© The Author(s), under exclusive licence to Springer-Verlag
manuscripta math. 169, 209-249 (2022) GmbH Germany, part of Springer Nature 2021

®

Check for
updates

Daniel Krashen - Eliyahu Matzri - Andrei Rapinchuk - Louis Rowen -
David Saltman

Division algebras with common subfields

Received: 31 October 2019 / Accepted: 8 May 2021 / Published online: 12 July 2021

Abstract. We study the partial ordering on isomorphism classes of central simple algebras
over a given field F, defined by setting A; < Aj if degA; = deg A, and every étale
subalgebra of A1 is isomorphic to a subalgebra of A,, and generalizations of this notion to
algebras with involution. In particular, we show that this partial ordering is invariant under
passing to the completion of the base field with respect to a discrete valuation, and we explore
how this partial ordering relates to the exponents of algebras.

1. Introduction

Throughout, F' denotes a given field with separable closure F*. A recurrent question
in the study of central simple algebras or central division algebras is how much
structural information is encoded in an algebra’s subfields, or more generally, its
étale subalgebras. In [4,7,23] (resp. [15]) central simple algebras having the same
subfields (resp. splitting fields) were investigated. In this paper, we investigate
central simple algebras split by all (commutative) étale subalgebras of a given
central simple algebra, by introducing and analyzing the following partial order
relation on central simple algebras:

Definition 1.1. Let A|, A be central simple algebras over F. We write A| < A
if every commutative étale subalgebra of A; is isomorphic to a subalgebra of A».
We write A < A if A] < A and the two algebras have equal degree.
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We consider the following questions:

Question 1.2. Given a central simple algebra A, what can we say about the col-
lection of algebras B such that A < B? For example, is the set of isomorphism
classes of such B finite? Furthermore, is the exponent of B constrained in terms of
the exponent of A?

We show that for a large class of naturally arising fields F', those with “trivial
unramified Brauer group,” which we refer to as “transparent fields,” (see Sect. 2.3),
if D < B for D a central division algebra, then the exponent of B divides the
exponent of D (Theorem A).

Further, under the hypothesis that the unramified Brauer group of a field is
finite, which we refer to as a translucent field (see Sect. 2.3), and under some mild
additional hypothesis, we show that if D is a central division algebra, then the set
of isomorphism classes of algebras A such that D < A is finite (Theorem 4.22;
Theorem 4.23 as a special case). In fact, for the finiteness of the genus it is enough
to have the finiteness of the n-torsion in the Brauer group, which is a much easier
condition to verify then the finiteness of the whole Brauer group.

On the other hand, we show that for more general fields, not finitely generated,
that both of these statements are no longer true. We construct (central) division
algebras D for which one can find a division algebra B such that D < B but the
exponent of B is strictly bigger than the exponent of D (Note that our construction
in fact yields infinitely many choices for such B, cf. Corollary 3.6.)

In case that the algebras also happen to admit involutions, we similarly shall con-
sider in 8 how much information is carried by those commutative étale subalgebras
which are invariant under the involution. We get analogous results in Theorem 8.41,
but lacking the case that the involution is of second kind with Lp cyclic over F*
in the notation there.

2. Preliminaries
2.1. Notation

We write “csa” for an F-central simple algebra, and “cda” for an F-central, finite
dimensional division algebra. At times we will write a central simple algebra A/ F
or a division algebra D/F when F is the center of A or D respectively. The index
of A is the degree of its underlying division algebra. We let A* denote the group
of invertible elements of A. For a csa A/F and a subalgebra B C A, we write A
to denote the centralizer of B in A. For an algebra B/F, we write r B to denote
the direct product algebra x, B of r copies of B. F[[x]] denotes the ring of formal
power series in one variable x over F, and F'((x)) its field of fractions. For a field
extension K /F, we write resg/p A for A Qf K.

Remark 2.1. Tt is well known that any cda D of degree n = p{' ...pl", where
pi, ..., py are distinct primes, can be written as a tensor product D| ® --- ®
D;, where D; is a central division F-algebra of degree Pii- Furthermore, a field
extension K of F of degree n is F-isomorphic to a (maximal) subfield of D if and
only if it splits D. (See [13, Ch. 4] or [22, Corollary 24.37, Theorem 4.66].)
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2.2. Discrete valuations and ramification

Complete discrete valued fields will play an essential role in this paper. Many of
the standard facts we recall here can be found (in a more general context) in [14]
orin [32].

Let F be a field complete with a discrete valuation v, valuation ring R, uni-
formizer 7, and residue field F. F*"" denotes the compositum of the unramified
extensions of F in F*. For a division algebra D/F we may uniquely extend the
valuation v to D, and we also denote this extension by v. Assume that the charac-
teristic of F does not divide n = deg D. We say that D is tame if D is split by an
unramified extension of F'; then, by ( [14, Lemma 5.14]), D is Brauer equivalent
to D' ® A(L/F, o, ), where L/F is unramified with Galois group (o), D'/ F is
unramified (which means v(D’) = v(F)), and 7 is a uniformizer of F.

Identifying Gal(F*/F) = Gal(F"“" /F), the valuation on F*“" induces a
so-called “ramification map,” (also known as the residue map)

py : Br(F“" /F) — H*(F,7) = H'(F,Q/Z).

Since Q/Z here is a trivial Galois module, we may identify elements in the target
of the ramification map as pairs (L/F, o) consisting of cyclic Galois extensions
L/ F, together with generators o of their Galois groups.

Lemma 2.2. Let D be a tame algebra over a field F of characteristic not dividing
n =degF, with D= D' ® A(L/F, o, x) for D' inertial and L/F unramified.
Then p([D]) = (I:/I:", o). Further, p([D]) = 0 if and only if D is the lift of an
Azumaya algebra over the valuation ring of F.

Proof. By[14, Theorem 2.8], we may identify inertial algebras with Azumaya alge-
bras over the valuation R ring of F, and by [8, Theorem VI.1.1], (after identifying
Galois groups of unramified extensions with Galois groups of the corresponding
extensions of valuation rings), we may therefore identify the inertial Brauer group
with H?(Gal(F*"" /F), R*). Hence we have an exact sequence

Br(R) — Br(F"" /F) - H'(Gal(F"" |F),Q/Z).

It follows that p([D’]) = 0. Direct inspection of the explicit 2-cocycle describing
th_e c_yclic algebra A(L/F, o, ) then shows p([D]) = p([A(L/F),o,w]) =
(L/F, a), as claimed. The result now follows. |

Note that this is somewhat different from the definition given in [ 14, Section 6]; however
it is equivalent in the case of discrete valuations by [14, Lemma 6.2], and the fact that there
are no tame and totally ramified division algebras over a complete discretely valued field
(see, for example [31, Remark 3.2(a)]. We often assume that the degree of D is prime to the
characteristic of F.
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2.3. Translucency and transparency

Let F be a field, and v a discrete valuation v on F. Let F, denote the completion
of F with respect to v, and D, = D ®F F,. We say that « € Br(F') is tame at v if
the class af, of D,/F, is tame. Let V be a collection of discrete valuations on F'.
We say that V is tame if every Brauer class « € Br(F) is tame at every valuation
v € V. If V is tame, we write Br,,(F)y to denote the subgroup of the Brauer
group consisting of those classes which are unramified at every valuation v € V.
We say that F is translucent with respect to VV if V is tame and Br,,- (F)y is finite.
Somewhat following [11], we say that F is transparent with respect to V), if VV
is tame and Br,,- (F)y is trivial. We say that F is translucent (resp. transparent) if
it is translucent (resp. transparent) with respect to some collection V of discrete
valuations. We similarly say that F is n-translucent (resp. n-transparent) at )V if
every class a € ,Br(F) is tame and the n-torsion subgroup ,Br,, (F)y is finite
(resp. trivial). It is useful to understand when the conditions above might hold. We
use [28] as a reference for local fields and their Brauer groups.

Lemma 2.3. (1) If F is an algebraically closed field or a locally compact non-
archimedean field, then F is transparent.

(2) If F is a global field without real places, then F is transparent. (See [6,
Lemma 3.0] for the full picture.)

Proof. Algebraically closed fields are transparent since they have trivial Brauer
groups. The fact that local and global fields without real places are transparent
follows from the standard computation of the Brauer groups of these fields in terms
of ramification (see for [28, XIII.3, Prop. 6], and [18, Sections 18.4, 18.5]). O

Proposition 2.4. (1) If (a field) F is transparent, then any purely transcendental
extension F(X) := F(x1, ..., Xy) is also transparent. (In fact F (X) can be of
infinite transcendence degree, seen by taking direct limits.)

(2) If F is a global field, and the characteristic of F does not divide n, then F(X)
is n-translucent.

Proof. (1) The statement follows from Lemma 2.2 and [26, Proposition 10.5].
(2) The statement follows from [4, Theorem 8].

We also quote

Theorem 2.5. ([6]) If F is finitely generated over its prime field, with characteristic
prime to n, then F is n-translucent.

3. One-sided genus: statement of the main results
Theorem A. Suppose that F is a transparent field. Suppose that E < D for a

central simple algebra D and a central division algebra E. Then the exponent of
D divides the exponent of E.
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The proof of Theorem A will be given at the beginning of 5.

Definition 3.1. The upper genus of a central simple algebra A, denoted gen(A),
is the set of isomorphism classes of central simple algebras A" such that A < A’.

Let H denote Hamilton’s quaternion algebra (—1, —1)r 2, generated by ele-
ments i and j such that i> = j% = (ij)* = —1.

Theorem B. Let F be a field and V a set of discrete valuations on F. Let D be
a central division algebra of degree n over F, and assume that F is translucent
with respect to V. Then gen(D) is finite unless D = H, and F = K((x)) for a
Pythagorean field K . In this case, gen(D) = {(—1, f)r2 | f € K* or f € K*x}.

This theorem will be reformulated and proved as Theorem 4.22.

The reason we do not consider the “lower genus” is that it often is infinite. For
example, for B = M, (F), and any csa A of degree n, any maximal subfield (or
maximal étale subalgebra) of A is embeddable in B via the regular representation.
In particular, the lower genus of the algebra B contains the classes of all algebras
of degree n. Besides this, even for number fields, one finds that the “lower genus”
is always infinite:

Proposition 3.2. Let F be a number field, and D a cda of degree n. Then the set of
F- isomorphism classes of cda’s D' such that D' < D is infinite.

Proof. By the Albert-Brauer-Hasse-Noether Theorem, a field extension K /F of
degree n is a maximal subfield of D if and only if it splits all the ramifications of
D. Let ram(D) be the set of valuations where D is ramified, a finite set. Then any
csa A of degree n with ram(D) C ram(A) satisfies A < D. Indeed, any maximal
subfield of A splits all ramifications of A. In particular it splits all ramifications
of D. Clearly there are infinitely many such A’s, and we are done. O

Next we consider the two-sided genus considered in [4,5,23], which consists
of the F-isomorphism classes of such csa’s B that A < B and B < A. Clearly
given an algebra A, if an étale algebra K /F splits A then it splits A™ for any m
and A < A™, and if A™ generates the same subgroup of the Brauer group Br(F),
we also get A™ < A. Thus the only case where the two-sided genus can contain
only one element is if the exponent of A is two. Although over a finitely generated
field the two-sided genus is finite, cf. [7], it can be infinite in the general case,
[16,30]. We say F' has the vanishing genus property if the two-sided genus of
every algebra of exponent two has one element.

Proposition C. (Proposition 6.1) Assume that F supports a set of discrete valua-
tions, V as above, such that the 2-torsion part 2Bt (F)y = 0. Then F has the
vanishing genus property.

Next let F' be the function field k(X) of a (normal) irreducible variety X over a
field k, and consider the set V) of all geometric valuations on F, that is the valuations
that are trivial on k.
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Theorem D. (Theorem 6.2) Let F = k(X), where X is a variety over a field k of
characteristic # 2 such that, for the set V of all geometric valuations on F, the
natural map ,Br(k) — ,Br,,(F)y is surjective and that the set of closed points
of odd degree are dense in X. Assume that any finite field extension K /k of odd
degree has the vanishing genus property. Then F has the vanishing genus property.

In the case of Severi-Brauer varieties, one has the following result of [24,
Proposition 5.8], which can also be seen as a special case of [17, Theorem B]. We
provide an alternate proof.

Proposition E. (Proposition 6.3) Let X/k be the Severi-Brauer variety of a k-
csa A and let V be the set of all geometric valuations of k(X). Then the natural
map, Br(k) — Br,, (k(X))y is surjective.

Corollary 3.3. For k of characteristic # 2, if X is the Severi-Brauer variety of
a division algebra D/k of odd degree, then F = k(X) has the vanishing genus

property.

Proposition F. (Proposition 6.4) Assume that any finite extension K/k has the
vanishing genus property and let F = k(X) where X is the Severi-Brauer variety
of a k-csa D of index n and A1, Ay be F-cda’s of exponent 2 such that A1 < A,
and Ay < Ay. Then:

(1) A1 ® Ay ~ resg/k(B) for some B € Br(k).

(2) A1 < E and A> < E for E a representative of B, that is E € gen(A;) for
i=1,2

(3) There exists a representative, E', for Bk with the same degree as D such that
for any maximal subfield K of D where X has a point with residue field K
and where A1 is represented by an Azumaya algebra over the local ring of that
point, we have that K is a maximal subfield of E'.

(4) If we assume that every finite extension K / k with [K : k] = n has the vanishing
genus property, then every maximal subfield of D is a maximal subfield of E’,
thatis D < E’.

Remark 3.4. Taking X = P" in Proposition F yields the stability result for rational
functions in n variables over k. Taking X the Severi-Brauer variety of a k-cda D
and k a number field in Proposition F shows that k(X) has the vanishing genus

property.

3.1. Examples over large fields

In Sect. 7 we build various examples by means of index reduction formulas for Weil
restrictions of Severi-Brauer varieties. We write B XA if every finite dimensional
separable splitting field of B also splits A. If A, B are collections of central simple
algebras, we write B <A if B <A forevery A € A, B € B.

We begin with a collection of central simple algebras over a field F, and then the
collection obtained by a suitable base change F’/ F. To implement this construction,
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we need to consider extensions that preserve basic arithmetic information about our
central simple algebras. One of important properties in this respect is the notion of
a conservative extension - see Definition 7.1.

Given a collection A of central simple F algebras, and a field extension F'/F,
we will write A to denote the collection of central simple F’-algebras of the form
AQ®F F' for A € A.

The starting point for our examples will rely on collections of algebras which
are independent in the following sense:

Definition 3.5. Let A and B be central simple F-algebras. We say that B is inde-
pendent of A if

ind(B) = ged{ind(B® A’) | i =0, ..., exp(A) — 1}

We will say that a collection of central simple algebras A is independent if all
pairs of distinct elements of .4 are independent.

Theorem G. Suppose that A, B are two collections of central simple algebras, all
of the same prime power index p", such that every A € A is independent of any
A" € A\ A and any B € B. Then there exists a field extension F' | F, conservative
for both A and B, and such that By <X Ap.

As an application of this result, one can construct, for example, infinitely many
central simple algebras of a fixed index p", with exponents chosen arbitrarily of the
form p',i € {1, ..., n}, which all share the same finite separable splitting fields.

Corollary 3.6. For any index set A and prime p, positive integer n, and family of
integers {r; € {1,...n} | A € A}, we can find a field F and a family of independent
central simple F-algebras A, for .. € A, having index p" and exponent p™ such
that every pair of algebras A;, A, have the same collection of finite separable
splitting fields. In particular, these also share the same maximal subfields.

3.2. The involutory case

Let D be a central simple algebra over a field F, and let T be an involution on
D. Recall that 7 is said to be of the first (resp. second) kind when it acts trivially
(resp. nontrivially) on F. We say that two involutions of the second kind are com-
patible if they have the same action on the center. Note that this is stronger than
merely saying that both are of the second kind.

Recall that 7 is said to be of the first (resp. second) kind when it acts trivially
(resp. nontrivially) on F. We say that two involutions of the second kind are com-
patible if they have the same action on the center. Note that this is stronger than
merely saying that both are of the second kind.

A theorem of Albert [2, Theorem 10]-Riehm [21], says that when 7 is an
automorphism of F of degree 2, D has an involution of second kind fixing F7 if
and only if the corestriction Cor /gt (D) is trivial as an element of the Brauer group
of F*.

The next result refers to the notions given in Notation 2.1 below.
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Theorem H. (Proposition 8.25) Suppose (D/F, t) is an algebra with involution
of the second kind, and v is a valuation on F. Let L] F be the ramification field of
D. Suppose v is split with respect to t. Then L/ F = L/F" is also the ramification
field at T (v) (given by t(v)(a) = v(t(a))).

Theorem I. (Theorem 8.39) Suppose that (D/F, t) is a t-varied division algebra
with involution (see Definition 8.31). Let L/ F be a cyclic prime degree field exten-
sion such that L/ F" is not cyclic when t is of the second kind. Then there is a
t-invariant maximal separable subfield K C D such that K / F does not contain a
copy of L/F, unless L = F(/—1), D =H ®pr D', and F is a Pythagorean field.
If T is of the first kind, then D = H.

4. Etale subalgebras and ramification
4.1. Basic facts about the genus

For a central simple algebra of degree n over F', any commutative étale subalgebra is
contained in a maximal one, which necessarily has degree n. It follows that for csa’s
Ay, Aj over F, we have A| < A, if and only if every maximal étale subalgebra of
A is isomorphic to a subalgebra of A,. Similarly, A; < A, if and only if every
maximal étale subalgebra of A is a maximal étale subalgebra of A».

Lemma 4.1. Suppose that Ay, A, are csa’s over F, with A1 < Aj. Then:

(1)ind A3 | ind Aj.
() If L C A1 with L/ F aseparable field extension, then for any inclusion L C A,
we have AlL < A]5~

Proof. (1) If A; = M,,(D;) for division algebras D; /F,and A < A,, then for any
separable maximal subfield K of Dj, 71K = K @ ... ® K is a maximal étale
algebra of A1 and hence r K is a maximal étale subalgebra of A,. This implies
that r,deg Dy = rjdim K. If e € r K is a primitive idempotent, D = eAje
has the same degree as eAse and D1 < eAje so the index of A, divides the
index of Aj.

(2) Since the maximal étale subalgebras of the centralizers AiL are the maximal étale
subalgebras of A; containing L, it follows that if A} < A, then A} < AL

O

Proposition 4.2. For A € Br(F), the classes of all elements in gen(A) constitute
a subgroup of Br(F).

Proof. 1tis clear thatif A < B then A < B°P so gen(A) is closed under inverses.
Now let B, C be in gen(A). Any maximal subfield L of A is a maximal subfield
of B and C. Thus, the index reduction factor of B ® C [22, Theorem 24.34] is at
least [L : F] = deg A, implying the class of B ® C has a representative E of the
same degree as A. Then E; ~ By, ® C; ~ L. Hence A < E and we are done. O
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4.2. Varied algebras

To understand when the exceptional cases in Theorem B can arise, we introduce
the notion of varied division algebras:

Definition 4.3. A central division F-algebra D/F is said to be varied if there is
no nontrivial cyclic extension K /F contained isomorphically in every maximal
subfield of D/F.

Obviously to verify that D/F is varied it suffices to show there are no such
K/ F of prime degree. From this it follows that if D = D| ®f ... ® r D, and the
D,/ F have distinct prime power degrees, then all D; being varied implies that D
is varied.

It is known that if F is a field finitely generated over a global field, then every
division algebra D/ F is varied, the only exception arising from H, which denotes
Hamilton’s quaternion algebra (—1, —1) r, generated by elements i and j such that
i = j2 = (ij)*> = —1. H need not be varied. But in fact this property holds much
more generally due to the following result of Fein and Schacher. Recall that a field
F is Pythagorean if the set of squares in F' is additively closed.

Theorem 4.4. ([9])

Let D/ F be a noncommutative division algebra and L/ F a cyclic Galois exten-
sion of degree p. Suppose that every maximal subfield of a division algebra D/ F
contains an isomorphic copy of L/ F. Then p = 2, D/ F contains a copy of H, and
L = F(~/—1). Furthermore, F is a Pythagorean field.

Theorem 4.4 says that a non-varied division algebra has the form D = H® D/,
for some D’/F and F Pythagorean. If F is Pythagorean, H/F has the property
that all maximal subfields are F(4/—1). In [10] the authors provide an example
of a non-varied division algebra with D’ nontrivial, but there F is rather exotic,
obtained by working inside the Pythagorean closure. They also provide examples
of Pythagorean fields F' over which necessarily a non-varied D must be H. We can
add:

Proposition 4.5. Suppose D = H ®F A, where A is a central division F-algebra
of even degree d containing an element z that has degree d/2 over F. Then D is
varied.

Proof. First we assume that A = (a, b) is a quaternion algebra. Taking x, y € A
such that x> = a and y? = b, with xy = —yx, note that the subfield generated
by xi and yj has Galois group C2 x C», so its only square-central elements are in
F, Fxi, Fyj, and Fxiyj, and their squares are squares of F times 1, —a, —b, ab
respectively. If any of these are —1 we could assume thata = 1,b = 1, orab = —1,
contrary to A being a division algebra. (If ab = 1 then (xy)> = —ab = —1.)

In general, D contains H @ r CA(z) = (H®F F(2)) ®F(;) Ca(z), so we are
done by the previous paragraph, taking F'(z) instead of F'. O

Observing that certain classes of fields are known to be non-Pythagorean, we
obtain the following.
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Corollary 4.6. D/ F is necessarily varied under any of the following hypotheses:

(1) F is finitely generated over a local or global field.

(2) F is finitely generated over an algebraically closed or real field k, containing
an element transcendental over k.

(3) D/F has odd degree.

(4) F contains /—1.

4.3. Complete discretely valued fields

The main tool we will use to prove Theorems A and B is ramification. In this
section we explore how discrete valuations factor into the partial order relation of
Definition 1.1.

Proposition 4.7. Suppose that v is a discrete valuation on F, and fori = 1,2,
we assume that A; are F-central simple algebras with A1 < Aj. Let F, be the
completion of F with respect to v and A; , = A; ®f Fy. Then A1, < Az .

The following proof follows [11, Lemma 3.1] closely. A different proof is possible
along the lines of [4,23].

Proof. Suppose K, is a maximal étale subalgebra of A; ,. Then K, = F,(y).
Because K, is maximal, the reduced characteristic polynomial f,(x) (cf [22,
Remark 24.67(iv)] of ¢, is also its minimal polynomial and is separable. Since A is
dense in Ay, in the topology on the latter as a vector space over K, one can choose
a € Aj to be arbitrarily close to ccv. Then the Cayley-Hamilton polynomial f (x) of
a will be close enough to f;, (x) so that we can use Krasner’s lemma [1] to conclude
that f(x) is separable and we can choose « such that f(x) is its minimal polyno-
mial, f(x) is separable, and F («) = F[x]/(f (x)) satisfies F(x) @ Fy = Fy(ay).
By assumption F () C Ay andso Ky = F(x) Qr Fy, C Aay. a

Due to Proposition 4.7, the analysis of our one-sided relation to a significant
degree reduces to the case of complete discretely valued fields, which we are going
to discuss next. With this in mind, let us fix some objects and notation for the
remainder of the section, recalling basic facts about division algebras over complete
discretely valued fields.

Notation 4.8. Let F' be a field complete with respect to a discrete valuation v, with
valuation ring R and uniformizer 7 and residue field F. Let D/F be a tame (i.e.
inertially split) division algebra, and let v also denote the extension of the valuation
v to D. We now recall some of the details of the structure of D. The algebra D
has an extended valuation ring S with uniformizer IT such that IS = STI is the
maximum two-sided ideal and STI N R = Rx. Furthermore, D = S/TIS is a
division algebra whose center we denote as L. Since D is tame, the extension L / F
is always a cyclic Galois extension, with conjugation by IT inducing a generator
& of its Galois group ( [14, Proposition 1.7]). We may identify (L/F, &) with the
ramification of the Brauer class [D] and we say that L or L is the ramification
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field of D, cf. Theorem H. Since the automorphism of L extends to one of D via
conjugation by I1, by Galois descent D is therefore the image (under restriction)
of some D’ with center F. We can lift D’ to an unramified division algebra D’/ F,
and D is Brauer equivalentto D’ ® A(L/F, o, 7) (as in [14, Lemma 5.14]), where
L/F is the unique unramified lifting of L/F, and o the lift of 5.

_ We note that if L'/F is unramified, then D ® p L’ is unramified if and only if
L’ contains L, or L’ contains L.

Lemma 4.9. Let E be the underlying division algebra of D @ L. Then E = D.

Proof. Let L = F(ﬁ), lift & to an element u € D, and let L’ be the maximal
unramified subfield of F(u) C D.Then L’ = L andso L’ = L. Thus D ®p L
contains a primitive idempotent e € L’ @ L with E = e(D Qp L)e = DY We
know that E is unramified and E C D. Checking dimensions finishes the proof. 0

Lemma 4.10. Let D be a (tame) cda with ramification field L. If there exists a
totally ramified extension K/ F that splits D then D = L, hence is commutative.
In particular, if D/ F is also unramified, D = F.

Proof. Of course KL splits D, and hence splits the underlying division algebra
E of D ®F L. Since E is unramified it is the image of « € Br(T) for T C L
the valuation ring. Let 7" C K L be the valuation ring in K L extending 7. Since
KL splits E, T splits «. However K L/L is totally ramified so T = L = T’ and
Br(T’) — Br(L) is an isomorphism. It follows that E = L and we are done. O

Lemma 4.11. Suppose K /F is unramified, and let E be the underlying division
algebra of D @r K. Then E is the underlying division algebra of D ®; (K L).

Proof. Now KL/K is the ramification field of E and so E contains K L as its
center. If E’ is the underlying division algebra of both D ® p KL and E Qg KL
then, by Lemma4.9, E'is E /(K L). Replacing D by the underlying division algebra
of D®pr L allows us to assume that D is unramified and now the assertion is clear.0

Proposition 4.12. Suppose D/F has degree n and ramification field L/F of
degree ep. Let K/ F be a field extension having degree m and ramification degree
ek, that splits D. Sett = [(LNK) : F). Then the residue field I?I:/I: splits D, and
s=[KL: Z]/(n/eD) is an integer. Furthermore, forr = [K : F]/n, the number
r/s = ek /(ep/t) is an integer.

Proof. D has center L, and the degree of D over L is n/ep. Let K'/F be the
maximal unramified subfield of K /F, which therefore has degree m = m/ex and
residue field K’ = K. Since K /K’ is totally ramified and L/F is unramified,
LNK' =LNKandt =[(LNK'): F].Of course, m/t = [K'L : L] = [KL/L].
Also, [L : LN K'] = ep/t = [K'L : K']. Let Dk be the underlying division
algebra of D @ p K’ and let n’ be its degree. Since D ® p K’ has ramification field
K'L/K’, it follows that ep,, = ep/t. Since D is split by K/K', Dx/ = K'L
is commutative and n’ = ep,, = ep/t. Since K/K' splits D'/K’, the degree
[K : K'] = ex is amultiple of n’ = ep/t.
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Since K L/K'L is totally ramified, K’L splits D. Thus K’'L splits D, s is an
integer, and by definition m/t = eis. Again, by definition, [K : F] = exm = nr.
Together we have nr = ek (ts)(n/ep),orr/s = ex /(ep/t), which is an integer.00

Corollary 4.13. Let L/ F be the ramification field of D. Then for any maximal
subfield K of D satisfying ex = ep, the extensions K/F and L/F are linearly
disjoint.

Proof. In the notation of Proposition 4.12,7r = 1sos =t = 1. O

Proposition 4.14. Suppose E/F and D/ F are central division algebras with E <
M, (D) and let Lp, LE be the respective ramification fields. Assume that E/LE is
varied (Definition 4.3). Then Lp C L.

Proof. 1t suffices to show that Lg splits the ramification of D. Consider the cen-
tralizers E’, A’ of Lg in E and M, (D) respectively. Then E’ is unramified and it
suffices to show that A is unramified. That is, we may assume that E is unramified.
If K/F is a maximal separable subfield of E, necessarily unramified, then K /F
splits D and hence contains L p. Thatis, K contains L p. Since E is varied, Lp = F
andsoLp = F. O

Let D and E be as in Proposition 4.14. Pick a uniformizer I1 € E and let
K be a maximal subfield of E containing I1. Then ex = eg. Since K is linearly
disjoint from Lg it is linearly disjoint from Lp and hence, in the notation of
Proposition 4.12, ¢t = 1. That is, r/s = eg/ep an integer.

Now let P be an unramified maximal subfield of E containing L. Applying
Proposition 4.12 again, we have r/s = t/ep = 1. Thus, we have proved the
following:

Proposition 4.15. Let E/F and D/ F be as in Proposition 4.14. Then ep divides e
and eg /ep divides r. In particular, ifr = 1 then Lg = Lp.

In Proposition 4.15, let E have degree e and D have degree d, so e = rd. Take

s0 & =54

5= g ep’

_r
eg/ep’
Corollary 4.16. Let E/F and D/ F be as above. Then E < My(D R, LE).

Proof. The unramified maximal subfields of E all contain Lg and correspond to
the maximal separable subfields of E£. An unramified extension K /F which splits
D and contains L must split D @ p Lg. Since D @ p L is unramified its residue
division algebra must have the same Brauer class as D ® in L and must be split

by K. O

We observe that the hypothesis in Proposition 4.14 that E/Lg be varied is
necessary.

Lemma 4.17. Let F be a field complete with respect to a discrete valuation, and
having residue field F = R, the field of real numbers. (For a example, one could
take F = R((x)).) Let E be the quaternion division algebra Hl = (—1, —1) f, and
let D = (—1, ) where 7 is a prime element of F. Then E/F < D/F, L = F
and Lp = F(/=1). Thus Lp is not contained in L.
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Proof. E is unramified and every maximal subfield of E is the complex field C.
Thus every maximal subfield of E is F'(v/—1). It follows that E/F < D/F. Since
E/F is unramified, Ly = F and Lp = F(s/—1) is clear. |

We will see that (—1, —1) plays a prominent role in all D/ F that are not varied.
Applying the argument of the paragraph following 4.14 to Theorem 4.4, we
have:

Corollary 4.18. Suppose F is a field complete with respect to a valuation and E | F
and D/ F are division algebras with ramification fields Lg and Lp. Assume that
E < My(D) for some s. Then LpLr € Lg(~/—1). If Lp = Lg(~/—1) # Lg,
then Lg/F has odd degree and F = K ((m)) for a Pythagorean field K.

Proof. To prove the first statement, we take the centralizer of L in E and reduce
the problem to the case that Lg = F, and hence E/F is unramified. Since all
the maximal subfields of E are unramified and split D/F, they all contain Lp,
implying Lp € F(v/—1).

Assume that Lp = Lg(v/—1) # L. Since Lp/F = (Lg @F F(v/—1))/F is
cyclic Galois, it follows that L/ F has odd degree. Since F must be Pythagorean
and characteristic 0, F' must be as given. O

Corollary 4.19. Suppose D, E and F are as in Corollary 4.18, and take r > 0
such that 2" divides [Lp : F] but 2" does not divide [Lg : F]. Thenr = 1 and E
has even degree.

Proof. Let Gp and G be the respective Galois groups of Lp/F and Lg/F. If
Lp is a proper subset of Lg(y/—1), there is a surjection Gg @ Z/27 — Gp
with nontrivial kernel J. If J has odd order, then J C Gg and Gg/J & Z/27Z is
cyclic, implying Gg/J has odd order and r = 1. (Otherwise 2" divides |Gg|, a
contradiction.) Since D has even degree, E has even degree. O

4.4. Ramification

Suppose that the ground field F' supports a tame class V of discrete valuations.
For any division algebra D/F, the ramification locus Rp of D/F is the set of
valuations v € V such that D,/ F), is ramified, and the ramification data is the set
of triples (v, L/F,, o) where v is in Rp, F, is the residue field, and L/F,, o is the
ramification of D/ F at v (where o is the automorphism obtained by conjugation by
the uniformizer IT). Note that L above is the ramification field of D,,, which we call
the ramification field of D/F atv.If D/F and E/F are division algebras then we
say the ramification data of E/F is smaller than that of D/F if Rg € Rp, and if
for all v € RE, the ramification field of E at v can be injected into the ramification
field of D at v.

Lemma 4.20. Suppose F is a field and V a tame set of valuations on F. Suppose
that D, E are division algebras over F with E/F < M,(D)/F. If E/F has odd
degree, or if none of the residue fields F, have Pythagorean finite extension fields,
then the ramification data of D/ F is smaller than that of E/ F.
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Proof. This is an immediate consequence of Proposition 4.15. O

Definition 4.21. D is exceptional if D = H over FF = K((;r)), where K is a
Pythagorean field.

Theorem 4.22. Let D be a cda of degree n and assume that ,Br,,(F)y is finite,
and the ramification locus Rp is finite. Then gen(D) is finite unless D = H is
exceptional, with a bound given in the proof. In this case,

gen(D) ={(-1, Hr2 | f € K" or f € K*x}.

Proof. (Parallel to [5, Theorem 2.2].) First we assume that D is not exceptional.
Then, by Proposition 4.14, for any D’ € gen(D), we have R := Rpr € Rp.
At every v € R there are at most n possible images for [D’] under the ramifica-
tion map p,. Hence the total number of D < D” with Rp» = R is bounded by
| Bry, (F)yp|n” where r = |R|. Summing over all subsets of Rp shows that [gen(D)|
is finite. Explicitly,

|gen(D)| < [,Bry,, (F)y| -n" (D

where r = |Rp|.

Hence we may assume that D is exceptional. Let D’ be in gen(D). By assump-
tion F[/—1] C D'; hence D’ = (—1, f)Fr.» and we may take f € K[[x]]. If f is
aunitin K[[x]] we may assume that f € K>, orelse f = kx foraunitk € K[[x]]
and again we may take k € K*. O

[5] gives a sufficient condition (called Condition (A)) for Rp to be finite. How-
ever, this fails in general: one could take the extension F of Q obtained by adjoin-
ing the square roots of all primes p = 1 (mod 8). Then the dyadic place of Q
has infinitely many extensions v to F, and F,, = Q, for any extension we have. It
follows that H = (—1, —1) r ramifies at all these places.

Theorem 4.23. If F is finitely generated and char (F) Jind(A), then gen(A) is finite.

The estimate in (1) yields the finiteness of the genus once we know the finiteness
of ,Br,(F)y and of r. In [6], every finitely generated field F' is equipped with a
set V of discrete valuations (assuming that ind(A) is primes to char(F')) for which
all assumptions of Theorem 4.22 hold (in fact, these assumptions hold for any
divisorial set of places of F).

5. The exponent

In this section we will be interested in how this one-sided relation interacts with
exponents. Looking at the anomalous case in Corollary 4.19 we have the following.
Suppose V is a set of discrete valuations on F' as above and for each v € V let
pv @ Br(F) — H'(F,,Q/Z) be the ramification map (only defined under the
condition of tameness). Recall Br, (F)y) from 2.3.

We now give the proof of Theorem A, which we restate explicitly:

Suppose that V is a collection of discrete valuations on a transparent field F
such that ,Br,, (F)y = 0. Suppose that E < D for a central simple algebra D and
a central division algebra E. Then the exponent of D divides the exponent of E.
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Proof of Theorem A. The exponent of E/F is the l.c.m. of the orders of all the
pv(E) and these orders are the degrees of the ramification fields. For v € V let E,,
be the division algebra underlying £ ® F,.

For an odd prime p it is obvious that if p” divides the exponent of D it divides
the exponent of E, so we need only check p = 2. If r is maximal such that 2"
divides the exponent of D then there is a v € V such that 2" divides the order of
pv(D). By Corollary 4.19, either r > 1 so 2" divides the exponent of p,(E) and
hence the exponent of E, or r = 1 implying E, has even exponent and so E has
even exponent. o

We call the conclusion of Theorem A, the exponent divisibility property.

Next we consider F = k(X) where X is a variety over a field k, and instead
of taking all discrete valuations we only consider the geometric ones, that is ones
which are trivial on k.

Theorem 5.1. Let X be a variety over a field k such that Br,, (k(X)) = Br(k)
and X (k) is Zariski-dense in X. If k has the exponent divisibility property then
F = k(X) has this property too.

Proof. Take E/F with E < B. Suppose exp(E) = n and consider A = E ® B~
By the same reasoning as in the proof of Theorem A we see that A" € Br,,.(F) =
Br(k). Thus A" = resg/i(D) for some D € Br(k), and it is enough to show that
D is trivial. Choose a rational point p € X (k) such that E is represented by an
Azumaya algebra (of the same degree as E) over the local ring of p so that we can
take residues (which is possible due to the assumption of the density of k-rational
points). Consider the residues E”, B” overk and get: D = A" = (Ep )'® (Fp)"
butas E" ~ F we get D = (Fp)”. Now notice that the residues satisfy E' <
B”. (Details will be given in the proof of Theorem 6.2.) Now, EM ~k implies
B~ k since k has the exponent divisibility property. We thus conclude D = k
and we are done. O

Corollary 5.2. Let F = k(X) as above. If E, B have the same maximal subfields
then exp(E) = exp(B).

Remark 5.3. Taking X = P" in 5.1 gives the stability of the exponent divisibility
property with respect to rational functions in n variables over k.

6. Severi-Brauer varieties

Proposition 6.1. Assume that /—1 € F and F supports a set of discrete valu-
ations, V as above, such that ,Br,,(F)y = 0. Then F has the vanishing genus

property.

Proof. Let Ay, A; be F-csa’s of exponent 2, with A; < Az and Ay < Aj. Consider
the characters x1, x2 corresponding to A, A respectively under the ramification
map at some valuation v. Since A; are of exponent 2 and »Br,-(F)y = 0, one has



224 D. Krashen et al.

x1 = xo iff Ker(x1) = Ker(x2). Thus A, A; sharing the same maximal subfields
implies (via Ker(x1) = Ker(x2)) that x; = x2, so we have A1 ® Ay € Bry,.(F) =
{F} implying A] = A». O

Theorem 6.2. Let F = k(X), where X is a variety over k such that 2Br,,(F)y
lies in the image of the natural map Br(k) — Br,,(F)y, where V is the set of
all geometric valuations on F, and that the set of closed points of odd degree is
Zariski-dense in X. Assume that any K /k of odd degree has the vanishing genus
property. Then F has the vanishing genus property.

Proof. Suppose there are two F-cda’s A1, Ay of exponent 2 such that Ay < A and
Ay < Aj. As before one sees that A} ® Ay € Br(F)y. Thus A1 ® Ar = res(D) for
D e Br(k). Since the set of closed points of odd degree is Zariski-dense, by [12,
Chapter 2, Corollary 8.16] we can find a smooth point, p, of odd degree, ensuring
that R := k[X], is regular, thus integrally closed, and we have Azumaya algebras
of the same degree as A;, O, (A;)/k[X], over the local ring of p representing A;.
Write B; = 0,(A;), and A,- = B;/M B; where M is the maximal ideal of R. Then
A; = B; ®g F where F is the field of fractions of R. Let K = R/M. Writing A_ip
for the residue O, (A;)/1(p) we have,

(A1 ® A2)" =A41" @ 43" = resk k(D)

But, since A and A, have the same maximal separable étale subalgebras, the same
holds for A,” and A,” . Indeed let L be a maximal separable étale subalgebra of A7,
write L = K|[t], choose a pre-image a of  in O, (A1), and letk[X],[a] C O, (Ay).
Lift a maximal separable étale subalgebra L, C A to a maximal étale subalgebra
S1 of By . By assumption L1 = Ly € Aj. Then Sy is the integral closure of R in
L and corresponds to S» C L. Since S; lifts a maximal étale subalgebra, it is
étale over R. Now since R is regular and any étale extension of a regular ring is
regular, (cf. [3, Proposition 6.9.3], proved in [19, p. 75]) we see that S; is regular.
Hence, the map Br(S2) — Br(L») is injective by [3, Theorem 6.9.10]. Since L»
splits A, wee see that S, splits By. Thus, there is a Bé in the same Brauer class
as B with S, as a maximal étale subalgebra. Now B>/M = B} /M because these
are central separable algebras of the same degree, Brauer equivalent, over K. Now
S»/M = Si/M = L is a subfield of A».

Thus by assumption A" = A" and we get that resg (D) = K which in
turn implies D = k since [K : k] is odd and D is of exponent 2. O

We turn our attention to the Severi-Brauer variety of a central simple algebra
A [27, Chapter 13], defined as the variety of right ideals of A having minimal
dimension. By the generic splitting field F(A) we mean the function field of the
Severi-Brauer variety of A, cf. [27, Theorem 13.11]. By [27, Theorem 13.12], if
A = M, (D), F(A) is arational extension of F (D).

Proposition 6.3. Let X/ k be the Severi-Brauer variety of a k-csa A and let ) be the
set of all geometric valuations of X. Then the natural map Br(k) — Br,,(F(X))y
is surjective.



Division algebras with common subfields 225

Proof. Let L/k be a Galois extension (with group G) such that X x L is projective
space over L. Assume B € Br(X). Then By (xy = By ®; L(X) foracsa By/L.
B corresponds to an element of H2(G/, E*), cf. [27, Corollary 13.15] where G’ =
Gal(k/L) and k is the separable closure of k. Note the exact sequence 1 — G —
Gal(k/k) — G’ — 1. Now up to stable equivalence we can assume k(X) =
L(I[G))Y, where

0— I[G] > Z[G] = Z — 0 )

is the usual augmentation lattice, in which the image of /[G] is generated by
{g — 1 : g € G}, and the exact sequence 0 — L* — L[I[G]]* — I[G] — O
splits as abelian groups. B defines an element of H2(G', k[I[G]]*), since k(X)
splits B and L[I[G]] is a PID. Note that H2(G, I[G]) = 0 from (2). This implies
that

H3(G,L*) — H>(G, LI[G]]")

is injective. We want to show that By is the image of an element of Br(k).
Hochschild-Serre (Teichmuller cocycle) says the obstruction is in H 3(G, L*) and
the above injection says this is 0. Thus Bj is the image of some B, and replac-
ing By by B, we may assume that L(/[G]) and hence L[I[G]] splits B. But
H*(G, L*) — H?*(G, L[I[G]]*) is surjective and we are done. m|

Proposition 6.4. Let F = k(X) where X is the Brauer-Severi variety of a k-csa D
of index n and A1, Az be F-cda’s of exponent 2 such that A1 < Ay and Ay < Aj.
Then:

(1) A1 ® Ay ~ res(B) for some B € Br(k).

(2) Ay < E and Ay < E for E a representative of BF, that is E € gen(A;) for
i=1,2.

(3) There exists a representative E' for B/ k, of the same degree as D, such that for
any maximal subfield K of D, where K has the vanishing genus property and
where Aj is represented by an Azumaya algebra over the local ring of a point
with residue K, we have that K is a maximal subfield of E'.

(4) If we assume that every finite extension K |k with [K : k] = n has the vanishing
genus property, then every maximal subfield of D is a maximal subfield of E’,
thatis D < E’.

Proof. (1) This is clear as A| ® A> € Bry, (F)y for V the set of all geometric
valuations on F (since X is a Severi-Brauer variety).

(2) Itisenoughtoprove A1 < Er forsome csa E. Choose a maximal subfield K of
Aj1.Then Bx = (A1 ® A2)kx = 0. Thus the class of By has a representative E
of the same degree as A1, A>. Now for any maximal subfield L of A; we have
again E; ~ (A1 ® A2)r ~ L. Hence E € gen(A;).

(3) Choose a point p € X of the same degree as D with residue field K /k, such
that A (and thus also A») is represented by an Azumaya algebra over the local
ring of this point (which is possible as X has a dense set of points with residue
K and A; can only ramify at a closed subset of X). Then taking residues we
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have A} ® Ay ~ Bk. Since the residues also have the same maximal subfields
and K has the vanishing genus property we see that By ~ K. Thus B has a
representative E’ of the same degree as D and clearly K is a maximal subfield
of E'.

(4) This is a direct result of the assumption and part (3).

7. Examples over large fields

As discussed in the introduction, given a collection A of central simple F algebras,
and a field extension F’/F, we will write Ap to denote the collection of central
simple F’-algebras of the form A ® p F’ for A € A.

Definition 7.1. Let A be a collection of central simple F-algebras, and F’/F afield
extension. We say that F’ is A-conservative if ind(A) = ind(Af/) and exp(A) =
exp(Ag:) forall A € A.

Before proceeding to prove Corollary 3.6, it will be useful to record the follow-
ing index reduction formula:

Lemma 7.2. Let {B, B;, : A € A} be central simple algebras over a field F, and let
F’ be a compositum of the generic splitting fields F (B;)) of the algebras B;,. Then

ind B®r F' = ged{ind B® B} @ -+~ B}")

where the gcd is taken over all finite tuples A1, ..., . € A and all choices of
n; € Z.

Proof. For afinite subset Ag C A, we write F'(A) for the compositum of the fields
F(B,) for A € A¢ (which in this case is the fraction field of the tensor product of
these fields). It is easy to check that the index of Bp- is the gcd of the indices of
algebras Br(a,) over all finite sets Ag. The result will follow when we show

ind Br(ag) = ged {ind B® (X) B [n; € Z
reAQ
We prove this by induction on the order of Ag. Therefore, assume that we know the
result foraset Ajandlet Ag = AjU{u}. We may thenregard F(Ag) = F(Ay)(By)
and we have, by [29],

ind BF(A()) = ng {md BF(A6) ®F(A6) (B)L)IIZTM(AE)) n, € Z}

= gcd {ind(B QF BZ”)F(AO) In, € Z}

gcd { ind(B ®F BZ“) QF ® B*\ny€Zg|n, €L

|
|

= gcd

=ged{indB® X) BY* | nyeZt,

reAo
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as desired. O

Proof of Corollary 3.6, based on Theorem G. Let Fy be an arbitrary field contain-
ing a primitive p"-th root of unity ¢, and let F| = Fy(xy, y» | A € A) be a rational
function field with two generators for each element of A. Let D, be the symbol
algebra (x, y»)s. For each A, let F, = F) 1(Df rA) be the generic splitting field
of DP? , and let F' be a compositum of the fields F;, A € A. We claim that the
collection of algebras A, = D; ®p, F is independent, cf. Definition 3.5. This
would then complete the proof by Theorem G. We therefore need to show that
A, QF AL = (D) ®F, DfL) ®r, F has index divisible by the index of A, for all i
and all A # . By Lemma 7.2, we have

ind(D; ®F, D)) ®p, F = ged{ind D; @7, D, ® ) Df ")
neho
where the ged is taken over all finite sets Ag C A and all integers j,. Assuming

without loss of generality that A, € Ao, we are then looking at the gcd of indices
of algebras of the form:

Dlﬂﬂjx ®r, Dli;rp”‘ g ® Dr[;rnjn
nefo\{r,u}
But it is straightforward to check that the index of such an algebra is the product
of the indices of the factors Diﬂ’ qj*, Df:rp " *  and those of the form Dfrnj T
Consequently this is divisible by ind D,1,+P * —ind D;. O
Let A be a central simple F algebra, K/F a separable field extension, and let

Fg (A) denote the function field of Rg,rVa,, the Weil restriction of the Severi-
Brauer variety of Ag.

Lemma 7.3. Kr, () is a splitting field for Ary (a).

Proof. To see this, we need to know that VAFK(A) (KFK(A)) # ). But we have for
any L/F regular,

Va,(Lx) = Vag(Lg) = Rg/rVag (L),

where the second equality follows from the natural property of the Weil restriction.
In particular, if L = Fg(A) is the function field of Rx,rVa, then the identity
morphism tells us that our desired set is nonempty. O

The main ingredient in the proof of Theorem G is an index reduction formula,
which is essentially a special case of [25, Proposition 3.6]:

Lemma 7.4. (Index reduction formula) Let F* be a fixed separable closure of
F. Suppose that A, B are central simple F-algebras and let K C F* be a finite
separable field extension of F. Then ind B (a) is the greatest common divisors of
numbers of the form:

[E : Flind ((B ® Aj(K:E)>E) , 3)
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where E | F ranges over all finite separable extensions, j is a positive integer not
exceeding deg(A), and

(K : E) = ged i[g(K)E . E] ‘ ge Gal(F)],

where g(K)E denotes the field compositum taken in F*.

Proof. By [25, Proposition 3.6], ind B, (4) is the greatest common divisor of
numbers of the form

[G : J]ind ((B ®F LJ) ®ps <®g Cory s (Aé;,( Bg(K) LmHé’)"g» “@

where L/ F is any Galois extension containing K /F' with group G and which splits
both A and B, where g runs through a set of double coset representatives for J, H
in G, H = Gal(L/K), and where J C G runs through all subgroups.

Writing LINHE — L’ g(K), we note that

J J g n
COrynps (Ai ®g(k) L g(K)) = COr Ly o) /L7 AL gk

= (AL 8L ngy
and so we may rewrite (4) as

[LJ . Flind ((B ® AZE ng[LJg(K):LJ]>LJ). 5)

But now, by taking L to be a larger Galois extension as needed, we may let L’ range
through all separable extensions of F, and by taking appropriate choices for ng not
exceeding deg(A), our exponent may be chosen to be any multiple of (K : E). The
result follows. O

A consequence of this index reduction formula is that for sufficiently large
K/ F, the restriction map on the Brauer groups is injective.

Lemma 7.5. Suppose A is a central simple algebra over F, and K | F is a separable
extension with (expA)|[K : F]. Then Br(F) — Br(Fg(A)) is injective.

Proof. By Lemma 7.4, for a central simple algebra B, we have that ind Br, () is
the greatest common divisors of numbers of the form:

[E : Flind ((B ®A-/(K:E))E), (6)

where E ranges over finite separable field extensions of F. Let p be any prime
that divides the index of B, and choose i maximal such that pi divides the expo-
nent of A. By passing to splitting fields of the prime-to-p factors of the primary
decompositions of A and B, we may assume that ind A, ind B are p-powers.

If the gcd from the statement of Lemma 7.4 is 1, it must happen that for some
field extension E/F, the above number is not divisible by p. In particular, [E : F]
must not be divisible by p. Butsince [K : F]isdivisible by expA, we must also have
pi divides [K : F] and hence also divides [g(K)E : E] for any Galois conjugate
g(K) of K. But therefore p’ divides (K : E) and A7K:E) is split. We therefore
have (B® A/ K:E)yp ~ Bp, andsince [E : F]is prime-to-p,ind B = ind Bg # 1,
contradicting the expression (6) being 1. O
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Corollary 7.6. Suppose A is a central simple algebra over F and K / F is a separa-
ble extension with (expA)|[K : F]. Then the map Br(F) — Br(Fk (A)) preserves
exponents.

Lemma 7.7. Suppose that A and B are central simple algebras. If B is A-
independent then ind Bry oy = ind B for all K/ F finite and separable.

Proof. Using the hypothesis together with the fact that ind C | [E : F]ind Cg for
every central simple F algebra C (see [18, Corollary 13.4(iii), p. 243]), we have:

ind B |ind B® A/KE) | [E: Flind(B ® A/ KBy,

for every finite separable field extension £/ F and for every positive integer j. But
by Lemma 7.4, this implies ind B | ind Bry (4), and so ind B = ind Br, (4) as
claimed. |

Lemma 7.8. Let A be a central simple F algebra and K /F a separable field
extension with ind(A) | [K : F]. Then ind(A) = ind(A ry (a)).

Proof. Take p" dividing ind(A). By Lemma 7.4, we must show that p” divides the
expression

[E : Flind ((A ® AJ'(KZE))E)

for every finite separable extension E, and for every positive integer j. Choose such
a separable extension and integer j. If p | (K : E), then we are done since in this
case,

ind(Ag ® ALKy = ind(ALK B = ind (APt
which has the same p-power factor as ind(Ag) and so
p" |ind(A) | [E : Flind(Ag) = [E : Flind(A @ A/ KBy

as desired.

On the other hand, suppose that p f (K : E). By definition of (K : E) this
means that we have some conjugate of K, say g(K) such that [g(K)E : E]is
relatively prime to p. But since p" | [g(K) : F] | [g(K)E : F] it follows that
p" | [E : F]. Consequently we have

p"|[E: F1|[E : Flind(A ® A/ K

as desired.
O

Lemma 7.9. Let A, B be central simple F-algebras, and suppose that B is A-
independent. Suppose that K is a splitting field of B with ind(A) | [K : F]. Let
F' = Fg(A). Then:

o F'is {A, B}-conservative,
o Kpv = K ®p F' is a splitting field of Ay, and
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e Bps is Apr-independent.

Proof. By Corollary 7.6, since exp(A) | ind(A) | [K : F], it follows that expA =
expAp and expB = expBp/. Lemma 7.7 shows us that ind B = ind By and
Lemma 7.8 shows that ind A = ind Af/. By Lemma 7.3 we know that K, is a
splitting field of A .

Finally, to see that the resulting algebras are independent, we note that since

indB |ind B® Al @ A/K:E)
forall E,i, j (since B is A-independent), and ind Br» = ind B, and
ind(B® A')p = ged{ind B A’ @ A/ KB},
it follows that
ind B | ind A%, ® Bp
for all i, as desired. a

Proof of Theorem G. For a collection of central simple algebras D, let p denote
the set of all maximal separable subfields of all central simple algebras of the form
M, (D) for D € D. Note that this contains every finite separable splitting field of
every D up to isomorphism.

Let A, B be as in the statement of the theorem. We inductively define a sequence
of field extensions of F by setting Fy = F and Fj1 to be the compositum of all
field extensions of the form Fg(A) for K € K 5 and A € Ap,. Note that there
are natural inclusions F; C Fji. Let Fo be the union of the fields F;. It follows
from Lemma 7.9 that the field F is A U B-conservative.

To complete the proof, we need to show that for every B € 5 and every splitting
field K of Bf,_, we have that K also splits every A € A. Choose A, K, B as above.
We may write K = Fuo[x]/f for f € F;[x] for some i. For j > i, write K; for
the field F;[x]/f. Note that K; C K41 and |J K; = K. Since B is split by K, it
must therefore also be split by one of the fields K ;. But therefore K; € Kp F (or
at least is isomorphic to a field in this collection), and so Fg; (Af;) C Kj11. This
tells us that (K )FK “Ar) C K;i1. But by Lemma 7.3, (K )FK (Ar)) splits Af;,
and so K1 splits A Slnce K11 C K, K splits A as well, and we are done. 0O

8. csa’s with involution

Recall that an involution on a central simple algebra A/ F is an antiautomorphism
TA — A such that 2 = 1. That is, T(xy) = t(y)t(x) and t(r(x)) = x for
all x,y € A. It follows that T(F) = F. We say that t is of the first kind if 7 is
the identity on F and of the second kind if t has order 2 on F. Recall further that
involutions of the first kind can be either be orthogonal or symplectic type. If AT are
the 7 fixed or symmetric elements of A, then AT/ F has dimension n(n + 1) /2 over
F where n is the degree of A/F. If t is of symplectic type then A" has dimension
n(n — 1)/2 over F. If A has a symplectic involution then n must be even. We
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also say that two involutions of the first kind are compatible if they are both of
orthogonal type or both of symplectic type.

Finally we recall ([BI] Theorem 3.1 p, 31) that A has an involution of the first
kind if and only if the Brauer class of A/F has order 2. If o is an automorphism
of F of order 2, then A has an involution of the second kind if and only if the
corestriction of the Brauer class of A to Br(F?) is trivial.

It will be useful to recall one way the above two results are proven.

Lemma 8.1. Let A/ F be a central simple algebra.

A ®F A has an automorphism t defined by t(a ® b) = b ® a. There is a one
to one correspondence between involutions, o, of the first kind and right ideals
generated by primitive t fixed idempotents e € (A ® A) defined by the relationship
@®1—1o(a)e=0.(ARQ A = A, ® Ay the direct sum of csa’s corresponding
to the trivial and sign representations of < t >. This corresponds to orthogonal
and symplectic involutions.

Also assume F [/ F" is a degree two Galois extension with Galois group < n >.
Now define t(a @ b) = b ® a to be the n semilinear automorphism of A @, A.
As before, involutions, o, of the second kind extending n correspond to right ideals
of A ®; A generated by t fixed primitive idempotents, e, via the same relation
(a®1—1o(a))e =0.

Lemma 8.2. Writing D as a tensor product D1 Q- - - Q@ D; of cda’s, with each D; of
prime power degree, as in Remark 2.1, D has an involution of second kind fixing F*
iff each D; has an involution of second kind fixing F*.

Proof. Apply the corestriction to the decomposition, to get
Corp/pr (D) ® -+ - ® Corpypr(Dy) ~ 1.
O

Since the involution is part of the structure, we want to see what happens when
we change the involution. The following is completely standard.

Lemma 8.3. For any involutions o, t of A having the same kind, there is d € A
with o (a) = dt(a)d~" forall a € A where t(d) = o(d) = +d. If t, o are of the
same type, we may assume that t(d) = o(d) = d.

Now assume that T, o are of the first kind. Let AT and A~ be the T-symmetric
and t-skew symmetric elements of A respectively. If t(d) = d(= o (d)), then dA™
and dA™ are the o-symmetric and o -skew elements respectively. If T(d) = —d,
then dA™ and d A~ are the o -skew and o -symmetric elements, implying T and o
have different types.

Proof. Since ¢ and t differ by an automorphism, o (a) = d 7(a)d—! for some d €
A* defined up to multiplication by F*. Since o has order 2,a = dt () Lar(d)d!
foralla € A so t(d) = yd for y € F*. Since 7 has order 2, yr(y) = 1. If t
is of the second kind, there is an x € F* with y = x/7(x) and replacing d by
xd yields the needed result. If 7 is of the first kind then y = +1. The statements
about symmetric and skew elements are immediate, and this proves the relationship
between the types. O
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We occasionally write a and a' for o (a) and t(a) respectively.

Proposition 8.4. The following assertions are equivalent, for two involutions o, T
of A of the same kind:

o There is an isomorphism (A, 1) = (A, 0).
e The d from Lemma 8.3 is of the formd € Fu°u.
e The d from Lemma 8.3 is of the formd € Fv'v.

Proof. The isomorphism is inner, so there is u € D> such that o(uau™") =
ut(a)u’], SO

uau"' = o (c(wau™")) = o) lot(a)o (u)

= a(u)fldt(r(a))dfla(u) = o(u)fldadfla(u)

foralla € A, implying d"'u®u € F. The argument is reversible. Likewise for 7.
O

Often it is easier to treat division algebras with involution than csa’s with invo-
lution, but we need the more general case and we can bridge the gap by observing:

Lemma 8.5. Suppose A = M, (D) is a central simple algebra with involution t.

(a) Assume that D is nontrivial, or T is not symplectic. Then A has a minimal
idempotent e with e™ = e.

(b) Suppose e € A is an idempotent with ¢* = e. Then the involution t', induced
by T on eAe, is of the same type.

Proof. (a). Under our assumptions, D has an involution o of the same type as A. If
T is symplectic, then D, if nontrivial, has 2-power index, and D has a symplectic
involution. Then A has a different involution t’ given by (d; j)fl = (o (dj;)) which
has the same type as o and hence as t. We know that that there is an element u € A*
such that 7(x) = ut’(x)u~! where v/ (u) = t(u) = u.If t(a) = +a, thena = ud’
where 7/(a’) = £a’. Write u = (d;;), so o (d11) = di1.

Claim: We can change basis and assume that d1; # 0. Indeed, if any diagonal
entry of u is nonzero, we permute bases and are done. If all diagonal entries are
zero, we choose the first two basis elements and by block matrix arguments we may
assume that « is a 2 by 2 matrix. Now the claim is an easy exercise, since we can
conjugate u by a symmetric matrix to get a non-zero element in the 1-1 position.

Let a’ be the matrix with dﬁl in the 1,1 position and zeroes everywhere else.
Then t/(a’) = a’ and e = ua’ has zeroes in all columns except the first, and 1 in
the 1,1 position. Now e =cande’ =e.

(b). T and 7’ are of the same kind since F embeds into e Ae, and thus compatible
if of the second kind. Thus we may assume that T and t’ are both of the first kind.
Write

A=cAeDeA(l —e) D (1 —e)Ae® (1 —e)A(1l —e)

and let t” be the induced involution on (1 —e)A(1 — e). Any t-symmetric element
is a tuple (a, b, b*, d) where a is t/ symmetric and d is T symmetric, while b is
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arbitrary. Let n, r, s be the ranks of A, eAe, and (1 — e)A(1 — e) respectively, so
n=r+sandeA(l — e), (1 — e)Ae both have dimension rs. The dimension of
the t-symmetric space is maximized if t is orthogonal and then is

1 1 1
n(n2+ ) _ (V+S)(V2+S+ ) :E(r2+52+2rs+r+s)

1 1
=r(r;— )+s(s;— )—i-rs,

and similarly minimized if t is symplectic, and then is

n(n—l)_(r+s)(r+s—l)_r(r—l) s(s —1)
2 2 =T T3

—+rs.

It is now clear by matching dimensions that t/ and t” must be compatible to 7. O

Note that the added assumption of Lemma 8.5(a) is needed because a symplectic
involution on M», (F) never preserves a minimal idempotent.

Proposition 8.6. Suppose A = M, (D) is a central simple algebra with involu-
tion T, and D is nontrivial or T is not symplectic. Then there is a complete set of
minimal orthogonal idempotents ey, . .., e, with el = e; and involutions t; on D,
such that t; is induced on D via D = e; Ae;. Furthermore, the étale subalgebra
of A, Lie1 @ ...® Lye, is t-invariant if and only if the L; C D are 7, invariant.

Proof. This is basically induction on r. Using Lemma 8.5 we can choose e = ¢
and then by induction on (1 — e)A(1 — e) we have all the ¢;. The rest is obvious.O

We need to define our one-sided relationship in the involutorial case. As a
first step, we observe that preserving maximal étale subalgebras often amounts to
containing certain symmetric or skew symmetric elements.

Lemma 8.7. Let L/F be an étale extension of the field F of degree n and let T
be an F-automorphism of L of order 1 or 2. If T has order 2, assume that L* | F
has degree n/2. Then there is an x € L such that L = F(x) and t(x) = £x. If
T : L = L has order 2 when restricted to F, then L = F(x) for x* = x.

Proof. To prove the first statement, it suffices to show that such x form a Zariski
open subset. If T is the identity this is obvious so we assume that T has order 2.
Let F be the algebraic closure of F,and L = LQr F = F® ... ® F. If
x = (x1,...,%,) € L then L = F(x) if and only if all the x; are distinct. Also, if
this x € L,then L = F(x) ifand only if L = F(x).Letey, ..., e, be the primitive
idempotents of L which must be permuted by 7. Since L/ F has degree n/2, there
must be an ordering of the ¢; such that t(e;) = e,—;+1. Thatis, x € L is a skew
symmetric element if and only x; = —x,_;+1. The set of all such with distinct x;
(and necessarily x; 7% 0) is nonempty Zariski open and defined over F.

As for the second statement, L = LT ® pr F by Galois descent and L*/F7 is
étale, so L™ = F"(x) for some x. O
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In particular, if the involution t is of the second kind, and K/ F is a T-invariant
subfield, then K = K* Qp+ F.

The above degree condition is, of course, automatic when L is a field. In other
cases, the degree condition must be assumed.

Example 8.8. If L = L1 & L, and t has order 1 on L and order 2 on L», then L
cannot be generated by a skew or symmetric element. This can happen when 7 is
of orthogonal type, for example when L = Fe; @ Fep @ Fe3, A=End(V),V =
Fvy @ Fvo @ Fus, ej(vj) = 0fori # j, e (v;) = v;, and g is the quadratic form
q(v1,v1) = q(v2, v2) = q(v;, v3) = O fori # 3, with g(v1, v2) = g(v3, v3) = 1.
In this case n/2 < deg(L*/F) < n.

However when t is symplectic this situation cannot occur.

Lemma 8.9. Suppose A/F, t is a central simple algebra of degree n with sym-
plectic involution t. Assume that L C A is a maximal étale subalgebra which is
t-invariant. Then T cannot be the identity on L, and LT | F has degree n/2.

Proof. We canreducetothecase A = M,(F),and L C A are the diagonal matrices
and t preserves L. Clearly T permutes the idempotents of L and we need to show
all the orbits of this permutation have length 2. This is clear when t is symplectic
since no primitive idempotent can be symmetric. O

This example forces us to strengthen our hypothesis for r-invariant L C A.

Definition 8.10. Let n be the degree of a central simple algebra A with involution 7.
We say L C A is a T-maximal étale subalgebra of (A, 7) if L is a maximal étale
subalgebra, t(L) = L, and L*/F has degree n or n/2.

(This condition is stronger than simply saying that t acts nontrivially on L,
seen in Example 8.8.) Note that this requires n to be even, but anyway when n is
odd and A has an involution of first kind, we know that A = M,,(F). Now we can
define our one-sided relationship in the involutorial case.

Definition 8.11. Let (A, t), (B, o) be central simple algebras with involutions
of equal degree. We say (A, t) < (B, o) if and only if every r-maximal étale
subalgebra of A is isomorphic to a o -maximal étale subalgebra of B.

We also define such a relation when o is trivial: (A, T) < B if and only if every
T-maximal étale subalgebra of A is isomorphic to a maximal étale subalgebra of B.

Proposition 8.6 allows us to deduce index results from the above relationship.
Lemma 8.12. Suppose (A/F, t) < B. Then the index of B divides the index of A.

Proof. If A has index m > 1 or t is not symplectic, then A has a t-maximal
invariant étale subalgebra of the form L; & ... & L,, where the degree of each
L;/F equals m. Since the L; split B we are done in this case.

The remaining case is when A = M, (F) and t is symplectic. In this case
n is even, and we can write A = M, ,2(F) ®F Ma(F) where 1 = 0 @ n, 1 is
the symplectic involution, and o is the transpose. It follows that M, (F) has a t-
maximal étale subalgebra of the form F & ... & F, and thus B is also split and has
index 1. O
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8.1. Involutions and valuations

Suppose (D/F, ) is a division algebra with involution and v is a valuation on F.
As in previous sections we would like to go to the completion of F' at v, draw some
conclusions, and then pull back results to F when we can. In this section we will
always assume that the degree of D is prime to the characteristic of the residue field
F of v and this residue characteristic is not 2. When t is of the first kind there is
no difficulty. If F), is the completion, D, = D ®F F), is a csa with involution 7 ® 1
of the first kind. However, if t is of the second kind, complications arise. First of
all, T may not preserve v and so one cannot define an extension of 7 to D,. When
this happens, there are two valuations on F, v and 7 (v) given by

T(v)(a) = v(t(a)).

These valuations, of course, agree on the fixed field F*. In this case we say that v is a
split valuation with respectto (D /F, 7). Of course it may happen that t (v) = v, but
even here there are two cases. If F/FT is ramified at v, we say that v is a ramified
valuation with respect to (D/ F, 7). Note that in this case the residue fields F=FT
are equal. The other case happens when F/F7 is unramified and nonsplit at v, and
in this case we say that v is unramified with respect to (D/F, 7). Note that here
F/FT has degree 2. Also note that if v is ramified with respect to (D, ), then there

isno prime 7w € F fixed by T and some such 7w with 7 () = —m. If v is unramified
with respect to (D, t) then there is some prime 7 € F with t(;7r) = 7 and some
other prime 7’ € F with t(x’) = —x'. t(x') = -7/

When we can, we will argue by going to the completion and so we are very
interested in studying the case where F is complete with respect to v. Note thatin this
case D has a unique maximal order S which has a unique maximal ideal I1S = STI.
Thus 7(S) = S and 7(I1S) = I1S. Set D = S/ S which is a division algebra with
an induced involution 7. Let L be the center of D. Then conjugation by IT induces
an automorphism of D we call 5. Of course, 7 restricts to an automorphism, o, of
L. Whereas n depends on the choice of I1, all such choices differ by a an element of
§* and so o is the unique automorphism defined in this way on L. Also, (L/F, &)
is the ramification of D at v.

We require some well known and basic results about how ramification behaves
with respect to restriction and corestriction.

Theorem 8.13. Let F be a field complete with respect to a valuation v with residue
field F, and F/F' a finite field extension of degree m and ramification index
e. Let Br(F), HY(F,Q/Z) etc. the parts of these groups prime to the char-
acteristic of the residue field, and ram : Br(F) — HYF,Q/Z) and ram :
Br(F') — HY(F',Q/Z) the ramification maps. Set Res : Br(F') — Br(F)’
and Res : H'(F',Q/Z) — H'(F,Q/Z) to be the restriction maps. Let Cor be
the corestriction maps Br(F) — Br(F') and H'(F,Q/Z) — H'(F',Q/Z) .
Then ram oRes = e(Res o ram) and ram oCor = Cor o ram.

Proof. The restriction and corestriction of unramified Brauer classes are unrami-
fied, so it is enough to consider some primes 7’ of F’ and 7 of F and compute the
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ramification of the restriction of A(L’/F’, «") and the corestriction of A(L/F, ).
It is also enough to separately consider the cases F/F’ totally ramified and unram-
ified. In the ramified case we may assume N (1) = 7’ = um® where N is the norm
and u is a unit. Then L = L' ® pr F so Cor(A(L/F,m)) = A(L'/F’', N()) =
A(L'/F’, ") and the restriction of A(L'/F’, ") is A(L/F, um®) proving the ram-
ified case.

When F/F’ is unramified, we can choose m = n’. The corestriction of
A(L/F,n")is A(L'/F’, ") where L’/ F' is the corestriction of L/ F. The restric-
tion of A(L'/F’,m)is A(L/F,n') where L = L' @p F. m]

We needed the above results to conclude:

Corollary 8.14. Suppose D/F is a division algebra over the complete field F, v
with ramification L/ F. If K | F is unramified and splits D, then K > L where L] F
is the unique lift of L/ F.

Suppose F | F' is totally ramified and D/ F has trivial corestriction. Then D/ F
is unramified.

Proposition 8.15. Consider the map taking an umramified maximal subfield K C
D to K C D. This is one to one and onto on isomorphism classes. In particular, D
contains a copy of L, the unique lift of the ramification field L. If T is an involution
on D inducing T on D, then the above map restricts to one taking T preserving
subfields to T preserving subfields. In particular, any t preserves a copy of L.

Proof. Themap K — K is injective on isomorphism classes by general facts. If K
is a maximal subfield of D we can set K = F(«), so « has degree n = e(n/e) over
F.Let B € D be a preimage of . Since must have degree at least and at most 7,
F(B) is amaximal subfield with residue degree n and so must be unramified. It must
therefore contain a copy of L. If 7(«) = £a, then replacing g by (1/2)(8 + t(8))
or (1/2)(B—t(B)) suffices. If 1(K) = K, then L is the unique subfield of K which
isaliftof L,and so (L) = L. O

One consequence of the above is a description of D as a so-called generalized
cyclic algebra. Let L C D be a choice of lift of L with centralizer E C D.

Theorem 8.16. D = EQ ETI®...® ENI*"! where NETI™! = E and 11¢ € E*.
That is, D is a generalized cyclic algebra.

Proof. The automorphism 7 on E corresponds to an idempotent of £ ®;z E° and
therefore there is an automorphism n : £ = E which lifts 7 and extends o on L.
Thus there is a u € D* such that uxu™" = 5(x) for all x € E. Write u = sI1" for
some r. Since 1 reduces to 77, r is congruent to 1 modulo e. Since E /L is unramified,
[1¢ = ¢t where t € §* and 7 is a prime of F. Thus we can modify u by powers of
7 such that ¥ = sI1 and then rename. O

Using idempotents gives a convenient way to view well known facts about
extending involutions. Note that there is no complete valuation in this result.
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Lemma 8.17. Let o be an automorphism of F of order 2 and D/F a division
algebra. Suppose L C D is a subfield and o extends to an automorphism of L of
order 2. Let E C D be the centralizer of L. Suppose D/ F has an involution of the
second kind extending o. Then any involution of the second kind of E, extending
o, can itself be extended to an involution of the second kind of D.

Proof. Let u be the o semilinear automorphism of D®r , D defined by u(a®b) =
b ® a. By assumption B = (D ®F,, D)" is a matrix algebra over F'°. We have
(L ®, L)* C B. There is an idempotent ¢ € (L ®, L)" generating the kernel of
phi : (L ®, L)* — L defined by ¢(x ® y) = xo(y) which we note satisfies
popu =0o0¢.Then EQ@rs E C e(D ®F s D)e C (D ®F, D) defines an
embedding (E ®1 ., E)* C B. An involution of E defines an idempotent f of
(E ®L.+ E)* and when f is viewed as an element of B it can be written as a sum
of primitive idempotents each of which defines an involution of D extending the
given one of E. O

A basic way that involutions behave well in the complete case is the following.
Note that there are many versions of this that are well known in the commutative
case.

Lemma 8.18. Let D/F be a division algebra where F is complete with respect
to a discrete valuation v. Let T be an involution on D which must preserve the
maximal order S C D and maximal ideal T1S C S. Assume t(I1) = £I1. Suppose
u € 1+ I1S is fixed by t. Then there is a v € 1 + I1S such that u = vt (v).

Proof. To begin with set x; = 1 and assume, by induction, x;ut(x;) = 1 + s T
for s; € S.If T(IT) = IT then s; is t fixed and if t(IT) = —IT then 7(s;) = —s;. In
the first case we can choose z such that z + 7(z) = s;. Other wise we choose z such
that s; = z — 7(2). Set x; 41 = (1 — zw?)x;. Then x; p1ut(xiy1) = (1 — zw))(1 +
sitHt(l—zmh)y = 1+ s,~+1ni+1 for some s; 11 as needed. Let x be the limit of the
x; s0 xut(x) = 1. Then we are done if we set v = x . |
Combining the above results give results about lifting involutions uniquely.

Lemma 8.19. Let A/ F be unramified over F and w a prime of F which is therefore
also a prime of S. Let o be an automorphism of F or order one or two and & the
induced automorphism of F. Let T be an involution of A which extends &. Then T
lifts to an involution t of A extending o. If n = 1 then t is orthogonal if and only
if T is orthogonal. All choices of T are isomorphic.

Proof. SetB' = A®r s Aand B = B'* where u(x®y) = y®x. Then involutions
of A correspond to minimal right ideals of B which are generated by idempotents.
Since idempotents lift over complete dvrs we have that involutions lift. If 7 and ¢’
are two lifts then 7/ = utu ! where u is 7 fixed. Since 7 is central, we can assume
u € S§*. Adjusting u by an element of f we can assume u € 1+ 7 S. By the above
lemma 1 = vt (v) and this shows 7 and 1’ are isomorphic. |

We can begin giving detailed descriptions of involutions of the second kind.
The first case is when v is T ramified.
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Proposition 8.20. Suppose D/F and v are as above and D/F has an involution,
7, of the second kind. Set F' = F*. Finally assume v is T ramified. Then D/F
is unramified and has order 2. D = D' ® F'F for D' of order two. If 1 is the
restriction of T to F, then T is isomorphic to o ® n where o is an involution on D’
of the first kind.

Proof. Firstof all since the above theorem says corestriction of F/ FT is the identity
on ramification, it follows that D/ F is unramified. Since D has center F = F”’ there
is a division algebra D’/ F’ which maps to D. It follows that D = D’ @ p» F. Now
D = §/7 S has center F and where 7 is a prime of F and 7 () = —7. 7 induces
an involution T which is of the first kind since 7 acts trivially on F. Thus D and
hence D’ has order 2 in the Brauer group. If 7 is the restriction of T to F, then 1 ® n
is an automorphism of D extending 7. Let o be an involution of the first kind on
D' lifting T and o ® 1 is another involution of the second kind that also lifts T. We
saw above they must be isomorphic. O

The above corollary is a pretty complete description of involutions of the second
kind where F/F" is ramified. To deal with the other case we need to work more,
and particularly to understand ramification better. We begin with a technical result
describing how t and IT interact.

Lemma 8.21. Suppose F is a field complete with respect to a discrete valuation v
and D/ F is a division algebra. Let T be an involution of any kind on D which must
preserve the valuation on F.Then there is a choice of T1 such that t(I1) = +£I1.

Assume that D # F and that for all choices is of T1 as above we have t(I1) =
—T1. Then the following further properties hold. First, that D is commutative, the
ramification field of D has degree 2, and D is quaternion. Moreover, if T is of the
first kind, T is symplectic. Finally, if T is of the second kind, D = D' @+ F and
T has the form T’ ® n where T’ is symplectic and 7 is the restriction of T to F. In
addition, F/F" is unramified.

Proof. Let n be the automorphism of D induced by conjugation by IT. Now it
is obvious that t(IT) = ull where u € S*. If 1 + u ¢ IIS, then IT + 7(I1) is
a uniformizer and t-symmetric. Thus we assume 1 4+ u € I1S for all such u. All
choices of IT have the form sIT where s € $*. Thusif no choice of IT is T symmetric,
we must have sTT + ullz(s) € STI for all s € S*. That is, forall § € D,

§=n(t(5)), V¥5eD.

This is impossible unless D = L is commutative and ;) has order 2. In particular,
L/F has degree 2 and so D has degree 2. Let y € L be such that 7(y) = —y. If
y' € S* is a preimage of y, then y = (1/2)(y' — 7(y’)) also maps to y and
7(y) = —y. It follows that L = F(y) C D is a maximal subfield, is unramified,
and has residue field L. Moreover a = y2 € F. Also, T1? = s where s € S*
and 7 is a prime in F. If z € D* is such that zyz~' = —y, write z = s'TI" for
s’ € S*. Since conjugation by z is nontrivial on L, » must be odd. Altering z by a
power of 7, we can assume z = s'IT which we can can rename as IT. Since y and
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[T must generate D, 12 € F* and we rename I12 as 7. Altogether, D = (a, ) is
generated by y and IT such that y?> = a, [1> = 7, yI1 = —Ily, and 7(y) = —y. It
follows that 7 (IT) = uIl where u € L*. Furthermore,

I = 12(1"[) = t(ull) = ullo(u) = uzl'I,

and sou = +£1.

If 7 is of the first kind, and 7(IT) = —TII, then 7 is symplectic by definition.

If 7 is of the second kind, let x be the symplectic involution. Then ut is an
automorphism which is the identity on D’ = F* (e, I1) and clearly D = D' ®p- F.
If F/FT were ramified, the uniformizer in F would have the same valuation as IT
(since FT(IT)/F" has degree 2), a contradiction. O

Note that in the case D = (a, ) it can be the case that 7 (IT) = IT is never true.
Once again, let n be the automorphism induced on D by conjugation by IT.
Using the above lemma we have

t(Mull™h =0 'ul
andso tn = n~ 't on D.
We return to studying D/ F with involution t of the second kind and complete

F, v where v is T unramified and D/F is ramified.

Definition 8.22. Suppose 7 is an automorphism of F of order 2, i.e., F/FT has
degree 2, and L/ F is any cyclic extension. We define

tL=LQ®F,

where the 7 in the subscript says that F is viewed as a twisted F-module via 7.
If tL = L over F, this implies that T on F extends to L and we use the same
symbol t for a choice of this extension. Let o be a generator of the Galois group
of L/F.1f t(L) = L and to0 = o't we say that L/F is dihedral.

As before let D have center L and recall that we can assume L C D. If E is the
centralizer of L in D then E = D. Note that if o is the restriction of 7 to L, the
above relationship shows that L/F7 is dihedral (note that the Klein four group is
called "dihedral" here). It follows that L/F7 is dihedral.

Given a 7 as above, there is an induced T on D/L and then a lifted v’ on E/L
where E is the centralizer of L. We also denote by 7’ an extension of 7’ to D. Note
that all extensions have the same induced 7’ on D. We have t = ut’u~! fora v’/
fixed u. Write u = vI1” where v € S*. Since T and 7’ are equal to & on L, we have
that e divides r. Write [1°® = wm where 7 is a prime of F?. After adjusting by a
power of 7, we can assume u € S*. Since T = 7/, it follows that u maps to i € L
and i is clearly 7/ fixed. Lift s to y € L7 and write u = u’y. Then u’ € 1 + I1S
and set T/ = yt’'y~!. Note that t” is another choice of extension from E, and that
u’ is T” fixed. By the above lemma, u’ = vt”(v). We have shown:
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Lemma 8.23. Suppose t is an involution of the second kind on D and F/FT is
unramified. Let L C D be a lift of the ramification field with centralizer E so
E = D. Let v be an involution on E lifting 7. Then there is an extension of T’ to
D which is isomorphic to t. In particular, there is another list of L to D which is
preserved by t.

Next we fix such a T and assume L C D is preserved by T as above. Again
let E be the centralizer of L which is therefore also preserved by 7. We saw above
that there is a prime IT such that (IT) = II and a possibly different T such
that [I'ETT'~! = E. Let T C E be the maximal order. Since E/L and L/FT are
unramified, T has maximal ideal 7T where 7 is a prime of F*. Now IT and IT’
induce different automorphisms, 77 and 7/ on D = E but both extend the unique
T on L. Thus 7j(x) = i’ (x)ii~" for it € E*. Now it has a preimage u € E*
and changing IT' to uIT" we can assume 77 = #'. In particular, 757’7 = 7/~! or
@77 = 1.

Write 7(I1") = dI1’ and note that changing IT’ to s’ for s € E* changes d
to dn't(s)s~!. Also, we have dEd~' = E and d € S*. Let n/ be the automor-
phism of E induced by IT". Then t2(IT") = t(dIl) = dIlt(d) = dn't(d)IT
and so dn't(d) = 1. For any s € §* sII' = t2(sI1) = t(dl't(s)) =
T(@dn't()) = dVen't(s)t(d) = dn'tn't()n (@) = d('t)*(s)d~' T’
and so (17'7)*(s) = d~'sd forall s € S*.

Since (r';’f)2 = 1 we have that d € L*. Since dxd~! = x forall x € L, we
have that d commutes with L. Thus d € T* = $* N E. Also, dijt(d) = 1 so
d = it(0)(0)~! for v € L. Lift 5 to v € L* N T* and replace IT" by v~'TT". We
calculate that now d = 1.

We define d;, s; € T* and primes I1; as follows. Setd; =d,s; = 1, T} = IT'.
Assume d; € 1 + 7' T are defined such that v (I1;) = d;T1; and I'IEI"[i_1 = E. Let
n; be the automorphism of E defined by IT;. Note that (n,-r)2 induces the identity
on E and ditin(d;) = 1. Writed; = 1+t;7" and compute thatd;n;t(d;) € 1+(t; +
niT )7t +7 1T which implies that?; = —n; 7 (¢;) modulo 7. Since n; T has order
2 modulo 7, we can write f; = n;T(t) —t and sets = 1 — tt If I1;4+1 = sT1; then
t(TMj41) = dip1 iy where dip = dinit(s)s™' = 14+t —ni (1) + 1)’ + 2z’ F!
forsome z € T ordj11 = 1 + t;41' ! for some #; 1. Having defined all the IT;
we can take the limit, call it IT and note that t(IT) = [T and TETI~! = E. If 1

induces n on D then T = n~'1.

Theorem 8.24. Let D/ F be a division algebra over a complete field F, v and let
T be an involution of the second kind such that F/FT is unramified. Then there is
a subfield L C D such that L] Fo is the ramification of D, (L) = L. Let E C D
be the centralizer of L so E /L is unramified. There is a choice of prime T1 of D
such that (1) = T1 and T1 induces an automorphism 1 in E such that tnt = =",
All of this defines the extension of T from E to D = A(E/L, n, I1°) viewed as a

generalized cyclic algebra.

Without the benefit of the completion, there is at least a little we can say in the
split case.
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Proposition 8.25. Suppose (D/F, t) is an algebra with involution of the second
kind, and v is a valuation on F. Let L/ F be the ramification field of D. Suppose v
is split with respect to t. Then L) F = L/F7 is also the ramification field at T (v).

Proof. Let w be the restriction of the valuation v to FT. For clarity, let o be the
restriction of T to F, an automorphism of order 2. We know that v and o (v) are
the two distinct extensions of w to F. Let Fy, be the completion of F? at w. Since
the natural inclusion F*,, C F, is surjective, F Qo F,, = Fy,, & Fy. The two
induced maps F — F;, are the two completions (The fields F, and F,(, can
be identified as F,,-algebras, but these completion maps are different). Moreover,
o ® 1 switches the two fields in the direct sum, and so (¢ ® 1)(«, B) = (B, «).
Then D ® po Fy, = Dy ® Dy (y). Looking at T ® 1 as an involution, we have that
Dy = Dg,, over Fy,. It follows that the ramification of D, and Dg () are inverse

to each other, so the ramifications fields over F, = Fg(v) = F,, are the same. O
We will also need a lemma relating the T-invariant subfields of D and D.

Lemma 8.26. Let F be a field complete with respect to a discrete valuation v and
(D/F, t) a division algebra with involution such that t preserves v. Let Lp be
the ramification field of D. There is a 1:1 correspondence between the t-invariant
maximal subfields of D and the unramified t-invariant maximal subfields of D all
of which contain a copy of Lp.

Proof. If L C D is maximal, unramified, and t-invariant then L C D is also maxi-
mal and obviously 7-invariant. Conversely, suppose L C D is maximal, separable,
and t-invariant. Let n be the degree of D/F and e = [L p . F] the ramification
index. By Lemma 8.7 there is an x € L such that L = F(x) and 7(x) = £x. If
(D/F, t) is of the first kind, the characteristic of F isnot 2, and there is a preimage
x € D such that t(x) = £x. Set L = F(x) and let L’ C L be the maximal
1ntermed1ate field unramified over F. Then L’ contains Lp and L/ 2 F(X) so
[L': F1=[L": Lple= (n/e)e = nimplying that L' = L and L’ = O

We need to consider involutions of the first kind.

Proposition 8.27. Suppose (D/F, t) is a division algebra with involution of the
first kind and F is complete with respect to a valuation v. Then T induces an
involution on D. Let Lp be the ramification field which has degree at most 2
over F. If Lp/F has degree 2, let n generate its Galois group.

(a) If D/F is unramified then (D, T) is of the same type as (D, 7).

(b) Otherwise, t restricts to the identity or n on L p, and T is of the first or second
kind respectively. Both possibilities always occur for any given D.

Proof. This is mostly obvious. Note that if 7(IT) = =IT, then x — ITr(x)IT~!
has the other possible behavior on Lp. O

Suppose (A/F, ) and (B/F, o) are csa’s with compatible involutions. Assume
that v is a discrete valuation on F with completion F,. Except when t, o are of
the second kind and split, they induce involutions 7, 0 on A, = A QF F, and
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By, = B ®r F,. If t, o are of the second kind and split, let w be the restriction
of v, and hence of v = o (v) = 7(v), to F7, let F, be the completion of F* at w,
and write A ®pr Fy = A, ® Ay; similarly for B.

Proposition 8.28. Suppose A/F, t and B/F, o are central simple algebras with
compatible involutions. Let v be a discrete valuation on F. Assume that A/ F and
B/F have the same degree, and (A/F,t) < (B/F, o).

(a) If T, o are not of the second kind or not split with respect to v, then (A,, T) <
(Bvs 0)

(b) If T, o are of the second kind and split with respect to v, then A, < B, and
Ay < By where v/ = t(v).

A similar result holds if we just assume that (A, t) < B.

Proof. This argument closely follows that of Proposition 4.7. The two parts are also
similar, with b) a bit more unusual so we will do only that one explicitly. Recall
that A ®pr Fy = Ay @ Ay and A,y = Aj. Let L, C A, be an étale maximal
subalgebra. Then L, = F,(a’). Consider (a’,a’) € Ay ® A;(), which makes
sense. Clearly (¢, @’) is T ® 1-symmetric. Note that A* ® pr F,, is the T-symmetric
subspace of A, @ A;(y). Thus there is an a € A" which is as close as we need to
a’. We form F(a) = L which is T-invariant and use Krasner’s lemma to assure that
L ®F F, = L,. Since L C B is o-invariant by assumption, L, C B, as needed.O

8.2. An involutory version of the Fein—Schacher Theorem

To pass from cda’s to cda’s with involution, we need to generalize [9].

Lemma 8.29. Suppose D/ F is a quaternion algebra with involution t.

(a) Then D is generated by a, B with aff + pa =0, a®, % € F, t(a) = +o and
T(B) = *£B.

(b) Suppose further that all T-invariant maximal subfields are isomorphic. Then
o, B from a) can also be assumed to satisfy o> = —1 = B%. Moreover, F is
Pythagorean.

Proof. (a) This is well known. If 7 is symplectic all maximal subfields are t-
invariant. If 7 is orthogonal, it is well known that there are anti-commuting elements
o« and B with (o) = « and t(B) = —p, so assume that 7 is of the second kind.
Let o be the symplectic involution. Then to 7 is also an involution. If to7(x) = x
then o (t(x)) = t(x), implying t(x) € F,and x € F.Thus to7 is also symplectic
(which is unique), so tot = 0,1.e.,T0 =0T.

Of course ot is an automorphism extending an automorphism on F, and so
the fixed ring is a division ring D’ /L, with involution induced by o, where F/L is
quadratic with automorphism t. Thus there are o -antisymmetric o, 8 which anti-
commute and are ot fixed. That is, 7(«¢) = o(@) = —a and t(8) = o (B) = —p.
This proves a).

(b) Note that &> = a and 8% = b are 7 fixed. Furthermore, («f)> = —ab with
T(af) = Fap. By assumption, a = c?b, and soab = —c*b*. Thus y = (af)/(bc)
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satisfies 7(y) = £y and y> = —1. Again by assumption, the fields F (), F (p) are
both isomorphic to F (v/=1). If 7 is of the first kind, then F () contains i = +/—1
and it is clear that (i) = +i. Of course the same is true for F'(8). If t is of the
second kind, then we saw above that we may assume that 7 (o) = —« and we know
that o> = —a? for a € F. Clearly a® is t-fixed, so 7(a) = +a and (%) = Fa.
As for the last point, suppose a, b € F and consider y = ax + bafS where we
may assume that 7(8) = —B. Then 7(y) = £y and y? = —a? — b* which must
have the form —c2. O

Lemma 8.30. Suppose D/ F is a division algebra of degree n, with an involution t,
such that every maximal t-invariant subfield contains a copy of the cyclic field
extension L/ F of prime degree p.

(a) Assume that T(L) = L over F. (This is the case when t is of the first kind.) If
F CLCK C DandK is a t-invariant field, then t(L) = L.

(b) Assume that t is of the second kind, and t(L) is not isomorphic to L. Then
L ® t(L) contains a cyclic field extension L'/ F such that (t ® T)(L") = L/,
tL’ = L’ (see Definition 8.22), and L'/ F® is dihedral. Let K be a maximal
subfield which is T-invariant. Then K contains a isomorphic copy of L' as well.

(¢) Suppose K C D is a non-maximal t-invariant subfield which commutes with
but does not contain L C D. Then K does not contain another copy of L.

(d) Suppose K C D is a non-maximal subfield not containing L. Then the central-
izer DX has the property that every maximal subfield contains a copy of KL/ K .
If K is t-invariant, then every t-invariant maximal subfield of D contains a
copyof KL/K.

Proof. (a) Since t(L)®r L has zero divisors, no field contains it, implying 7 (L) =
L. A similar observation proves (c).

(b) If (L) and L are not isomorphic then L @ tL is a field Galois over F* with
group the wreath product (Z/pZ @ 7/ pZ) % Z/27Z. The existence of L’ is
immediate. Any T-invariant maximal subfield K contains a copy of T (L) ®F L,
and thus L.

(d) Let K’ be a maximal subfield of DX, z-invariant when required. Then K’ is a
maximal subfield of D and contains a copy of L. Moreover K # KL C K’ as
needed. m|

Given the above, we will always assume that 7(L) = L.

Definition 8.31. Suppose that 7 is an involution on D. We say that D/ F is t-varied
if there is no nontrivial cyclic extension K /F contained isomorphically in every
maximal (with respect to being 7-fixed) t-fixed subfield of D/F.

F is t-varied if every central division algebra of odd degree > 2 over F is
T-varied.

This concept is relevant because of the following result.

Proposition 8.32. Every csa A of degree n with an involution t of the second kind
has arbitrarily many subfields with disjoint Galois closures, whose Galois groups
over F are all the symmetric group S,,.
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Proof. By [20, section 2], the maximal étale r-invariant subalgebras of A corre-
spond to the maximal tori of the corresponding (special) unitary group G. On the
other hand, a simpler form of this result can be obtained directly from Hilbert’s Irre-
ducibility Theorem, so that over a finitely generated field there are always generic
tori. Thus A always contains a maximal subfield E which is r-invariant and such
that the Galois group of its Galois closure over F' is S,. In fact, one can find an
arbitrarily large number of such tori that their Galois closures are disjoint over F.
See [20] for further details. O

Corollary 8.33. Every finitely generated field is t-varied.

Proof. The group S, of the Galois closure of such a maximal subfield cannot have
a nontrivial normal subgroup of odd degree. O

We would like to prove that if D has degree p, then it is impossible that some
nontrivial T-invariant F-subfield L’ of D is isomorphic to F[b]. Then L contains
some b’ = aba™', i.e., b’a = ab. But then applying t yields (a)b’ = bt(a), so
T(a)a centralizes b, i.e., t(a)a € F[b]. Conversely, if t(a)a = d € F[b] then
b’ = aba~" is T-symmetric since

t(V) =1(@) " 'br(a) = ad 'bda™" = ad 'dba"' = aba"' = ¥'.

So does any t-invariant F-subfield contain aba~! where t(a)a € F[b]?
This could lead to a generic counterexample, where we show that the generic
T-symmetric element does not have this form.

Another way of obtaining T-symmetric elements is simply to take b +ab’ where
a € Fp. But so far neither of these approaches tends to work.

As before, H denotes (—1, —1) .

Proposition 8.34. Again, suppose that D/F is a cda of degree n = p', with an
involution t. Assume that L is a cyclic extension of F, which is noncyclic over
FT in case T is of second kind, and every maximal (with respect to being t-fixed)
T-fixed subfield of D/ F contains a copy of L.

Then p =2, L = F(J/=1), and D = D’ ® H for some cda D'.

Proof. First we prove that p = 2. Of course p = 2 if 7 is of the first kind, so we
assume that 7 is of the second kind, and let Fy = F* and Lo = L*. Then L/ Fy is
Galois, with group generated by o and t. Write Lo = Fy[b], where b” € F. then
L = F[b].

Let u € D satisfy uLu~' = L but u does not commute with the elements
of L. Let o be the automorphism of L/ F defined by u, so ufu~! = o (£), implying
1o (z(®) = t(w) 2201 (u) = t(u)~ Yt @w). If 7 is of the first kind, t restricts
to an an element of the cyclic Galois group of L/F, and to7 = 0.

toT fixes F and thus is a power of o of 0. Now

k2
oc=1(tor)t=0",
implying k = +1 (mod p). Thus either T commutes with o or together they
generate a dihedral group.
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Foranya € L,
t(u)ar(u)*l = t(u*]tfl(a)u) = tailtfl(a),

which is o (@) in the dihedral case and o ~! (@) if T commutes with o. In the dihedral
case, d = 7(u)u induces o2 on L, so we may replace u by t(u)u and assume that
ut =u.

Thus we have proved the claim that p = 2.

By aparallel induction, D has a t-invariant subfield of codegree 2 not containing
L, which we call K'. Consider the centralizer DX’ By Lemma 8.29 we have
DK’ = (=1, —Dg. Leta, B € DX’ be as in Lemma 8.29(b). Then «, B generate,
over F, a t-invariant subalgebra of D isomorphic to H. Thus D = D’ @ p H.

We still need to show that L has the required form. We know that LK'/K’ =
K'(v/=1). Write L = F(\/a). We are done if —a is a square in F. Assume not.
We know that —a is a square in K'; that is, K’ contains F(,/—a). Note that this
argument applies to any t-invariant K’ of codegree 2. In particular any t-invariant
maximal subfield of D’ contains F(y/—a) and by induction this equals F(v/—1),
a contradiction since D’ @ p H is a division algebra. O

Remark 8.35. We have not been able to handle the case where L is cyclic over
FT and t is of second kind, although we suspect that it also holds since one can
construct an assortment of 7-fixed subfields of D/ F. The difficulty is showing that
one does not contain a copy of L.

For convenience, we assumed above that L / F' had prime degree. This case turns
out to be sufficient because of the following very familiar result, whose proof we
include for convenience.

Lemma 8.36. Suppose F (v/—1)/F is nontrivial. Then there is no cyclic field exten-
sion L/ F of degree 4 containing F(v/—1).

Proof. Seti = /—1. Suppose L/F exists and 1 generates its Galois group. Then
L = F(@i)(v/a+ bi) where a,b € F and n(va +bi) = J/a+bip for B =
c+di € F(i). Then n*(va + bi) = «/a + bi Bn(B) andso Bn(B) = —1,implying
c? 4+ d? = —1 since 1 is conjugation on F(i). Squaring both sides yields

a—bi = (a+ bi)(c* +d*+2cdi) = (a + bi)(—1 + 2cdi),

implying (—1)2—4c2d* = 1,ored = 0. Butthen (a—bi) = (—1)(a+bi), yielding
a = 0.1fd = 0 then ¢> = 1 contradicting the nontriviality of F(i)/F. Hence,
c=0andd = +£1 and 8 = &i. But n(&£i)(£i) = —i(i) = 1 a contradiction. 0O

In the involutory case there are many situations where we can prove that D’ of
Proposition 8.34 must be trivial. We begin with an easy lemma.

Lemma 8.37. Suppose (D, t) is a division algebra with involution of the first kind.
Then D has a t-invariant subfield of codegree 2.
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Proof. By induction it suffices to show that when D has degree larger than 2, D has
a nonmaximal noncentral tT-invariant subfield. If T is symplectic, any symmetric
element generates a nonmaximal subfield. If T is orthogonal, let u € D be a skew
element and we are done unless for all such u, u? is central. Of course in this case
F (u) itself will do. ]

Proposition 8.38. Suppose D = D’ ®p H has an involution of first kind, with
respect to which H is t-invariant, and every maximal subfield of D contains
F(v/—1).Then D' = F.

Proof. By the above lemma we may assume that D" has degree 2, and so D’ = (a, b)
is quaternion. Let & 8 be as in Lemma 4. Then «i and 8j commute and generate the
maximal invariant subfield F (\/—a, «/—_b). Since this is assumed to contain «/—1,
we have that a is a square, b is a square, or ab is a square. The first two violate that
D’ is a division algebra, and in the third case D' = (a, b) = (a, —ab) = (a, —1)
which violates that D’ ® (—1, —1) is a division algebra. |

We have proved:

Theorem 8.39. Suppose (D/F, 1), is a T-varied division algebra with involution.
Let L/ F be a cyclic prime degree field extension such that L/ F* is not cyclic when
T is of the second kind. Then there is a t-invariant maximal separable subfield
K C D such that K/ F does not contain a copy of L] F, unless L = F(/—1),
D =H®p D', and F is a Pythagorean field. If T is of the first kind, then D = H.

We obtain the exceptional case by means of [10]:

Example 8.40. Suppose A is a commuting indeterminate over a field F containing
a primitive n-th root ¢ of 1. Then for any a € F, the symbol algebra (a, A) (given
by &" = a, " = A, and o = efa) has involution of the second kind, given by
of =a, BT = 7!, and (@f)” = BTa® = B~ 'a. Indeed, we only have to show
that 7 is an anti-homomorphism, since obviously it has order 2. But applying t to
the relation o = ¢fa gives

(o) =e ' @p)" ="' pla=ap”! =a"p",
as desired.
Now take the fields F C K as in [10], and taking £ = F(¢) in their notation
(t = A), we see that their symbol algebra A has an involution of the second kind

over the fixed field E* where t(¢) = ¢, and thus their algebra D = H ® g A has an
involution obtained by taking the tensor product over E.

8.3. Main result

The following is the involutory analog of Corollary 4.18.

Theorem 8.41. Suppose (A/F, t) is a csa with an involution, and (A/F,t) <
B/ F. We assume that B also has an involution of the same kind. Also assume that
F has a valuation v and L 4, L g are the respective ramification fields, with L p not
cyclic over F* in case t is of second kind. Then Lg C L /=1).
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Proof. If t is split with respect to v, then by Proposition 8.28, A, < B, and the
result follows from Corollary 4.18.

Suppose then that t preserves v. By Proposition 8.28 we may assume that F'
is complete with respect to v. Let D be the underlying division algebra of A, so
La = Lp. Assume first that D/ F is nontrivial or 7 is not symplectic. Then there
are a complete set of orthogonal idempotents ey, ..., e, such that the ¢; are 7-
symmetric and the involution 7; induced by 7 on D = e; Ae; is compatible to 7.
If L; C D is maximal separable and 7;-invariant, then L = Lie; & ... @ Lye,
is T-maximal étale in A and hence splits B. Note that this implies that all the L;
split B. If L C D is an unramified maximal t;-invariant subfield, then L appears
in a T-maximal étale K C A and therefore L splits B. Since L/F is unramified,
L D Lp. By Lemma 8.26 L 4Lp is contained in every maximal subfield of D.

If 7 is of the second kind, then L g/ F is dihedral and it follows that LgL o /L 4
is dihedral. If 7 is of the first kind, then L4 /F and Lp/F have degree at most 2.
If 71 acts nontrivially on L4, then LgL 4 is dihedral over L. By Theorem 8.39,

LpLp C La(v/—1). ]

The above result is unsatisfying, in the sense that we would like to remove the
assumption that the involutions are of the same kind and the non-cyclicity of Lp
over F'. To do so, one may have to resolve Remark 8.35. From Proposition 8.34
we have:

Proposition 8.42. In the above theorem, if Lp is not contained_in Ly, then _l_, AlS
Pythagorean and D = D’ ®j , H. If T is of the first kind, then D/L s = H/L .

Proof. The first statement is clear. To prove the second, we must prove that D’ has
amaximal subfield of codegree 2. Even though 7 on D could be of the second kind,
acting nontrivially on L 4, it is certainly still true that D has order 2 in the Brauer
group. O
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