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Let G be a simple algebraic group defined over a field K, and let G be the group of
K-rational points of G. The study of the structure of G x 18 an important and, in general,

very difficult problem. In the last decade much progress has been achieved in investigating

Gy when G is K-isotropic (see [1] and 12]). But little is known so far concerning the struc-
ture of G for K-anisotropic groups G. One of the key questions that arises here is: When
is the group G, projectively simple? Even in the minimal case, when G is three dimensional,
there are as yet insurmountable difficulties. The situation for algebraic number fields is more
encouraging, since in that case we have the following plausible conjecture [1]: the group

G is projectively simple, i.e. the quntient of Gy by its center is simple, if and only if for
all non-Archimedean valuations v of the field K the local groups G K, are projectively simple.
It is not hard to show that this is actually equivalent to the following conjecture: if G is a
simple and simply connected algebraic group, and if G is K -isotropic for all non-Archime-

dean valuations v, then G is projectively simple. For dim G = 3 this conjecture was stated

by Kneser in 1956 in a somewhat different form (see [3] or [4], Chapter II, §12), and

there still has not been any significant progress toward proving it. In this case G is the

group SL(1, D), where D is the algebra of quaternions over K and SL(1, D) = (a € D|

Nrdp, g (@) = 1), where for v non-Archimedean D ®, K, is the full matrix algebra M,(K).
The basic purpose of this paper is to prove an essential part of Kneser’s conjecture. In

addition, we compute the commutator length of the group SL(1, D), which is of independent

interest.

THEOREM 1. Let D be the algebra of quaternions over an algebraic number field K.
The group SL(1, D) coincides with its commutalor if and only if, for all non-Archimedean
valuations v of the field K, the algebra D, = D @ K, is the full matrix algebra M,(K,,).
Under this condition every element of SL(1, D) is a product of no more than three commu-
lators.

Let H be any noncentral normal subgroup of Gg = SL(1, D). It follows from the
Prasad-Margulis theorem (see [5]) that the index of A in G is finite. Hence / always has
a subgroup of finite index Hy C H which is normal in the group D¥* = GL(1, D). This means
that, when proving the above conjecture, we may suppose that / is a normal subgroup of
GL(1, D). In fact, under the conditions of this conjecture we have the following stronger

assertion.
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v 2. Every normal subgroup H of SL(1, D) is a normal supgy Up of

THEORE
GL(1, D) .
cor any g € GL( D) we let (g) denote the automorphism induceq by Int(g) |
0 ’ 2
SL(1, D)/H.
-Archimedean v the algep =
THEOREM 3. Suppose that for all non S e el % K, ~

M,(K,). Then for every § € GL(1, D) the automorphism ¢(g) of SL(1, D)/H legye; the
coizfu;acy ~lusses invariant, and all of the characters of SL(1, D)/H are real. (), the othe,

hand, if ¢y (g) is an inner automorphism of SL(1, D)/H, then SL(1,D) = {4

We shall give the proof of the most important Theorem 1 below. The Proofs of

Theorems 2 and 3 use similar arguments.
In what follows we shall let ¥ denote the set of all nonequivalent valuationg of the

field K; V., and V, are the sets of Archimedean and non-Archimedean valuations of K,
respectively; V, = {v € V|D, is a division ring}. As usual, if v € Vf, we let U, denote
the group of units of K, and V(@) ={vE€ V/a & U,}.

We shall say that a subset /' C SL(1, D) has the weak approximation property if for
any finite set v, ..., v, € V the diagonal imbedding F — IT'_ , SL(1, D, .) has dense
image.

LEMMA 1. Under the conditions of Theorem 1 the set F = (S—1 el $. 1 E
SL(1, D)) has the weak approximation property.

PROOF. Suppose that v,,...,v € Vand qa = (@150 1z vlp Lo TS SL(1, D,). We
note that every element 4, is a commutator in SL(1, Dy, ). In fact, for SL(1, D,,) ~
SL(2, Ky,) this is proved in [6]: but if Dy, is a division ring, then it must be the usual ring
of quaternions over the field KUI. = R, in which case the claim is verified immediately.

Since SL(I,‘ D) is dense in IT'_ | SL(1, D, ) by the classical weak approximation theorem,
the conclusion of Lemma 1 then follows in the obvious manner.

LEMMA 2. Under the conditions of Theorem 1 any element z € SL(1, D) can be

represented i F= X S pE
presented in the form 7 = 1y 1Jr:y,,,xESL(l,,D),yEGL(I:.,D)--

2 PROO.F. We look for a fepresentation in the form xz = y~! xy, which is equivalent
O the required form. By the Skolem-Noether theorem (see [7], 810, no. 1), this equality

follows .
- when the characteristic polynomials of x and xz over K coincide. Since
rdD/K () = 1, we have

=y -1 -
XZ =Yy Xy TrdD/K (x).': TrdD/K (.XZ),

where Trd x denotes

the reduceq t . ent x MUS
satisty the following sy race from D to K. Then the desired elem

stem of €quations:

(1) dpx (X) — Trdp, , (x2) = 0
(2)  Nrdp (x)=1.

Let e T e hﬂear
1 27 x3: x4 be the Coordmates Ofx in some basis Of D/K' Theﬂ (1) 1S d

€quation in the and ) = 1,
1 9 t x
I he system (1), (2) is €quivalent to the equation J(ETER ;

w o4

EQA



where f 1s @ quadratic form. As already noted, over the completion of K, in D, there exist
elements x,, and y, such that x z = y;lxuyv; that is, f represents 1 over all of the K. Then,
py the Hasse-Minkowski theorem, f represents 1 over K. Lemma 2 is proved.

LEMMA 3. Suppose that for all v € V, the algebra D, =~ M,(K,), and suppose that
shere exists a subset F C GL(1, D) such that, for suitable g € GL(1, D), gF C SL(1, D) and
has the weak approximation property .

Then, for any maximal subfield T = K(\/c_{) of D and any t € GL(1, D), there exist
r € T* and [ € F such that

Nrdp /x (71) € Nirdp x (K(f)).

PROOF. By assumption, if v & V,,, then SL(1, D,) = SL(2, K,)) and hence
TrdDU/KU (SL( l ; Du)) = Kva

and, moreover,
Trdp, k(& 7 SL(1.D,)) = K,.

From the continuity of the reduced trace and the weak approximation property of gf it
then follows immediately that the set 6 = (Trdp (/)| f € F) is dense in Ii_, Ky, for any
finite se; of valuations v,, ..., v, € V\V,, and also 8= (TrdD/K(f)zl f € F)is dense in
Il_, K3, Since the set Ky —4 Nrdj, (g™ ') = (4* ~ Nrdp, (¢ ')l @ €K,,) is open in the
v-adic topology of K, it follows that the set Kf, N (K2 —4 Nrd k& 1)) is also open, and the
corresponding intersection with 62 is dense in this set. This implies that for a finite set WC
V\V, there exists an [w € F such that

[Trdp x (fw)]? —4Nrdp k(g ' )EKS®, VEW.
In particular, suppose we have chosen fy . for the set V', = V(2) U V(Nidp g (7)) V
(V.\Vy) Y V(). Then for & =1[TrdD/K (fyl)] ‘- 4NrdD/K (g~ ') we have

K(V8)=K(fy,)-
We shall show that the element [ =f} satisfies the requirements of the lemma. Let (q, b),
denote the v-adic Hilbert symbol. Then it suffices to show that there exists an element

d € K* for which

(@) (5, @' Nrdp x(D), = VVEV;
e (a d).=l:. VeV

In fact, by Hasse’s theorem (see [8]) it follows from (4) that d € Nrdp, x (7), and, if
d = NrdD/K(-r"‘), 7 € T, then Nrdp, ¢ (77) € Nrdp, x (K(/)).
Equations (3) and (4) are equivalent to the following:

B) (5,d),=(5.Nrdp,x(t))y VVEV:
B (ad),=1 YveEV.

By our choice of the set Vy, it suffices to prove that for any v € V there exists &

€ K* such that

(3") (6- du)v = (6, Nrdp /K(I))v:
(4”’) ( Qa, dU)U =1
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(5. Nl’dD/K(f))u =1, we setd, = 1. Butif (5 Nrd

For v € V satistyIng
y set d, = Nrdp g (2). In fact, by construction y,

— 1, then for such v we ma

(6, NntID/K(z‘))U =1 forvE€V, |
hence (a, dy), = | Lemma 3 1s proved. ulk

ProOOF OF THEOREM | Letz €SL(1,D). By Lemma 2,
x € SL(1.D). y € GL(1.D).

Dk (1))

cand forv € Vo this follows from the pPositivity ofh]:[ve
rd
D

UQ

- e ?
Z=X ’_V XY,
with Lemma 3 we set

[n accordance
ah[a, he SL(1,D)). T=K(x), =y

F=(xa'b”
and we choose T € T7* and f=xg €EF satisfying

Nrd,)/K(Ty) = NrdD/K(K(f) ) '

Then
g=xly-lxy=x"'(ry) 'x(ry) =88 X “Ly)'xgg (7y)

=gf " (ry) ' f(ry) (1y) g7 (1Y),
There exists w € K(f) such that Nrdp g (w) = NrdD/K(Ty)”l; hence
wry €SL(1,D) and z=g[f " (wry) ™" S@IEY) 8™ (7)),

The expressions in brackets are obviously commutators in SL(1, D); hence z can be repre.
sented as a product of three commutators 1n SL(1, D). Finally, if SL(1, D) =

[SL(1,D),SL(1, D)|, then D, ~M,(K,) forallv € V..
In fact, otherwise, for some vy € V;, Dy, would be a division ring and SL(1, D,,)

would be a compact pro-solvable group, and, in particular,

D, )# |SL(1.D,,). SL{T DY,
so that it would follow from the denseness of SL(1, D) in SL(1, Dy,,) that
SL(1,D)# [SL(1,D), SL(1,D)].

Theorem 1 is proved.
In the proof of Theorem 3 the following assertion, which gives a refinement of

2 modulo a normal subgroup A, plays an essential role.

[Lemma

LEMMA 4. Let T be any maximal subfield in D. Then any coset gi of the group

SL(1, D)/H has a representative of the form x~ 1y~ lxy, where x € T and y € SL(1, D).
1} reduces,

Theorems 1 and 3 show that the conjecture on simplicity of SL(1, D)% )
tur

for example, to the question of the existence of finite simple groups having certain na
properties. The authors do not know whether or not there exist finite simple group> G
with the following properties: 1) all of the characters of G are real; 2) G hasaf outer
automorphism relative to which the characters are invariant. Despite the apparent difficulty

of the last problem, this reduction is of independent interest.
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