots of g with respect to 7.

Let T} and T3 be two maximal R-tori in G, and let ; € T;(R)NT', i = 1,2. As
explained above, these elements determine closed geodesics in X/I". The lengths
A(71) and A(72) of these closed geodesics are given by

(3) Zs<” log X\ (11))?, Zs< '(log ¥V (72))2,

where X( Do ,XJ(D) are certain positive characters of T;, and the sl(-] )’s are posi-

tive ratlonal numbers.

In the following proposition and the theorem, we assume that G is defined
over a real number field K, I' is a discrete torsion-free Zariski-dense subgroup of
G(R) contained in G(K), y1 and 72 are two regular R-regular elements of I" with
the properties mentioned in Corollary 2; such elements exist by Corollary 1. For
i=1,2let T; = Zg(v); T; is a max1mal K-torus which contains a maximal
R- spht torus of G.

If rkg G = 1, the subgroups of positive characters in X(77) and X (T5) are
cyclic (as every positive character is defined over R); let x") and x(® be their
generators such that X(i)(’yi) > 1. Then it is obvious from the above that
A(71) = slogxM(71) and A(72) = slog x(®) (72), where s is the positive square-
root of a positive rational number. From Proposition 2 we now immediately
obtain (see also Remark 1):

Proposition 3. If rkg G = 1, then the ratio \(y1)/A(y2) is a transcendental
number.

Assuming the truth of Schanuel’s conjecture, one can prove a stronger asser-
tion for groups of arbitrary real rank.

Theorem 4. If Schanuel’s conjecture holds, then A(y1) and A(vy2) are alge-
braically independent over Q.
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Proof. We notice that if z1, ..., z, are algebraic numbers, then Schanuel’s con-
jecture applied to

=logz1, ..., a, =logz,
yields algebraic independence of aq, ..., o, once these elements are linearly

independent (over Q). After renumbering the characters appearing in (3), we
can assume that

=logx\\" (), ..., am, = log X'V (71)
(resp., by :=log Xx\” (3), -+ ; by := log X2 (1)),

for some m1, ms < p, form a basis of the Q-subspace of R spanned by log X( )( 1)

(resp., log X( )( 9)) for ¢ < p. It immediately follows from Proposition 1 that the
numbers

A1y o ooy Qs bl, N me
are linearly independent over Q, hence algebraically independent by Schanuel’s
conjecture. On the other hand, according to (3), A(y1)? (resp., A(y2)?) are given
by nonzero homogeneous polynomials of degree two (with rational coefficients)
inay, ..., an, (resp., by, ..., by, ), and our assertion follows. O

Remark 2. Let G be a connected semisimple algebraic group defined over
R such that G(R) does not contain any nontrivial connected compact normal
subgroups. If I is an infinitesimally rigid discrete subgroup of G(R), for example,
if G(R) is not locally isomorphic to either SLa(R) or SL(C) and I' is an irreducile
lattice in G(R), or G(R) is locally isomorphic to SLy(C) and I' is a cocompact
lattice in G(R), then there is a real number field K such that G is defined over
K and I' C G(K), see [9], Proposition 6.6.

Remark 3. Assuming that Schanuel’s conjecture holds, we can prove the
following variant of Theorem 4: Let K be a finitely generated subfield of R
of transcendence degree d over Q. Let G be a connected semisimple algebraic
group defined over K, and I' be a discrete torsion-free Zariski-dense subgroup
of G(R) contained in G(K). Let s be a positive integer and n > d + s be an
integer. Let v1, ... ,v, € I' be reqular R-reqular elements with the properties
described in Corollary 1 for Lo = K. Then there exists an i < n such that A(v;)
is transcendental over the field Q(A(71), ..., A(7s)). Indeed, as in (3), for each
i < n, A(7y;) is given by an expression of the form

A7) =D s (log X (1)),
k=1

where X( D , X,()) are certain positive characters of the K-torus T; := Zg(v:)°,

and the s,(c) are positive real numbers. After renumbering the characters, we can
assume that

al” == logx\" (1), ... ,a®) :=1og x? (),
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for some m; < p form a basis of the QQ-subspace of R spanned by log X;(j) (74)
for k < p. Then A(v;)? is represented by a nonzero homogeneous polynomial of

degree two in terms of agi), . ,aq(fL)l.. Set A = {agi), . ,a%)i}.

It follows from Proposition 1 that the set
A=ADy...ua

is linearly independent over Q, so by Schanuel’s conjecture the transcendence
degree over Q of the field generated by

AuUd{e*|a € A}

is at least #A. But for a € A, e® is the value of a character on some element
of G(K), so e* is algebraic over K. We conclude that the transcendence degree
over Q of the field generated by {e*|a € A} is at most d. Therefore, the
transcendence degree over QQ of the field L generated by A is at least #A4 — d.
On the other hand, if for all ¢ < n, A(v;) is algebraic over Q(A(71), ... , A(7s)),
then, as can be seen easily, the transcendence degree of L over QQ is at most
> m;—(n—s) =#A—(n—s), which would imply that d+ s > n, contradicting
the hypothesis that n > d + s.
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