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Abstract

This note is a follow-up on the paper [A. Borel, G. Harder, Existence of discrete cocompact subgroups of
reductive groups over local fields, J. Reine Angew. Math. 298 (1978) 53—-64] of A. Borel and G. Harder in
which they proved the existence of a cocompact lattice in the group of rational points of a connected semi-
simple algebraic group over a local field of characteristic zero by constructing an appropriate form of the
semi-simple group over a number field and considering a suitable S-arithmetic subgroup. Some years ago
A. Lubotzky initiated a program to study the subgroup growth of arithmetic subgroups, the current stage
of which focuses on “counting” (more precisely, determining the asymptotics of) the number of lattices
of bounded covolume (the finiteness of this number was established in [A. Borel, G. Prasad, Finiteness
theorems for discrete subgroups of bounded covolume in semi-simple groups, Publ. Math. Inst. Hautes
Etudes Sci. 69 (1989) 119-171; Addendum: Publ. Math. Inst. Hautes Etudes Sci. 71 (1990) 173-177] using
the formula for the covolume developed in [G. Prasad, Volumes of S-arithmetic quotients of semi-simple
groups, Publ. Math. Inst. Hautes Etudes Sci. 69 (1989) 91-117]). Work on this program led M. Belolipetsky
and A. Lubotzky to ask questions about the existence of isotropic forms of semi-simple groups over number
fields with prescribed local behavior. In this paper we will answer these questions. A question of similar
nature also arose in the work [D. Morris, Real representations of semisimple Lie algebras have Q-forms, in:
Proc. Internat. Conf. on Algebraic Groups and Arithmetic, December 17-22, 2001, TIFR, Mumbai, 2001,
pp. 469-490] of D. Morris (Witte) on a completely different topic. We will answer that question too.
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1. Introduction

This note is a follow-up on the paper [2] of A. Borel and G. Harder in which they proved
the existence of a cocompact lattice in the group of rational points of a connected semi-simple
algebraic group over a local field of characteristic zero by constructing an appropriate form of
the semi-simple group over a number field and considering a suitable S-arithmetic subgroup.
Some years ago A. Lubotzky [4] initiated a program to study the subgroup growth of arithmetic
subgroups, the current stage of which focuses on “counting” (more precisely, determining the
asymptotics of) the number of lattices of covolume < c¢ (the finiteness of this number was es-
tablished in [3] using the formula for the covolume developed in [8]). Work on this program led
M. Belolipetsky and A. Lubotzky to ask questions about the existence of isotropic forms of semi-
simple groups over number fields with prescribed local behavior. The existence of an isotropic
form is of course equivalent to the existence of an irreducible noncocompact lattice. Interest-
ingly enough, a question of similar nature also came up in the work [5] of D. Morris (Witte) on
a completely different topic. The goal of this note is to elaborate on the Galois cohomological
techniques of [2] in order to prove a theorem that answers these questions.

In this note, K will denote an algebraic number field, and we let VX (respectively V,X) denote
the set of all (respectively real) places of K, and for a place v of K, K,, will denote the comple-
tion of K at v. Given a connected absolutely simple algebraic group G defined over K, we let
A(G, K) denote the Tits index of G over K (cf. [10,11]), and let A(G, K) 4 denote the set of dis-
tinguished (circled) vertices of A(G, K). Unless explicitly mentioned otherwise, G will denote
the adjoint group of G which will be identified with the group Int G of inner automorphisms.
Given a field extension P/K, a P-form of G that corresponds to an element of H 1 (P, G )] will
be called an inner twist of G (over P). An inner twist of a split group is called an inner form.
A semi-simple group which is not an inner form is called an outer form. In this note, K-forms
with prescribed local behavior will be constructed as inner twists of a given quasi-split group.

To formulate our main theorem, fix an absolutely simple simply connected algebraic group
Gy defined and quasi-split over (the number field) K. Let G be the adjoint group of Gy, and let
Ty be the centralizer of a maximal K -split torus of Gq (then Tj is a maximal K -torus of Gy).
Let £21, ..., £2, be the orbits of the *x-action of the absolute Galois group Gg on A(Gy, K) (we
recall that r coincides with the K -rank of Gg). Let L denote the minimal Galois extension of K
over which Gy splits (in other words, L is the extension of K that corresponds to the kernel of
the action of Gx on A(Gy, K)).

Theorem 1. Fix a nonarchimedean vy € VK, and assume that for each v € VK \ {vo} we are
given an inner twist G® of Go over K, so that GV is quasi-split over K, for all but finitely
many v. Then

L As usual, for an algebraic group H defined over a (perfect) field P, Hi(P, H) = Hé Gp, H(I_’)) where Gp =
Gal(P/ P) is the absolute Galois group.
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(i) There exists an inner twist G of Gy over K such that G is K,-isomorphic to GV for all

v # vo.
(i) A K-isotropic G with the property described in (1) can exist only if there is an i €
{1,2,...,r} such that

2i CA(G™W, Ky), forall v v, 4))

and the K -rank of G cannot exceed the number of orbits satisfying (1).

(iii) Assume that vy does not split in L if L/K is a quadratic extension. Then the existence of
i€{l,2,...,r}satisfying (1) is sufficient for the existence of a K -isotropic form G as in (i),
and there exists a K -form whose K -rank is precisely the number of orbits satisfying (1).

2. Results on Galois cohomology

Proposition 1. Let H be a connected semi-simple algebraic K -group. Then for any nonar-
chimedean vy € VK, the map

H'(K.H)— @D H'(K,. H)
DEIN

is surjective.

A proof is obtained by repeating verbatim the argument given in [2] to prove Theorem 1.7. It
relies on the following lemma which is actually established in the proof of Proposition 1.6 of loc.
cit., where the argument is attributed to J. Tate. The proofs of both, the preceding proposition and
the following lemma, will be omitted here.

Lemma 1. Let M be a finite commutative Gy -module. Then for any nonarchimedean v € VX,
the map

H*(K. M) — P H*(K,. M)
DEIN

is surjective.

For convenience of later reference, we recall here the well-known exact sequence of global
class field theory that connects the Brauer groups of K and of all the K,,’s (this result is usually
referred to as the Hasse—Brauer—Noether Theorem, cf. [1, Chapter VII, 9.6], or [6, §18.4] for
details):

0 —> Br(K) — @ Br(K,) — Q/Z —> 0. (HBN)

veVK

It follows from this that for any nonarchimedean v € VX the natural map

Br(K) — @ Br(K,)
v#vo
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is an isomorphism. Another consequence is given in the following lemma which can be used in
place of Lemma 1 to prove a variant of Theorem 1 in which vy is a real place, G is K -split, and
its center is either trivial or it is K-isomorphic to 7 or to uy x w2 (here, and in the sequel, for a
positive integer n, 1, denotes the kernel of the nth power map of GL into itself).

Lemma 2. [f vy is a real place, the homomorphism

H*(K, u2) — @) H*(Ky, 12)
PES)

is an isomorphism.

Proof. Since for any field extension P/K, H2(P, ;t3) = Br(P),, and for all v, HX(K,, u2) =
7./27, the claim immediately follows from (HBN). O

Next, we prove the following strengthening of Proposition 1.

Proposition 2. Let H be a connected reductive K-group, and let Z be the central torus of H.
Fix a nonarchimedean vy € VX. Then either of the following two conditions (a) Z is K -split, or
(b) Z splits over a quadratic extension L /K and vo does not split in L, implies that the map

H'(K.H)— P H'(K,. H)
DEI

is surjective.
We need the following.

Lemma 3. Let Z be a K -torus and vo be a nonarchimedean place of K. Then under either of the
conditions (a) and (b) stated in Proposition 2, the maps

H(K,Z)— P H (K, 2),
DEI

fori =1,2, are isomorphisms.

Proof. It is well known (cf., for example, [12]) that Z is isomorphic to ]_[?Zl Z;, where for
J <d, Z; is one of the following three tori:

T =GLi, Ty=Rpx(GL)) or T3=R) (GLy).

So it is enough to prove our claim for each of these “elementary” tori 7, using the assumption
on vy if j =2 or 3. For T = T or 7>, by Hilbert’s Theorem 90, we have HY(P,T)={1}
for any field extension P/K, so our assertion for i = 1 is immediate. Let i = 2. The maps
H*(K, Tj) — @v;ﬁvo H*(K,, T;) for j =1, 2 are equivalent respectively to the maps

Br(K) — @Br([{v) and Br(L) — @ Br(L,),
v#£v wEWo
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where Wj is the set of all extensions of vg to L, and since by our assumption Wy reduces to a
single element, our assertion follows from (HBN).
The torus T3 is the first term of the following short exact sequence

VL/K
1l —T—1—T —1, 2)
where vy /g is the norm map from L to K. Then the map

H'(K,T3) — P H' (K, T3)
IES)

is equivalent to the map

K* vk (L) L @ K /ve,k, (L)
PES)

(we pick one extension w for each v € VX). By class field theory, there is an exact sequence

0—> KX/UL/K(LX) — EBK;/\)LW/[(U(L;) — Z/27. — 0,
v

and K /vL, /K, (Ly,) = Z/2Z, so the fact that p is an isomorphism follows. Finally, the as-
sertion for i = 2 follows from the commutative diagram

00— H*K,T3) —— H*K,T,) —— H*(K,T))

! ! !

00— PByppy H (K, T3) —= P2, H(K, T2) —= P2, H*(K, T1)

as the middle and the right vertical arrows are isomorphisms. O
Proof of Proposition 2. Let H = H/Z. Then we have the following exact sequence:
l—>Z—>H—>H—1, 3)

which induces the following commutative diagram with exact rows:

A A2 _ A3
HY(K,Z) — - HY(K,H) ——— HY(K,H) —— H*(K,2)

PH K2~ PH K.H —~ PH K, H) — P H K. 2).
DEIT vF#£Ug PEI vF#£Ug
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Letx € @v;ﬁvo H'(K,, H). Since H is semi-simple, a3 is surjective (Proposition 1), so there
exists ye H 1(K, H) such that a3 (¥) = va(x). Furthermore, as

as(A3(y)) =v3(3(y)) = v3(v2(x)) =0,

the injectivity of o4 (Lemma 3) implies that A3(y) = 0, and hence, y = X2(z) for some z €
H'(K, H). Then vy (a2(z)) = a3 (Aa(z)) = v2(x). It follows from Proposition 42 in [9, Chapter I,
§5.7], that

x=a-op(z) forsomea e @ HI(KU, Z)
vF#£UQ

(we refer to loc. cit. for all unexplained notations). Using Lemma 3, pick b € H L(K, Z) so that
a1(b) =a. Then for w = b - z we have oz (w) =a - a2(z) = x as required. O

Theorem 2. Let G be a semi-simple simply connected algebraic K -group, H be a connected re-
ductive K -subgroup of G and Z be the central torus of H. Furthermore, let F be a K -subgroup
of the center of G which is contained in H. Set G = G/F, H = H/F, and picking a nonar-
chimedean place vg of K, consider the following diagram:

HY K. H) —=—— HY(K.G)

. |

By H (Ko H) —"= @z H' (K. G).

Then in each of the following cases: (a) Z splits over K, (b) Z splits over a quadratic extension
L/K and vy does not split in L, (c) the semi-simple subgroup D = [H, H] is simply connected
and contains F, we have p(Imw) =Imo.

Proof. In cases (a) and (b), our claim immediately follows from the corresponding cases in
Proposition 2. So, it remains to consider case (c). B _

Suppose x = (y), where x = (x,) € P, H'(K,,G),and y = (y,) € DBtvy HY(K,, H).
Since the map

H'(K. H)=5 [] H'(K,. H)

veVX
is surjective [7, Proposition 6.17], we can choose z € H LK, H) so that

ar(z) = (yv)veer~
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Let w = w(z). Twisting H and G by a cocycle representing z and the associated G-valued
cocycle respectively, we get the following commutative diagram:

| _ ® . _
H (K, .H) — H (K,,0)

‘| |

@v#vo H' (K, ZH) - Gav#vo H' (Ky, wé)'
It is enough to show that if x = (x,) € @v;tvo H' (K., »,G) corresponds to x under the bijection

P H' (K, wG)~ P H' (K0, G)
v#£v0 v#V0

(cf. [9, Chapter I, §5.3]), then X € p(Im ®); notice that now X, = 1 forall v € VrK .

By our assumption, F C D, so we can consider D = D/F. As D is normal in H, the twist
. D makes sense. Furthermore, since D is simply connected, for any nonarchimedean v € VX,
the natural map

H'(K,,.D) = H'(K,,.G)

is a bijection as each of those sets is in a natural bijective correspondence with H2(K,, F) (cf.
[7, Corollary to Thegem 6.20]). Since x, =1 for all v € VrK , we conclude that there exists
ae @v;ﬁvo H'(K,,.D) that maps to X under the composition of the maps

@ H'(K,..D) — @ H' (Ko, H) -5 @ H' Ky, 05).
v#ug vV vF£V

Since , D is semi-simple, by Proposition 1 there exists beH! (K, .D) that maps to a under the
map H'(K, D) = @,,, H' (Ky, D). Then ¢ = image of b in H'(K, . H ) has the property
that p(@(¢)) = X, as required. O

3. Proof of Theorem 1 and some applications

By our assumption, for each v # vy, the group G is obtained from G by twisting with a
cocycle representing an element of H 1(Ky, Go), so assertion (i) of Theorem 1 follows from (in
fact, is equivalent to) the surjectivity of the map

H'(K,Go) — @D H'(K,. Go).
v#£v0

which is furnished by Proposition 1. (As we have already noted above, Proposition 1, and conse-
quently assertion (i) of Theorem 1, are implicitly contained in [2].)

Assertion (ii) is immediate: it follows from the description of the Tits index that for any field
extension P/K, A(G, K)g C A(G, P)4. So, in our set-up, if G is K-isotropic, A(G, K)4 is
nonempty and is contained in A(G, K,)4 for all v # vg. Since A(G, K)4 is invariant under the
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x-action and the K-rank of G equals the number of Galois-orbits in A(G, K)g4, our assertion
follows.

To prove (iii), we let I denote the set of all i € {1, ..., r} for which the orbit £2; satisfies (1),
and let Z be the K -subtorus of Ty (C Gg) defined by the condition: «(#) = 1 for all simple roots
o ¢ 2 =|J;c; $2i. Let Sp be the maximal K -split subtorus of Zy. We note that the dimension of
So equals the number of Galois-orbits in £2. Let Hy be the centralizer of Zg in Go and H be the
image of Hy in Gy. For each v # vp, since all the vertices contained in §2 are distinguished in
the Tits index of the K,-form G, this group is obtained from G by Galois-twist by a cocycle
representing an element

xy € Im(H'(Ky, Ho) - H'(K,, Go))

(cf. [10, 16.4.8]). Now, consider the following commutative diagram:

1 p— w 1 —
H'(K,Hy) —— H' (K, Gy)

. |

Bypoiny H' (Ko Ho) ——= @, 2, H' (K. Go).

If Gy is a triality form of type D4, we may (and we will) assume that Hy is not a torus,
for otherwise, G ~ Gy for all v # v, and we can take G = Gg. Then there can be only one
Galois-orbit §2 that satisfies (1), viz. the orbit consisting of the central vertex. But in this case the
center of G is contained in the semi-simple subgroup [ Hy, Hop].

We note that the torus Ty, and hence also the central torus Zg of Hp, splits over L, and if
Gy is not a triality form of type D4, then [L : K] < 2. Now, by Theorem 2, in all cases, there
exists y € H'(K, Hy) such that p(w(y)) = (xp). Let z = w(y). Then the group G = ;Gg is K-
isomorphic to GW for all v # v, and it contains Zy, so its K-rank is > dim Sy = the number of
Galois-orbits satisfying (1). On the other hand, by (ii), the K-rank can not exceed this number,
proving all our claims.

Remark 1. The above proof shows that if the center of G is contained in [Hp, Hp], then the
assumption that vy does not split in L if the latter is a quadratic extension of K is not necessary
(see condition (c) in Theorem 2), however the following example shows that the assumption
cannot be dropped in the general case.

Let L/K be a quadratic extension, Go = SU4(L/K) be the quasi-split group of type 2A3
associated with L, and vg be a nonarchimedean place of K which splits in L. Pick a nonar-
chimedean place v; that does not split in L, and let G®V be an outer form of type 2A3 of
K, -rank 1. We claim that there is no isotropic K-form G of G¢ such that G >~ G over K,
for all v # vg, vy, and G ~ G® over Ky, . Indeed, if G is such a form, then by looking at the
Tits indices of groups of type 2A, (cf. [11]) we conclude that the extreme vertices of the Tits
index of G over K are distinguished. Then an analysis of the Tits indices of groups of type 'A,
shows that G splits over K,,. This means that if x € H (K, Gy) is the cohomology class that
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corresponds to G and y € H 2(K, F), where F is the center of Gy, is the image of x under the
map H' (K, Go) — H?*(K, F), then the map

H*(K, F) — (P H*(K,. F), )

v

takes y to y = (y,) where y, =1 for all v # vy (because x, = 1 for these v’s) and y,, # 1
(because x,, # 1 and the map H'(K,,, Go) — H?(K,,, F) is a bijection). We will now apply
the theorems of Poitou and Tate (cf. [9, Chapter II, §6.3]) to show that y cannot belong to the
image of the map (4). Let F be the dual of F. Consider

POK.F)= [] H'K,. F) and PX(K.F)= P H*(K,. F),

veVK veVKk

where for v real, H'(K,, F/Z is the modified Oth cohomology group as in 1.3 of [2]. There
are natural maps jo: H*(K, F) — P%(K, F) and j,: H*(K, F) — P2(K, F) (notice that j, is
precisely the map in (4)), and a nondegenerate pairing

PYK,F)x PXK,F)— Q/Z (5)

such that Im j; is the orthogonal complement of Im jjo with respect to this pairing. The pairing
(5) restricts to a nondegenerate palrmg H° (Ky,, F) X HZ(KUI, F)— Q/Z, so y,, # 1 implies
that y,, is not orthogonal to HO%(K v F ). But since v does not splitin L, we have Gal(L/K) =
Gal(L,, /Ky,) which 1mphes that HO(KUI, F)=H%K, F) and therefore y,, is not orthogonal
to the image of H 0k, F yin HY(K vl F ). It follows that y is not orthogonal to the image of jj,
so y ¢ Im jp, a contradiction. Thus, an isotropic K-form G cannot exist.

Remark 2. A variant of the construction used in the previous remark also yields an example
of absolutely simple simply connected groups G and G, defined over local fields L and L,
respectively, both G| and G, of type A3 over the algebraic closures of their fields of definitions,
such that there is no algebraic group G defined and isotropic over a global field K, with K,, >~ L;
and G(Ky,) >~ G;(L;), for i =1, 2, for some places v; and v, of K.

Let L and L; be any two noncomplex local fields. Let G| be the special unitary group SU(f)
of a hermitian form f in four variables, over a quadratic extension of L1, of Witt index one, and
let G be the group SLy p, where D is the quaternion division algebra with center L;. Then for
any global field K, two places v and v, of K, any K-group G such that G(K,,) >~ G;(L;), for
i =1, 2,1is anisotropic over K . Indeed, given such a G, the distinguished vertices in the Tits index
of G over K,, are precisely the two extreme vertices, whereas in the Tits index of G over K,,,
the only distinguished vertex is the middle vertex. This implies that the Tits index of G over K
cannot have distinguished vertices at all (cf. assertion (ii) of Theorem 1), so G is K-anisotropic.

Theorem 1 yields a Galois-cohomological argument for the existence of a Q-form, of any
absolutely simple simply connected algebraic R-group, with some special properties, thereby
answering in the affirmative the question asked in Remark 6.2 of [5]. The precise formulation of
this result is as follows.

Proposition 3. (Cf. [5, Proposition 6.1].) Let G be an absolutely simple simply connected
algebraic R-group. There exists a Q-group G such that
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(1) G~ G over R,

(2) G is quasi-split over Q,, for every odd prime p;
(3) Q-rank G = R-rank G;

(4) G splits over Q(i).

Proof. Let P be Q or Q(i) depending on whether G*° is an inner or outer form over R, and
let Go be the quasi-split Q-form of G*° that splits over P, but does not split over Q if P # Q.
Since the 2-adic place does not split in QQ(i), by Theorem 1 there exists an inner twist G of the
Q-group Gy, whose Q-rank equals the R-rank of G*°, such that G >~ G*° over R and G >~ Gy
over Q,, for all p # 2. Now it only remains to show that G splits over L := Q(i). Since Gy splits
over L, in view of the Hasse principle for G, i.e., the injectivity of the map

HY(L,Go) — P H'(Lw.Go)

weVL

[7, Theorem 6.22], it is enough to show that G splits over all completions of L. But for com-
pletions at nondyadic places (including the archimedean ones), this immediately follows from
our construction. Let w, be the (unique) dyadic place of L. Let x € H'(L, Go) be the el-
ement that corresponds to G/L, and let y € H*>(L, F) be the image of x under the map
HY(L,Gog) — H?*(L, F), where F is the center of Go. For w € VL, we let x,, and Yy de-
note the images of x and y in H'(L,,, Go) and H%*(L,, F) respectively. If w # wy, then xy,
is trivial, implying that y,, is trivial. But over L, F is either isomorphic to u, for some n,
or to iy X w2, so we infer using (HBN) that y,,, is also trivial. Now since the natural map
HY(Ly,, Go) — H?*(Ly,, F) is a bijection [7, Corollary to Theorem 6.20], we conclude that
Xy, 18 trivial, so x is trivial. O

Remark 3. Any real representation of a semi-simple Q-group G as in Proposition 3 is defined
over Q, see [5].

The following two propositions, which are needed in a forthcoming joint paper of Belolipet-
sky and Lubotzky on counting arithmetic subgroups of covolume < ¢, are proved by a simple
modification of the proof of Proposition 3.

Proposition 4. Let K be a number field, L be a totally imaginary quadratic extension of K. Fix
a nonarchimedean place vy of K which does not split in L. Assume that for every archimedean
place v of K, we are given an absolutely simple simply connected algebraic K,-group G). We
assume that the groups G are of the same absolute type for all archimedean v, and if VrK
is nonempty, then the GW)’s are either all inner forms or all outer forms over K, (=R) for
Ve VrK . Then there exists a K -group G such that

(1) G is Ky-isomorphic to GV for every archimedean place v of K ;
(2) G is quasi-split over K, for every nonarchimedean place v of K different from vo;
(3) G splits over L.

Proof. Let P = L if V,K is nonempty, and for every v € V,K , G is an outer form; in all other
cases let P = K. Let G be the absolutely simple simply connected quasi-split K -group of same
absolute type as the given G’s, and which splits over P, but does not split over K if P # K.
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By Theorem 1(i), there exists an inner twist G of Gg over K which is K, -isomorphic to GW for
all archimedean places v, and which is quasi-split at v for all nonarchimedean v # vy. Arguing
as in the proof of Proposition 3, we see that G splits over L. O

Proposition 5. Let K be a number field and L be a quadratic extension of K. Let vg be a
nonarchimedean place of K which does not split in L. Assume that for each archimedean place
v of K, we are given an absolutely simple simply connected algebraic K,-group G™ so that all
the G™)’s are of same absolute type and additionally if for a real place v, G is an inner form
over K, (=R), then G is K,-split and v splits in L, and if GV is an outer form over K, then
v does not split in L. Then there exists a K-group G such that

(1) G is Ky-isomorphic to GV for every archimedean place v of K ;
(2) G is quasi-split over K, for every nonarchimedean place v of K different from vy;
(3) G splits over L.

Proof. Let P = L if there is a real place v such that G™ is an outer form over K v, otherwise,
let P equal K. Let G be the absolutely simple simply connected quasi-split K-group of same
absolute type as the given G*)’s, and which splits over P, but does not split over K if P # K.
By Theorem 1(i), there exists an inner twist G of G over K which is K, -isomorphic to G®) for
all archimedean places v, and which is quasi-split at v for all nonarchimedean v # vy. Arguing
as in the proof of Proposition 3, we see that G splits over L. O

Remark 4. We recall that R-anisotropic groups of types A, (n > 1), D,4+1 and Eg, are outer
forms, and the ones of remaining types are inner forms, cf. [11].

Remark 5. (1) The condition in Proposition 4 that for all v € V,K , the G)’s are either inner
forms or all are outer forms over K, is needed to ensure the truth of assertion (3). Indeed, suppose
K has two real places vj and v;, and take G @) = SL p, where D = H is the quaternion division
algebra over R. Then a K-group G which is K, -isomorphic to G® and which is anisotropic
at v must be an outer form of type A3z. Let £ be the quadratic extension of K over which G is
inner. Then vy splits in £ and v, does not. Now if G splits over a quadratic extension L/K as in
Proposition 4, then necessarily L = £, which, of course, is impossible for a totally imaginary L.

(2) Likewise, without the condition that vy does not split over L, assertion (3) of Proposition 4
is false in general. For example, G = Spin(f), where f = x> + y? + 22, is the only form of SL,
that is anisotropic over R and splits over Q,, for all p # 2. However, G does not split over

L=QG/-7).
4. Uniqueness

In this section we briefly address the question of the uniqueness of an inner twist G of G over
K which is K,-isomorphic to a given inner twist GW of Gy over K, for every v € vk \ {vo},
where vy is a fixed nonarchimedean place of K. Clearly, the uniqueness is essentially equivalent
to the injectivity of the map

a:H' (K. Go)— € H'(K,. Go).
v#vo
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Let F be the center of Gy. It is the kernel of the natural K -isogeny Gy — Gy. Let L be the
minimal Galois extension of K over which G becomes an inner form (i.e., it splits).

Theorem 3.
(1) « is injective if and only if

B:H*(K.F) > @) H*(K,. F)
v#v0

is injective.
(2) Let P=L if [L : K]# 6, and let P be a cubic extension of K contained in L otherwise.
Then B is injective if and only if vy does not splitin P (i.e., P @k K, is a field).

Proof. (1) Suppose first that § is injective, and let § : HY(K,Gy) — H?*(K, F) be the canon-
ical map. If x,y € HY(K,Gp) are such that a(x) = «(y), then §(x) and §(y) have the same
image under 8, and therefore §(x) = 8(y). Since vy is nonarchimedean, there is a natural bi-
jection H'! (KUO, Go) ~ HZ(KUO, F) (cf. [7, Corollary of Theorem 6.20]), so x and y have the
same image in HY(K w> Go). Thus, x and y have the same image under the map HY(K,Go) —
b, H 1(K,, Gp), and it follows from the Hasse principle for adjoint groups [7, Theorem 6.22]
that x = y. Conversely, suppose f is not injective, and pick a nonzero s € Ker 8. Since § is sur-
jective [7, Theorem 6.20], one can pick x € HY(K, Gp) so that §(x) = s. Let (xv)vev,K be the

image of x in HveVK H! (Ky, 50). Using the fact that s € Ker§, we see from a relevant exact

sequence that (x,) lifts to (X,) € [[,cyx H 1(K,, G¢). Using the surjectivity of

H'(K,Go) — [] H'(Ky. Go)

veVX

[7, Proposition 6.17], we find ¥ € H'(K, G¢) that maps to (i,). Let y be the image of X in
H'(K, Go). Then a(x) and a(y) have the same v-components for all archimedean v in view of
our construction, and for nonarchimedean v # v due to the bijection H!(K,, Go) ~ H*(K,, F),
the triviality of H'(K,, Go) [7, Theorem 6.4], and the fact that s € Ker 8. Thus, a(x) = a(y);
however, x £ y because §(x) =5 #0=4§(y).

(2) We begin with the following lemma which is an easy consequence of the theorems of
Poitou and Tate.

Lemma 4. Let M be a finite Gk -module, and M be its dual. Let vo be a nonarchimedean place
of K.

(1) Ifthemap 1 : H*(K, M) —> @UE‘,K H2(Ky,, M) is injective and HO(K, ]l//f) = HO(KUO, ]\7),
then the map n: H*(K, M) — EB#UO H%(K,, M) is also injective.
() If HY(K, M) # H(K,,, M), then 1) is not injective.

Proof. (1) Let x € Kern. Since p is injective, to prove that x = 0 it is enough to show that x,, =
the image of x in H*(K v M), 1s trivial. But it follows from the theorems of Poitou and Tate
that x,, is orthogonal to H 0k, M ) = HO(KUO, M) under the natural pairing HO (K M ) X
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HZ(KUO, M) — Q/Z. Since the latter is nondegenerate [9, Chapter II, §5.8], we get x,, =0 as
required.

(2) Since HO(K M) # H(K,,, M), there exists a nonzero x,, € H>(K,, M) that is orthog-
onal to HO(K, M ). According to Poitou and Tate, there exists x € H 2(K, M) the i image of which
in H>(K,, M) is zero for all v # vg, and is Xy, for v =wvy. Clearly, x is a nonzero element in
Kern. O

It is known [7, p. 332] that F is one of the following groups:

(@) wn,
(b) w2 x ua,
(¢) Rp/k (12),if Go is an outer form of type Dy,

(d) R(I)K (n), where n > 2 (as R(l)K (n2) =~ up, n =2 belongs to the case (a)), and

(e) RS/) x (2), where [P : K] = 3; notice that here P is the same as in the statement of part (2)
of the theorem.

To be able to use Lemma 4, we first need to check that in all these cases the map

HY (K. F) 5 @ H*(K,.F)

veVK

is injective. In fact, this follows immediately from (HBN) in the cases (a)—(c), and with some
additional computations also in the remaining cases (d), (e) (cf. [7, Lemma 6.19]). However,
one can give a uniform proof using Theorem A in [9, Chapter II, §6.3], due to Poitou and Tate.
According to this result, Ker y is dual to the kernel of

H' (K, F) = [[H' (Ko, F),
v

so it is enough to show that Ker ¢ is trivial. We notice that it follows from Chebotarev’s Density
Theorem that for any number field k& the map

H'(k.2/nZ) — [] H'kw.Z/nD),

weVk

where Z/nZ is considered as a trivial Gx-module, is injective. Since ft,, = Z/nZ, this imme-
diately gives the desired result in the cases (a)—(c). To consider the cases (d) and (e) we let L
denote the Galois closure of P. Then for F in the cases (d) and (e), we have F~ Z/nZ as
a Gr-modules, so the map HY(L, F) - [1, eyl HY(L,, F) is injective. From the inflation—
restriction exact sequence

0— HY(L/K,F)— H'(K,F)— H'(L,F)

and its local analogs, we see that to prove the injectivity of &, it is now enough to prove the
injectivity of

H'(L/K.F)— [] H'(Lw/Kyv. F). (6)

v,wlv
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But the Galois group Gal(L/K) is one of the following groups: Z/27Z, Z/37Z, or the symmetric
group S3, hence has cyclic Sylow subgroups. It follows from the Chebotarev Density Theorem
that all Sylow subgroups appear as local Galois groups Gal(L,,/K,), so the injectivity of (6)
follows from the well-known fact that for a finite group G, any G-module A and any i, the
homomorphism

H' (G, A) — @ H'(G). A).
14

where the sum runs over all prime divisors p of the order of G and G, is a Sylow p-subgroup
of G, is injective.

Now, to complete the proof of assertion (2) of the theorem, we need to check that H 0K, F )=
HY(K o> F ) is equivalent to the assertion that vg does not split in P. There is nothing to prove
in the cases (a) and (b). In the case (c), H(K, F ) has order two, while H%(K vo» F F ) has order
four or two dependlng on Whether vo splits or not in P. In the case (d), H 0K, F ) again has
order two, while H° (K vor F ) has order n if vg splits in P, and order two if it does not. In the
case (e), the group H 0K, F ) is trivial, and so is the group HY(K 0 F )] if vg does not splitin P.
On the other hand, if P @k Ky, = Ky, ® Kyy ® Ky, then HO(KUO, F) has order four, and if
P®k Ky, = Ky, @ Q, where Q is a quadratic extension of K, then HO (K F ) has order two,
proving assertion (2) in all the cases. O

Remark 6. The uniqueness assertion does not hold in general if vg is a real place since
the map H' (K, Go) — | H'(K,,Gy) is a bijection, whereas the image of the map
H'(Ky,, Go) — H'(Ky,, Go) is often nontrivial.
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