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ABSTRACT. Suppose G is a simple and simply connected algebraic group over an
algebraic number field Κ and 5 is a finite set of valuations of Κ containing all
Archimedean valuations. This paper is a study of the connections between abstract
properties of the 5-arithmetic subgroup Γ = GQ(S) ar>d the congruence property, i.e.
the finiteness of the corresponding congruence kernel C = CS(G) . In particular, it
is shown that if the profinite completion Δ = Γ satisfies condition (PG), (i.e., for
any integer η > 0 and any prime ρ there exist c and k such that ΙΔ/Δ"*1" | < cpkn

for all a > 0), then C is finite. Examples are given demonstrating the possibility of
effectively verifying (PG)' .

§1. I N T R O D U C T I O N A N D S T A T E M E N T O F T H E M A I N R E S U L T S

Suppose G is a s imple a n d simply connected algebraic group d e n n e d over an

algebraic number field Κ and S is a finite subset of the set VK of all pairwise
inequivalent valuations of Κ containing the set V£ of Archimedean valuations.
We denote by O(S) the ring of ^-integers of Κ and by Γ = Go(S) the group of
>S-integral points of G. It is well known (see [7] and [25]) that the solution of the
congruence problem for Γ is equivalent to the calculation of the congruence kernel
C = CS{G); if C is finite, we say that Γ has the congruence property (CSP).
Hypothetical finiteness conditions were stated by Serre [12] in the following form:

C is finite if ranks G — S^ rank*:,, G > 2

ves

and G is Κ,,-isotropic for any u e S \ K ^ .

At present Serre's conjecture has been proved for many types of groups [25], but
there remains an important class of groups, which includes, for example, the groups
of the form SLi(Z>), where D is a finite-dimensional central division algebra over
Κ , for which it is still inaccessible. Even in the minimal case where D is the division
ring of quaternions we did not have a single example of an ^-arithmetic group with
the congruence property. Such examples have appeared only very recently, thanks to
the development of an essentially new approach to the congruence problem suggested
by the present authors. The underlying idea is to analyze abstract properties of S-
arithmetic groups that imply the congruence property. Historically, the first such
property was that of finiteness of width (or the bounded generation property (BG)).

Definition. We say that an abstract group Γ has finite width at most t if there exist
elements y\, ... , γ, e Γ such that Γ = (j>i) · • · (yt), where (y;) is the cyclic subgroup
generated by y,.
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This abstract definition was motivated to a large extent by [15], in which it was
shown that any matrix in SLn(O), where η > 3 and Ο is the ring of integers of
the algebraic number field Κ, is a product of a bounded number of elementary
matrices. The paper [15] was mainly oriented towards the solution of a problem
in algebraic ΑΓ-theory (namely, that of the triviality of the SKi-functor for the so-
called nonstandard of rings of algebraic integers), but by virtue of its methods and
technical tools (Mennicke symbols, etc.) it had much in common with papers on the
congruence problem.

After analyzing the argument in [15] and several other circumstances, the second
author conjectured two years ago that for the groups Γ = Go(s) the congruence
property (CSP) and the bounded generation property (BG) are equivalent. (A
discussion of this conjecture can be found in Chapter IV of our book [8].) In view
of the classical results of Bass-Milnor-Serre [1], the results of [15] corroborate this
conjecture for the groups G = SL« (n > 3). Further support for this conjecture
was obtained by Tavgen' [14], who established the bounded generation property for
arithmetic and S'-arithmetic subgroups of Chevalley groups of rank at least 2 of the
ordinary and most of the twisted types (the congruence property for these groups was
established by Matsumoto [19] and Deodhar [16]).

We will also give examples of a converse nature: for the groups SL2(Z) and
SL2(O), where Ο is the ring of integers of an imaginary quadratic field, the properties
(CSP) and (BG) do not hold. In all of these cases, satisfaction or nonsatisfaction of
each of the properties (CSP) and (BG) was established separately, but it turned out
a posteriori that they were present or absent simultaneously. Of the most interest,
however, was the investigation of direct connections between (CSP) and (BG). The
first result in this direction, which was obtained in [10], asserts that if the group Γ =
G0(S) has finite width, then the abelianization C a b = C/[C, C] of the congruence
kernel is a finite group.

In this paper it will be shown that finiteness of the width of Γ implies finiteness of
the whole congruence kernel, i.e., the property (CSP) (see Corollary 1). We obtain
this result (also proved a little later by A. Lubotsky) from more general ones, in
which the conditions on Γ are significantly weaker (Theorem 1). On the other hand,
F. Grunewald recently found, with the aid of a computer, examples of groups of
finite width among the groups of the form Gz(s) > where G = SL| (D), D is the
division ring of quaternions over Q, and S = {oc, ρ} , which are the first examples
of quaternion groups with the congruence property.

To state the main results we single out a number of properties of the profinite
completion f of Γ.

Definition. Suppose Δ is a finitely generated profinite group.
1) The group A has finite width at most t as a profinite group (i.e. has property

(BG)pf) if there exist elements δ\ , ... , δ, € A such that Δ = {δ\) • • • (δ,), where (<J,·)
is the closure of the cyclic subgroup generated by δ,.

2) The nth Burnside factor An of Δ is the factor group Δ/Δ" with respect to the
(closed) subgroup Δ" generated by the «th powers of all elements of Δ (according
to [2], the group An is finite for any n).

3) The group A satisfies the condition (PG) of polynomial growth of the orders of
the Burnside factors if there exist constants c and k such that |ΔΠ| < cnk for all n.

4) The group A satisfies condition (PG)' if for any natural number η and any
prime ρ there exist c and k such that \Anp., \ < cpk" for all integers a > 0.

It is easy to see that condition (BG) for a discrete finitely generated group Γ
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implies condition (BG)pf for its profinite completion f. Moreover, the profinite
Burnside factor Γη is a maximal finite factor group of the discrete Burnside factor
Γη , which is defined as the factor group Γ/Γ" with respect to the subgroup generated
by the «th powers, so that if Γη is finite, then |Γη | = \Tn\. On the other hand, for
any profinite group Δ we have the chain of implications (BG)Pf => (PG) => (PG)'.
It would therefore be interesting to know whether or not any two of these conditions
are equivalent in general. (It follows from Theorem 2, stated below, that all of
these conditions are equivalent for profinite completions of .S-arithmetic subgroups
of simple, simply connected groups. Moreover, for a pro-p-group Δ each of these
conditions is equivalent to analyticity; see Proposition 5.)

We will also need a standard description of the normal subgroups of GK :

If Τ = {υ £ Vf = VK\V£\G is Kv-anisotwpic), then for any non-
(1) central normal subgroup Ν c GK there exists an open normal sub-

group W cGT = UveT GKv such that Ν = GK Π W.

(At present, (1) has been proved for most types of simple groups; see Chapter IX of
[8].)

Theorem 1. Assume that a group G satisfies condition (1) and S Π Τ — 0 . If the
profinite completion Γ of the group Γ' — Go(s) satisfies (PG)', then the congruence
kernel C = CS{G) is finite.

Corollary 1. If, under the hypothesis of Theorem 1, the group Γ has finite width as
a profinite group (in particular, if Γ has finite width as a discrete group), then C is
finite.

Note that the converse of Theorem 1 holds without any additional assumptions
about G.

Theorem 2. Suppose G is a simple, simply connected K-group and S <zVK is a finite
subset containing V£. Then the group GAs(s) of S-integral S-adeles is a profinite
group of finite width. Consequently, ifT= Go(S) has the congruence property, then f
has finite width as a profinite group.

Corollary 2. Under the hypothesis of Theorem \, each of the conditions (BG)Pf, (PG),

and (PG)' for Γ is equivalent to condition (CSP) for Γ.

The proof of Theorem 1 presented in §§3-5 utilizes several auxiliary results, which
are given in §2. The proof of Theorem 2 is given in §6. Finally, in §7 we give
an example demonstrating the possibility of effectively verifying condition (PG)'.
Namely, it is shown that in the case of the group Γ = SLn(Z) (n > 3) the condition
(PG)' for Γ can easily be verified by purely algebraic means, starting from the
presentation of Γ by generators and relations, while the verification of condition
(BG) for Γ requires a complicated arithmetic technique (cf. [15]), and a direct
verification of (BG)pf and (PG) for Γ is not known.

A brief account of the results of this paper was published earlier in [9].

§2. THE CONGRUENCE PROPERTY AND CENTRALITY

OF THE CONGRUENCE KERNEL. CRITERIA FOR CENTRALITY

According to the definition, the congruence kernel C = CS(G) occurs in an exact
sequence

(1) 1 — C — G^G^ 1,
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where G and G are the completions of the group GK relative to the 5-arithmetic
and iS-congruence topologies and π is the corresponding continuous projection [25].
Putting aside the trivial case ranks G = 0, when the group Γ = Go{s) is finite
and therefore C = {1} , we can easily show by means of the strong approximation
theorem (see [5] and [8]) that G can be identified with the group GA(S) of 5-adeles.
We say that the congruence kernel C is central if C lies in the center of G. It is
well known (see [21] and [25]) that centrality implies finiteness. We will apply this
result in a somewhat broader context. Suppose C\ c C is a (closed) characteristic
subgroup; then C\ is a normal subgroup of G, and hence we can pass from (1) to
the sequence

(2) 1 -» D = C/Q -» Η = G/Ci Λ G -> 1.

We will say that the subgroup D is central if D is contained in the center of Η.

Proposition 1. If the subgroup D is central, then it is finite. Conversely, if D is finite
and GK has the standard description of normal subgroups, then D is central.

We will outline the proof of the first part of the proposition, which does not differ
much from the proof of the corresponding result for the full congruence kernel (the
proof of the second part can be obtained from the more general Proposition 2, since
if C is finite, then necessarily SnT = 0—see [23]). Consider an initial segment of
the Hochschild-Serre exact spectral sequence corresponding to (2):

Hl (G) Λ Hl (H) -> Hl {Df Λ H2(G),

where H'(*) denotes the ith continuous cohomology group with coefficients in the
one-dimensional torus R/Z. If D is central, then HX{D)G coincides with the group
D* dual to D . On the other hand, Coker φ is the group dual to [GK, GK]/[GK~7G~K] ,
where the bar denotes the closure in GK in the «S-congruence topology, and the tilde
the closure in the topology induced from Η; hence the finiteness of Coker φ follows
from the results of Margulis [3].

Also, since (2) splits over the group GK , it follows that Im ψ lies in the so-called
metaplectic kernel M(G,S) = Ker(H2{GA{S)) -> H2{GK)) (here GK is regarded as
endowed with the discrete topology), which is always finite [21]. Therefore D* is
finite, and hence so is D.

Thus the proof of Theorem 1 is reduced to the proof of

Theorem 1 ' . Under the hypothesis of Theorem 1, property (PG)' for the group Γ =
implies centrality of the congruence kernel C.

The centrality of C under property (PG) for Γ was also proved a little later
by A. Lubotsky, but our condition (PG)' is much more effectively verifiable than
condition (PG) (see §7).

We will describe the criteria for the centrality of D used in this paper. One of
the most convenient criteria involves the concept of a group of type (F), which was
introduced in [11]. Recall that a profinite group Δ has type (F) if for any finite
group Ε the set Hom(A, E) of continuous homomorphisms is finite.

Proposition 2 [24]. Assume the group GK admits a standard description of normal
subgroups and S η Τ = 0 . If the subgroup D in (2) has type (F), then it is central.

We will obtain this result from a number of auxiliary facts, which are also useful
in other situations.
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Lemma 1. 1) Suppose ν e VK and the group G is Kv-isotropic. Then the group GKv

has no proper subgroups of finite index; hence any homomorphism μ: GKV — Ε into
a profinite group Ε and any action of GKV on a finite set are trivial.

2) Suppose S c VK is a finite subset such that G is Kv-isotropic for all ν φ S.
Then any continuous homomorphism μ: GA(S) —» Ε into a profinite group Ε is trivial.

Proof. This follows easily from the validity of the Kneser-Tits conjecture for G over
Kv , i.e. the absence of proper noncentral normal subgroups in GKV (see [5] and [6]).

Let us put Si = SuT and denote by Ζ = ZH(D) the centralizer of ΰ in //.

Proposition 3 [24]. If under the hypothesis of Proposition 2, the image Θ(Ζ) contains
all of the groups GKv, ν £ S\, then D is central.

Proof. It is easy to see that the image Θ(Ζ) is closed; hence it follows from the
inclusions Θ(Ζ) D GKv for all ν £ S\ that Θ(Ζ) D GA(Sl), since the groups GKv

(v $ S\) together generate a dense subgroup of GA{Si). We now use

Lemma 2. Suppose Ρ c Η is a closed normal subgroup such that Θ(Ρ) D GA(s,) •
Then, under the hypothesis of Proposition 2, D c Ρ.

Proof. It follows from Θ{Ρ) D GA(Sl} that Η = Φρ, where Φ = q>-\GT). It
is easy to see that the group Φ is profinite; hence the factor group H/P is also
profinite. Assume D <£ Ρ, i.e., the image D' of D in H/P is nontrivial. Then there
exists an open normal subgroup U' c H/P that does not contain D'. Its preimage
in Η, which we will denote by U, is an open normal subgroup of Η of finite
index that does not contain D . Then the intersection Ν = GK Π U is a noncentral
normal subgroup of GK , and hence the fact that GK satisfies condition (1) of § 1
implies the existence of an open normal subgroup W c GT such that Ν = GK η W.
Since S Π Τ = 0 , we can consider the subgroup U\ = 0~\W χ GA(s,)), and then
GK η Ui — Ν — GK Π U . Passing to the closure (in H), we obtain U = U{ , which
is impossible since U\ contains D . The lemma is proved.

Applying Lemma 2 to Ρ = Ζ , we obtain D <z Ζ , i.e. D is abelian; hence
the whole group L — e~x{GA(Sl)) centralizes D. Since the subgroups GT , GA(${),
and GA(S) are permutable, it follows that for any χ € Φ = 6~1(GT) and y e L
the element (px{y) — yxy~lx~[ lies in D, and for a fixed χ the correspondence
y *-> <Pxiy) defines a continuous homomorphism ψχ: L —> D. We construct the
group Ζ>(φ) = Πχ6Φ Α<·) Dx = D, and consider the continuous homomorphism
φ: L —> Ζ>(φ), <p{y) = {(px{y))X£<i> • Then φ induces a continuous homomorphism
Ψ'- ^A{Si) — L/D —> D^ /f{D). Since the latter group is profinite, it follows from
Lemma 1 that the homomorphism ψ must be trivial. This means that L = BD,
where Β is the centralizer of Φ in L. Therefore φ(Β) = (p{L) — GA[s{), and hence,
by Lemma 2, D c Β , i.e., Φ centralizes D. Therefore, finally, ζ D <$>L = Η, and
Proposition 3 is proved.

Proof of Proposition 2. This follows from Proposition 3 and the well-known fact
that if a profinite group D has type (F), then the group Aut(Z)) of its continuous
automorphisms is also profinite (this can be proved exactly like the profiniteness of
the group of automorphisms of a finitely generated profinite group (Theorem 1.3 of
[26])). Indeed, consider the homomorphism σ: Η —> Aut(-D) obtained from the
action of Η on D via conjugations. Then σ induces a homomorphism

σ: G = H/D -> Out(D) = Aut(D)/ lnt(D).

It follows from what was said above that the latter group is profinite; hence, by
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Lemma 1, triG^s,)) = {1} , i.e., φ{Ζ) D GA^Sl) in the notation of Proposition 3, an
application of which completes the proof.

In order to use Proposition 2 we must have a convenient characterization of profi-
nite groups of type (F). Such a characterization is provided by

Proposition 4. Suppose a profinite group D is not a group of type (F). Then there
exist a characteristic subgroup Do c D of finite index and a finite simple group F
such that the set Epi(Z)o> F) of continuous epimorphisms is infinite. In addition, if
D\ is the intersection of the kernels of all φ e Epi(D0, F), then D{ is a characteristic
subgroup of D and D0/Di ~ Y[ieI Ft - where Ft = F for all i and the index set I is
infinite.

Proof. By hypothesis, there exists a finite group Ε such that the set Hom(D, E)
of continuous homomorphisms is infinite. Consider the set & of all pairs (D', E')
consisting of a characteristic subgroup D' c D of finite index and a finite group
E' such that Hom(D', E') is infinite. By construction, W / 0 . Suppose a pair
(Do > EQ) € Ψ has the property that the order of Eo is minimal among the orders
of the groups E' for all pairs (D', Ε') Ε Ψ . We will show that the group F = EQ
is simple. Suppose Ν c EQ is a nontrivial normal subgroup. Then, in view of
our constructions, the set Φ = Hom(D0, Eo/N) is finite, which easily implies that
D = Π»6φ] Ker φ is a characteristic subgroup of D of finite index. It is easy to see
that the restriction mapping

Hom(A), Eo -^ Hom(D, Eo)

has finite fibers; hence its image Im^ is infinite. On the other hand, it follows
from our constructions that Im,, c Hom(Z), N); hence \N\ < |£Ό| implies that
Hom(.D, N) must be finite. Therefore the set Im^ must certainly be finite. Contra-
diction.

Thus the group F = EQ is simple and Hom(i>o > F) is infinite. Since for any
proper subgroup Μ c F the set Hom(D0, Μ) is finite by construction, the set of
epimorphisms Ψ = Epi(Z)0, F) is infinite. Let D\ = [) €νΚετ ψ. Then Dx is a
characteristic subgroup of D and the set Epi(Z>o/Di, F) = Epi(Z>o, F) is infinite;
in particular, Ζ>ο/Α is infinite. On the other hand, in view of Lemma 1.3 of [4],
DQ/DI ~ Π/Ε/ Fi > w n e r e Fj = F and / is some index set. This completes the proof
of Proposition 4.

Remark. It is easy to see that Proposition 4 admits a converse (which we will not
need), so that the condition in the statement of the proposition is actually a charac-
terization of profinite groups not of type (F).

§ 3 . P R O O F O F T H E O R E M Γ . P R E L I M I N A R Y C O N S T R U C T I O N S

T o b e g i n t h e p r o o f o f T h e o r e m 1 ' , a s s u m e t h a t u n d e r i t s h y p o t h e s i s t h e c o n g r u e n c e

k e r n e l C = C S ( G ) i s n o t c e n t r a l . T h e n , b y P r o p o s i t i o n 2 , C i s n o t a g r o u p o f t y p e

( F ) , a n d s o b y P r o p o s i t i o n 4 t h e r e e x i s t c h a r a c t e r i s t i c s u b g r o u p s C \ c C o c C s u c h

t h a t C o h a s finite i n d e x i n C a n d C Q / C \ ^ Y [ i e I F i , w h e r e F , = F i s a finite s i m p l e

g r o u p f o r a l l i a n d t h e i n d e x s e t / i s i n f i n i t e . I t i s c l e a r t h a t C o a n d C \ a r e n o r m a l

s u b g r o u p s o f G , w h i c h e n a b l e s u s t o o b t a i n f r o m t h e c o n g r u e n c e s e q u e n c e s ( 1 ) o f
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§2 the exact sequences

(1) l^Di

(2) 1 -» D = Co/C, -*Hl^H0 = G/Co -* 1,

(3) 1 - A) = C/Co -> Ho 1 G -> 1.

We denote by Ζ the centralizer Ζ#, (Ζ)), and by Z\ the centralizer Z#, (Z)i). We
claim that for some w e FA :\(7'U 5) we have

(4) 0(Z) 75 GJC .

Indeed, assume Θ{Ζ) D GKo for all ν e Γ*\(Γ U S). We will show that we then
have 0(Zi) D (?*„ for all υ e Vk\(T U S). Then, by Proposition 3, the extension
(1) must be central, and so D\ is finite (see Proposition 1). Contradiction.

Suppose U C Dx is any open normal subgroup contained in D. Then, obvi-
ously, we can consider the action of Ζ on X = D\/U via conjugations and the
corresponding homomorphism a: Z —• AutX, which induces a homomorphism
κ 0(Z) —» OutX. It follows from Lemma 1 that K(GKV) — {e} , i.e., for Zv = Kera
we have θ{Ζν) D GKO . Now assume there exists an element g e GKV\G{Z\) .
Let Υ = 6~l(g) Π Ζ and let c\, ... , cn be representatives of the distinct cosets
in D\/D. Consider the mapping β: Υ —• D\ , y *-> ([y, C\], ... , [y, cn]), where
[y, c] — ycy~lc~l . By construction, the image β(Υ) is a compact subset that
does not contain (e, ... , e). This implies the existence of an open normal sub-
group U c A contained in D such that (C/ χ · · · χ U) Π β (Υ) = 0 . Then clearly
YnZy = 0 , and hence g £ θ{Ζν). Contradiction. Thus Θ{ΖΧ) D GKV , as required.

We now fix a valuation ν e VK\(T U S) satisfying (4).

Lemma 3. The groups Bv = q>~l(GKv) and B'v = tp~l(GA(su{v})) commute element-
wise.

Proof. Suppose g e GKv , g' e ^ ( 5 υ { ϊ ) } ) and A e ?»~1(^), b' e φ~λ(8') • Then it is
easy to verify that the formula

P(g, g') = [b, b']

g i v e s a w e l l - d e f i n e d b i m u l t i p l i c a t i v e p a i r i n g p : G K , , Χ G A ( S U { V } ) ~ * ^ o · S i n c e t h e

group GKV is equal to its commutant, ρ must be trivial, which implies the assertion
of the lemma.

Next, let μυ: GKv —> GA-,, be a universal central topological extension (see §10 of
[22]). Then there exists a unique continuous homomorphism δν: GKV —* #o such
that the diagram

•1 υ«5...

is commutative. It turns out that for the group Hv = δν(όχν) there is an analogue
of assertion 1) of Lemma 1.

Lemma 4. The group Hv has no proper subgroups of finite index; hence any action of
Hv on a finite set is trivial.

Indeed, it suffices to prove the first assertion of the lemma for GKV . But if Ν c GK,,
is a subgroup of finite index, then, since μν is surjective, μν(Ν) is a subgroup of
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finite index in GKV , and hence μυ{Ν) = GKv by assertion 1) of Lemma 1. Therefore

GKv = Ν Ker μν ; hence [Ν , N] = [GKv, GKV ] in view of the centrality of μν , and

Ν = GKv inasmuch as G^ is equal to its commutant.
It follows from Lemma 4 that Hv is equal to the commutant of the group Bv in

Lemma 3.
The rest of the argument will be carried out by the following scheme. We will first

use the sequences (2) and (3) to construct certain new exact sequences with special
properties, and then show, using condition (PG)' for Γ, that in fact there can be
no such sequences. In §4 we will examine the case where F = Fp is a cyclic group
of prime order ρ, and in §5 the case of a simple nonabelian group F . To carry out
this plan we will need some properties of profinite groups.

Proposition 5. (i) If a (discrete) group Γ satisfies condition (BG), then its profinite

completion Γ satisfies condition (BG)pf.
(ii) Ifa profinite group Δ has finite width {resp., satisfies condition (PG) or (PG)'),

then any factor group or any group commensurable^') with it in some larger topological
group also has finite width (resp., satisfies condition (PG) or (PG)').

(iii) For any profinite group A we have the implications (BG)Pf => (PG) => (PG)'.
(iv) For a pro-p-group A, each of the conditions (BG)Pf, (PG), and (PG)' is

equivalent to the analyticity of A.

Proof, (i) Suppose Γ = (yt) • • • (γ,). Let δ, denote the image of y, in Γ. Since

the closure (5,·) of (δ,) in Γ is compact, the product (δι) • • • (δ,) is a closed subset

of Γ containing the dense subset (δι) •••(δ,), the image of Γ in Γ. Therefore

f = (<5j) - · - (St), as required.
(ii) The assertion pertaining to factor groups is obvious, so we will consider the

case of commensurable groups. It suffices to show that the properties (BG)pf, (PG),
and (PG)' for a group Δ and an arbitrary open subgroup Σ c Δ are equivalent;
clearly we may assume Σ is a normal subgroup of Δ.

Since Δ is the union of a finite number of cosets with respect to Σ, finiteness of
the width of Σ obviously implies finitenes^of the width of Δ. We will establish the
reverse implication. Suppose Δ = (δι) • • • (δ,) for certain δι, ... , δ( e Δ. It suffices
to show the existence of ax, ... , σ, e Σ such that the product (σι) • • · (σ,) contains
a subset open in Σ. Let £/, = (δί) and W, = U/ ΠΣ, and consider, for each /, a
decomposition [/,· = IJ]^, 2,7 W, . Then

It follows from Baire's lemma on categories that there exists a set of indices
U\, • • · , jt), 1 < ji < n,, such that the set W(j{, ... ,j,) = (z,,, Wx) • • • (ztjl Wt)
contains a subset open in Δ. Then the set

W(jx , ... , j,)(zXh •••ztjl)-1 = (ζυ>ΐνιΖφ((ζυι , zlh)W2{ZXhz2h)-x)

χ ··• χ ((ζ υ , •••z,jl)W,(zih •••z,jl)-i)

also contains a subset open in Δ. Therefore if Wt = (δ™1), then the elements

σ, = (Ζυ, · · • ZIJ:)d^(z[jl • • • Ζ/;,)"1 , I = 1 , . . . , / ,

are as desired.

(')Recall that two subgroups of a group are called commensurable if their intersection has finite index
in each of them.
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We now show that (PG) holds for Δ if and only if it holds for Σ. Let m —
[Δ : Σ]. If Δ satisfies (PG), then, by definition, there exist constants c and k such
that

\An\<cnk for all n.

But Am c Σ, so for any η we have Σ" D (Am)n D Amn, and hence

\Ση\ < \Amn\ < (cmk)nk,

i.e., Σ also satisfies (PG). Conversely, if

\Ln\<cnk for all n,

then, since Σ" c Δ" , we have

\An\<m\Ln\<{cm)nk,

hence Δ satisfies (PG). The argument for (PG)' is completely analogous.
(iii) The implication (PG) =>· (PG)' is obvious, so we will show that (BG) =>

(PG). If Δ = {δ\) • • • (ot), then representatives of all cosets in Δ/Δ" can be found
among the elements of the form δ"' • • • δ?' , 1 < a,< η , for all i = \, ... , t. Hence
|ΔΛ | < «'.

(iv) In view of (iii), it suffices to show that analyticity of Δ implies (BG)pf·,
and (PG)' implies analyticity of Δ. Suppose Δ is an analytic p-adic group of
dimension r and Δι, ... , Ar are one-parametric subgroups of Δ corresponding to
some basis of the Lie algebra Δ. Then the product Δι · · · Ar contains a subset open
in Δ. Since Δ, ~ Zp for any i, this obviously implies property (BG)pf for Δ.
To deduce analyticity from (PG)' we use the following criterion for analyticity (see
[18], p. 590): a finitely generated pro-p-group Δ is analytic if and only if

(5) lim m-llQR\A:APm]<oo.
m—>oo

But of course if |ΔΡ«| < cpkn in accordance with (PG)', then the limit in (5) does
not exceed k . This completes the proof of Proposition 5.

We will also need some facts about the finiteness of continuous cohomology groups
that follow from the results of Raghunathan [23].

Proposition 6. Suppose ρ is a prime.
1) For any ν € Vf- and any compact open subgroup U c GKV the continuous

cohomology group H2(U,FP) with coefficients in the cyclic group Fp of prime order
with the discrete topology is finite.

2) For any finite subset S c VK containing V£, and for any compact open subgroup
W c GA{S) the group H2(W,FP) is finite.

Proof. In view of the results of Raghunathan [23], the continuous cohomology groups
H'(U) and H'{W) (i = 1 , 2 ) with coefficients in R/Z are finite. To deduce
finiteness of the groups in question we consider the exact sequence

0 - FP -» R/Z ^ R/Z - 0,

where [p] denotes multiplication by ρ , and segments of the corresponding coho-
mology sequences

(6) H[(U)^H2(U,FP)-^H2(U),

(7) H\W)-^H2(W,FP)^H2{W).

The desired conclusion obviously follows from the exactness of (6) and (7).
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§4. T H E CASE F - Fp

We will first show how to obtain from the sequence (2) of the previous section an
exact sequence of topological groups

(1) ι _>£-/>-E, # „ - 1

with the following properties:
(i) Ε is the product of an infinite number of copies of Fp .
(ii) For any compact open subgroup W c Hv the group r~i(W) is a finitely

generated profinite group satisfying ( P G ) ' .
Since the group D in (2) of §2 is commutative, the action of Hi on D via

conjugations induces an action of Ho. We see from condition (4) of §2 that the
restriction of this action to Hv is nontrivial; hence the induced action of Hv on the
group of characters D* = Hom(Z), Fp) is also nontrivial.

Suppose /ο ε D* is not a fixed point for Hv . Let Φ denote the Fp-subspace of
D* generated by all shifts Λχ0 . h e Hv ; it follows from Lemma 4 that dimF p Φ is
infinite. Since the group D* is discrete, any compact subgroup of Ho acts on D*
locally finitely; hence there exists a compact open subgroup U c B'v that does not
meet DQ and acts trivially on χ0 . Then, by Lemma 3, U acts trivially on the whole
space Φ . Let D' denote the intersection of the kernels of all characters χ € Φ . The
group D' is invariant under the action of U and Hv , and U acts on the factor
group Ει = D/D' trivially. Consider the exact sequence

1 -> Ει -> R ^ Μ -> 1,

where Μ = U χ Hv c HQ (the product is direct since U does not meet Do) and
R = y/~1(M)/D'. We will obtain a sequence (1) with properties (i) and (ii) by putting

E = Eil{EiK[T-\U),z-\U)]), Ρ = τ-\[ϋ, U] χ Hv)/[z^(U), r]-'(t/)]

and taking as τ the corresponding quotient morphism for the morphism τ, . Indeed,
it follows from our constructions that for any compact open subgroup W c Hv the
preimage T~X{W) is a factor group of the preimage π~ι(φ([ϋ, U] χ W)), where π
is the projection in the congruence sequence (1) in §2. Therefore condition (PG)'
for Γ and Proposition 5 imply condition (PG)' for T~1(W). Thus it remains to
show that Ε is infinite. Consider the exact sequence

(2) X^Ei^x-\U)^U ^\

and the corresponding spectral continuous cohomology sequence (recall that by con-
struction the extension (2) is central)

(3) > H\T-\U),FP) A HX(EI , F p ) - H2(U,FP).

In view of our constructions, the group U is isomorphically projected via φ onto a
compact open subgroup of GA(su{v})', hence, by Proposition 6, H2(U, Fp) is finite.
Then it follows from (3) that I m a has finite index in H{(Ei , Fp) = E\. But any
element χ € I m a , regarded as a character of Ex , is trivial on Ε\Γ\[τ\ι {U), τ j~'([/)];
hence this intersection is finite and so the group Ε — £Ί/(£Ί η [ τ ^ ' ( ί 7 ) , τ^'(1/)]) is
infinite. Thus the existence of a sequence (1) with properties (i) and (ii) has been
established. We will now show that in fact there can exist no such sequence.

We denote by q the prime corresponding to ν and consider separately the cases
ρ = q and ρ / q . In the first case, the preimage T~\W) of any compact open
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subgroup W c Hv is almost a pro-p-group, and so, by Proposition 5, a Sylow p-
subgroup Β c T~X(W) must satisfy (PG)', i.e. be analytic. It follows easily that Ε
is finite. Contradiction.

In the rest of this section we will assume q φ ρ. We choose an element s € GKV

such that the closure of the cyclic subgroup it generates is noncompact (an element
with this property can be chosen in any nontrivial Kv -decomposable subtorus of G)
and, letting β be the restriction of φ to Hv , we fix an element / 6 fi~l(s). Let
L c Hv be a compact open subgroup such that the set LtLt~' meets Ker β only in
the identity element (in particular, L π Ker/? — {e}).

We denote by Gov(pl

v) the congruence subgroup of GOv of level p(,, where pv c Ov

is a maximal ideal. It is easy to see that for all sufficiently large / the following
assertions hold:

(a) fi{L) D Ga.{pl

v).

(b) GoM)"" = Gov(Pv+fa) for any a > 0, where f = v(q).
We fix, for a time, some / satisfying (a) and (b), and we put Δ = Lf\fi~\Gov(Vlv))

and A(m) = Lnfi-l(Ga,(p™)) for m > I.
Consider the natural action of Hv on Ε in the sequence (1) induced by the action

of Ρ on Ε via conjugations.

Lemma 5. 1) The action of Δ on Ε is completely reducible, i.e. Ε = Y[jeJ Ej, where
the Ej are finite irreducible A-modules.

2) If Σ c Δ is a normal open subgroup and Ej Φ (0), then Σ acts trivially on Ej.
(Here Ej is the subgroup of elements fixed under Σ.)

3) dimFp Ε
τ < oo, or, equivalently, Ef = 0 for almost all j .

Proof. By construction, Δ is a pro-p-group; hence assertion 1) follows from the
condition q φ ρ and Maschke's lemma. To prove 2) it suffices to observe that Ej is
a Δ-submodule of Ej ; hence Ej = (0) inasmuch as Ej = Ej . To prove 3), consider
the exact sequence

1 -•£•-> τ" '(Σ) — Σ-> Ι

and the corresponding spectral sequence

(4) Ηι(τ-ι(Σ),¥ρ) - Hl(E,¥pf -> Η2(Σ, Fp).

By construction, Σ is projected via β onto a compact open subgroup of GKV ', hence,
by Proposition 6, Η2(Σ, Fp) is finite. On the other hand, since τ - 1 (Σ) is finitely
generated, it follows that Ηι(τ~ι(Σ), Fp) is finite, and therefore, since (4) is exact,
Hl(E, Fpf is finite. But Hl(E, Fp) is the character group E* and E* = ®jeJE*;
hence (Ε*)Σ = ®jeJ(E*)z. Since (E*f is finite, it follows that (£*) Σ = 0 for
almost all j . For such j the equality Ej = Ej is impossible; hence we see from 2)
that Ef = 0. Lemma 5 is completely proved.

It follows from Lemma 5 that the group EH<· is finite. Since Ε is infinite and the
groups A(m) form a fundamental system of neighborhoods of the identity element
in Δ, by increasing the initially chosen / we can satisfy, along with (a) and (b), the
condition

(c) EA φ ΕΗ" .
So we will assume all three conditions (a)-(c) are satisfied. We put r —

2max(|υ($,·,·)!> \v(s'ij)\)> where j = (%) and s~l = (s^-), and for d > 0 we de-
note the subgroup Δ(/ + dr) by Wd .
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Proposition 7. There exist numbers a, b, and e {a > 0) such that

dimF;, E
Wa > ad2 + bd + e

for all sufficiently large d.

Proof. We will first show that for any d > 0 we have

(5) twdr
l D wd+l.

Indeed, it follows from our constructions that

«·-·/" iJ+(d+l)r}c r- Γ (*l+dr\s "ΟΛΡυ )S C trov(Vv I >

and hence t~xWd+lt c β~ι(β{^)). But if w e Wd+l and β{Γιιυή = β{νΰ), then
w~lt~lwt 6 (Lt~lLt) nKer β , and hence W = r{wt e Wd because of the choice of
the subgroup L. Thus (5) is proved.

We now turn to the decomposition Ε = Π/ey Ej m Lemma 5 and for d > 0 we
put Jd = {j\Ej c is*'"} , so that the module Fd = Ylj€Jd Ej is equal to EWi and, in
particular, is finite. We have the chain of inclusions 7o c J\ C · · · c Jd c • • · .

We claim that all inclusions in this chain are strict. We will first show that for any
d the submodule Fd is not ί-invariant. If it were, Fd would be invariant under
the subgroup R c Hv generated by Δ and t. We now use a result of Prasad [20],
according to which G%v has no proper noncompact open subgroups. It would then
follow that β{Κ) = GKV , and therefore, since Ker/? is finite, R would have finite
index in Hv ; hence R = Hv by Lemma 4. Thus the finite module Fd would be
invariant under the action of Hv ; hence, repeatedly applying Lemma 4, we see that
this action would be trivial. But then EA c Fd c EHy . Contradiction.

Thus t{Fd) Φ Fd. This means there exists an index j e J\Jd such that t(Fd)
has a nonzero projection on Ej. Since Wd acts trivially on Fd, it follows that
tWdt~

l acts trivially on t{Fd), so we see from (5) that Ejd+l Φ 0 and therefore, in
view of assertion 2) of Lemma 5, Wd+l acts trivially on Ej , i.e. j e Jd+\\Jd , a n d
everything is proved.

For each k = 1, 2, ... we choose an index jk e Jk\Jk-\ and construct the spaces

E(d) = f[EJk.

It is clear that E(d) c EWi; hence it suffices to establish the existence of a , b , and
e (a > 0) such that

dimFj, E(d) > ad2 + bd + e .

We will need two lemmas.

Lemma 6. Suppose A is a pro-q-group and ρ is a prime different from q. Then
there exists a constant β > 0 such that, for any continuous representation ρ: Δ —»
GL m (F p ) ,

Proof. For an integer η > 0 we will denote by ord9 η the exponent of the power to
which q occurs in the factorization of η . Then

log, \p(A)\ = ord, \p(A)\ < ord, | GLm(F / ?)|,

and everything comes down to obtaining an estimate of the form

ord ? |GL m (F p ) | < bm.
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Recall that the order of GLm(Fp) is given by

|GLW(FP)| = pm^m-l^2n(m), where n{m) = [pm - \)...{p- 1).
Clearly ord, |GLm(Fp)| = oxaqn{m). To estimate the latter we use the following
elementary fact:
(6) If a > 1 and ordq{a - 1) > 0 if q φ 2, ordq(a - 1) > 1 if q = 2,
^ ' then for any integer k > 1 we have ordq(ak-l) = oTdq(a-l)+ordqk .

We first consider the case q Φ 2 . Let / be the smallest positive integer such that
p1 = 1 (mod q) and ordq(pl - 1) = t. Obviously p' - 1 φ 0 (mod #) if / ^ 0
(mod /) . On the other hand, if / = kl, then it follows from (6) that ordq(p' - 1) =
/ + ord, k . Therefore

ord,, n{m) = ^ (Z + ord9 /c) = [ y ] t + ord,, ( [ y ] i)

<mt + ordg(m\) < —^—w

(square brackets denote the integral part), and we can put b = tq/(q — 1). Here we
have used the fact that

ml \m] (\ 1 λ 1
—\ + \-^\+---<m[-+ ^+ •••)= m .
q\ L^2J \q q2 ) Q-I

The case q = 2 differs only slightly from the one just considered. Let t\ =
ordq{p— 1) and ti = oxdqip1-^) (clearly t2 > 3). If / is odd, then ord^(p'-l) = t\ ;
if i = 2k, then it follows from (6) that ord,^/?' — 1) = ti + ord? k. Therefore

ord9 n(m) = Σ h + ^ (t2 + ord,, k) < ([y] + l) tx + [y] t2 + ord? ([y] l)

A:-

< w?i + m?2 + m - [tx + t2 + 1 )m,

and we can put b — t\ + t2 + 1 . The lemma is proved.

Lemma 7. For suitable integers c, c\ and c2 (c2 > 0)
1) [Δ : W{\ = qci+lci for all sufficiently large i (say i > z'o);
2) for any normal subgroup Ν c Δ containing Wt but not Wj_y we have

Proof. We use the theory of analytic pro-p-groups (see [17] and [18]).

Let mk = dirnp,, Ejk and n^ = |σ7ί.(Δ)|, where Ojk is a homomorphism of Δ into
AutCE/J ~ GLm / t(F p), and fix d > 1 . By Lemma 6,

(7) dimF;, £(rf) = m t + · · · + wrf > ^(loge « , + · · · + log9 « r f).

But it follows from Lemma 7 and our constructions that for k > i$

and hence
log? nk>ci+kc2-e,

where ε = log^ c. Then we see from (7) that for d > i0

dimFp E{d) > β{\ο%(} m+--- + log? «,„_, + (d + /0c2 - ε) + · · · + (ci + uic2 - ε))

+ β (log, «ι + · · · + log, n,0_i + y (/0 - /Q) + (ci - ε)(-/ 0 + 1)) •

The proposition is proved.
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It is now easy to show that a sequence (1) cannot exist. Let us put Φ = τ~'(Δ)
and estimate from below the order of the Burnside factor Φρ?1» = φ/φΡΐ". We have

(8) | Φ Μ . | > |Φ/Φ(α)* | > |Φ(α)/Φ(α)" | ,

where Φ(α) = Φ ? " ; also, Φ(α) = τ~'(Δ(/ + fa)). We claim that for some subgroup
Ω c Φ(α) we have a direct product decomposition

(9) Φ(α) = £φ ( α> χ Ω.

Indeed, it follows from Maschke's theorem and the condition ρ φ q that Ε is a
semisimple Φ(α)-ηιοάυ1ε; hence for some Φ(α)-submodule E' c Ε we have Ε =
βφ(α) χ βΐ j n addition, £ φ ( α ) centralizes (any) Sylow pro-<?-subgroup Ψ c Φ(α);
hence we can take as Ω the semidirect product Ψ λ £ ' . Let d = [af/r]. Then
obviously Φ(α) c x~l{Wd), and so from (8), (9), and Proposition 7 we obtain

(10) |Φ Μ . , | > | £ φ ( α ) | > \EW"\ >

for sufficiently large a. On the other hand, by hypothesis, |ΦΡί« | < cqka for all α
and suitable constants c and k . Since d > af/r - 1, we obtain a contradiction to
(10) by taking a sufficiently large.

§5. THE CASE WHERE F IS A NONABELIAN SIMPLE GROUP

The argument for this case is analogous to that of the preceding section and differs
from it only in certain technical details. Again we first construct an exact sequence

(1) N £ ^ M / / ^ 1

with the following properties:
(i) Ε is the product of an infinite number of copies of F .
(ii) For any compact open subgroup W c Hv the preimage r~l(W) is a finitely

generated profinite group satisfying (PG)'.
To do this we again turn to sequence (2) in §3. Since the group D has the form

D = Π,€ / Fi > where F, = F for all i £ I, and F is a nonabelian simple group, it
follows that the group of automorphisms Aut D is a semidirect product:

(6/
where Si is the symmetric group of the set / . The action of H\ on D via conjuga-
tions defines a homomorphism η: H\ —> AutD, which, in turn, induces homomor-
phisms

η: Ho = Hi/D^ OutD = AutD/ intD = 5/ X

μ: HQ ^ Si.

We will show that in our situation μ(Ηυ) Φ {e} . If this were not so, then η(Ηυ) c
Π,ς/OutF,, and then it would follow from Lemma 4 that η{Ηυ) = {e} . Therefore
η(ψ-1(Ην)) = IntD; hence ψ~ι{Ηυ) c DZ , where Ζ = ZHl{D), and ψ(Ζ) D HV ,
which would contradict condition (4) of §3.

Consider a point j'o € / that is not a fixed point for μ{Ηυ), and let /o denote the
orbit μ(Ην)ί0; it follows from Lemma 4 that 70 is infinite. For any subset I' c I
we denote Y[ieI, Ft by F/< . We will show that the image ^(Z//,(F/0)) contains some
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compact open subgroup U c Bv having trivial intersection with Do . There exists a
compact open subgroup Uo c Β'υ , not meeting Do , such that μ(£/ο)'ο = z'o - Then,
by Lemma 3, μ(ϋο)ί = / for any i e Io. Therefore ψ~ι(1/ο) normalizes FIo,
and the image of the natural homomorphism Uo —> Out{FIo) lies in Π,€/ο OutFt.
Since UQ is finitely generated, there are only a finite number of continuous homo-
morphisms U$ —» Out F; let U denote the intersection of the kernels of all such
homomorphisms. Then U is an open subgroup of UQ and the above homomorphism
Uo ->· Out(F/0) has trivial restriction to U; hence we obtain the desired inclusion
ψ(ΖΗι(ΕΙο)) D U.

Consider the subgroup U χ Ηυ c Ho (the product is direct since U does not
meet Do) and its preimage Μ = y/~l(U χ Ηυ). Obviously Μ normalizes each
of the groups t//~l(U) and ZHl(FIo), and therefore normalizes their intersection
Β = y/~l(U)r\Zjil (Fi0). In view of our constructions, ψ(Β) = U and BilD = Ff\lo;
hence it follows easily that as the desired sequence (1) we can take

l-*E = D/(D n f i ) ^ P = Μ IB Λ //„ -> 1,

where τ is obtained as a quotient of ψ (note that Ε = FIo).
We will now show that a sequence (1) with properties (i) and (ii) cannot exist.

Consider the following morphisms arising from the action of Ρ on £ via conjuga-
tions:

η0: Ρ -> Aut£ = SIo X J J AutF,, r}0: Ηυ — Out Ε = S,o X ]J OutF,,
i'6/o ieh

For any subgroup W c Hv we denote by /0^ the set of elements / e /o that are
fixed under

Lemma 8. For any open subgroup W c Hv the set IQ

W is finite.

Proof. We may assume with no loss of generality that W is compact; then, in view
of (ii), the group V — z~l(W) is finitely generated. Let J = 1^ . Then the group
Fj is normalized by V, and we can consider the homomorphism

η'-.V-* Aut(Fj) = Sj X U ο Aut F,;

it follows from our constructions that η'(ν) c rji£/AutF,. Being finitely gener-
ated, V has only a finite number of homomorphisms into Aut F ; let Vo denote the
intersection of the kernels of all these homomorphisms. Then Vo is an open sub-
group of V of finite index. On the other hand, by construction, r{'(Vo) = {e}, i.e.,
Vo C Zy(Fj). But since F is a nonabelian simple group, we have ZV(FJ)C\FJ — {e};
hence Fj Π Vo — {e} . Therefore \Fj\ < [V : Vo] < oo, and everything is proved.

As in §4, we choose an element s e GKr that topologically generates a noncompact
subgroup, an element / e β~ι($), and a compact open subgroup L c Hv such that
LrlLt Π Kerβ = {e}. Let A(m) = L n ^ ' ( G f t ( | j ™ ) ) . Arguing as above and
using Lemma 8 instead of Lemma 5, we can easily show that for sufficiently large /
conditions (a) and (b) of §4 are satisfied, as well as the condition

(C) 'ο* 0 ^ o " " ·
We fix an / for which all three conditions (a), (b), and (c') are satisfied, and put

Δ = Δ(/). We also keep the notation introduced in §4: r = 2 max/,y(|w(j/y)|, |?;(^ -)|),
where s = (s,j) and s~l = (s^), and Wd = A(l + dr) (d > 0). Then we have the
following analogue of Proposition 7.
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Proposition 8. There exist numbers a, b, and e (a > 0) such that

for all sufficiently large d.

Proof. Let {IJ}J<EJ be the set of all orbits of the action of the group Δ on 7o , so
that Ε — Y[jeJ Ej, where Ej = Π, € / Ft. As in the proof of Proposition 7, we

consider the sets Jd = {j e J\Ij c ΐζά), which are connected by the inclusions
Jo c J\ C • • • C Jd c • · · ; we will show that all of these inclusions are strict. By
Lemma 8, for any d the set Ad = \JjeJ Ij is finite; hence by repeating verbatim the
argument in the proof of Proposition 7 we see that Ad is not i-invariant.

Suppose i e μο{ί)(Αά)\Αά and h is the orbit of Δ containing /. In the proof of
Proposition 7 we showed that tWdr

x D Wd+X , from which it follows that the index
/ is fixed under Wd+l. Since Wd+l is normal in Δ, we see that any element of Ik

is fixed under Wd+X, i.e. k e Jd+\\Jd , as required.
For each k — 1, 2, ... we choose an index j ^ e J^J^^i and consider the set

Rd - Ufc=i Ijk • Clearly Rd c l™d; hence it suffices to establish the existence of a,
b, and e (a > 0) such that

\Rd\ > ad2 + bd + e

for all sufficiently large d .

Lemma 9. Suppose Δ is a pro-q-group. There exists a constant γ > 0 such that for
any continuous homomorphism ρ: Δ —* Sm into the symmetric group of degree m
we have

m>y log9

Proof. This follows from the fact that

A in , Α ι η I m 1 I m I - m

oxaq\Sm\ = ord 9 (m!) =

We now put m^ — \Ijk\ and nk = |μ^(Δ)|, where /i J t: Δ —> S^ is a homo-
morphism into the symmetric group of the set Ijk , and we fix d > 1 . By Lemma
9,

The proof of Proposition 8 can now be completed exactly like the proof of Propo-
sition 7.

It is now easy to show that there can exist no sequence (7) with properties (i) and
(ii). Let Φ = τ - 1 ( Δ ) ; we will obtain a lower bound for the order of the Burnside
factor ΦπιΓ+,5, where η = \F\ and qs is the highest power of q dividing the order
of the group Out F of outer automorphisms. As in the commutative case,

(2) | Φ Β , η + ί | > |Φ/Φ(α + δ)"\> |Φ(α + <5)/Φ(α + δ)η\,

where Φ(α + δ) = Φ9"+<> . Let us put d = [af/r] and show that

(3) Φ(α + δ) = F »d χ Ζφ ( α + ( 5 )(ί" »d
' f\ 'Γι

" d .

Ό

In view of our constructions, Φ{α + δ) D Ε and Φ(α) C T~x{Wd). Therefore each of
the groups F, (/ € / ^ ) is invariant under Φ(α). In other words, the image of Φ(α)
in OUXFJWJ = Stwd ΧΠ, fd OutF, lies in the second factor; hence Φ(α + δ) c Φ^*)""
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has trivial image in Ov&F wd . This means that Φ(α + δ) — F wd · Ζφ,α+^(Γ wd),
ο 'o 'o

w h i c h n e c e s s a r i l y i m p l i e s ( 3 ) s i n c e t h e c e n t e r o f F i s t r i v i a l . T h e n , u s i n g ( 2 ) , ( 3 ) ,

a n d P r o p o s i t i o n 8 , w e o b t a i n

( 4 ) \<S>nqa+s\>\Fi:d\>na

f o r s u f f i c i e n t l y l a r g e a . B u t , b y h y p o t h e s i s , | O n ? Q + j | < cqkl-a+S) f o r a l l a a n d s u i t a b l e

c o n s t a n t s c a n d k . S i n c e d > af/r - 1 , w e o b t a i n a c o n t r a d i c t i o n t o ( 4 ) b y t a k i n g

a s u f f i c i e n t l y l a r g e .

T h e p r o o f o f T h e o r e m 1 i s c o m p l e t e .

§ 6 . P R O O F O F T H E O R E M 2

W e b e g i n w i t h t w o s i m p l e r e s u l t s .

Lemma 10. 1) Suppose A is a profinite group and Ν is a closed normal subgroup.
Assume the groups Ν and A/N have finite width. Then the group A also has finite
width.

2) Suppose A\, ... , Ar are profinite groups of finite width. Then their direct product
A\ χ • · · χ Ar also has finite width.

Indeed, suppose Ν = {ηι)···(η5) and A/N = (0i)-· ·(#<), where θ, = δ,Ν,
όί G Δ. Then it is easy to see that Δ = (δ\) • • • {δ,){η\) • • • (η5). Assertion 2) is
obvious.

Suppose ρ is a prime. We will say that δ e A is a p-element if the group {δ) is
isomorphic to a cyclic group of order pm (m > 0) or to Zp .

Lemma 11. Suppose Π is a (finite or infinite) set of primes and {A(p)}pen is a family
of profinite groups indexed by the elements of Π. Assume that for each ρ e Π there
exist p-elements δ\{ρ), ... , δ,(ρ) e A{p) such that A(p) = (δ\(ρ)) • • • (δ,(ρ)). Then
the group A = \[p€nA(p) has finite width at most t.

Proof. Let <5, = (<ϊ/·(/>))ρ€Π € Δ , / = 1, . . . ,? . It follows from the Chinese remainder
theorem that (5,·) = Y\pen {δί{ρ)). Therefore

W ) - • • W ) = \ \ ( Ϊ Μ Ρ Υ ) - • - W P T ) ) = A .

p e n

For each ν e Vf the congruence subgroup Gov{pv) C Go,, is an analytic pro-p-
group relative to the prime ρ corresponding to the valuation ν ; hence it has finite
width (see Proposition 5). Then the whole group GOr also has finite width. Using
assertion 2) of Lemma 10, we see that in the proof of Theorem 2 we can replace S by
any finite set of valuations. Thus, in view of known results on reduction of algebraic
groups and varieties (see [8], Chapter III, §3), we may assume that for ν £ S the
following conditions are satisfied:

1) The prime ρ corresponding to ν is odd and the corresponding extension
Kv/Qp is unramified.

2) The logarithmic and exponential mappings induce mutually inverse bijections
between Gov{pv) and ρυβο,, , where g is the Lie algebra of G. (It is assumed that
we have fixed a matrix realization G c GLn .)

3) There exists a smooth reduction G(i>) that is a simple, connected, simply con-
nected group of the same type as G.

Consider in the group Δ = GAsiS) the normal subgroup Ν = f],, g 5 A,,, where
Av = Gov{pv) · In view of assertion 1) of Lemma 10, it suffices to show the groups
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Ν, A/N have finite width. Let Π denote the set of primes corresponding to the
valuations υ £ S. Then Ν = Y\p€n Np, where Np — Π v<zS Κ • Since over each

v\p
ρ there lie at most [K : Q] valuations ν , to apply Lemma 11 to the subgroups
Np it suffices to establish the existence of a constant t such that Δ,, = (δι) • • • (δ,)
for suitable elements δι, ... , δι e Av (note that Av is a pro-p-group, so that these
elements are necessarily p-elements). We will show that as / we can take t =
[K : Q] dim G. Indeed, it follows from our constructions that

on the other hand,
[Av , Av] C

Thus Δ? D [Δν,Αυ], i.e., the group Av is powerful in the terminology of [17].
Moreover, the group Av/Ay is isomorphic to QOV/PV9OV > i-e., is a vector space over
F p of dimension d = [Kv : Q p]dimG < t. By Proposition 3.7 of [17], there exists
a representation of the form Av — (δι) • • • (δά) for suitable δι, ... , δά e Δυ , as
required.

It remains to show that the factor group A/N is also a group of finite width. We
have

ν $ S

w h e r e kv is t h e r e s i d u e field o f Kv . A r g u i n g as a b o v e , w e s e e that it suffices t o

e s t a b l i s h t h e e x i s t e n c e o f a n / s u c h that

( 1 ) G^ = (γι) • • • (γι)

for su i tab le p - e l e m e n t s yx, ... , yt e G^ , w h e r e v\p . W e wi l l u s e t h e fact that Gj£'

is a C h e v a l l e y g r o u p o v e r kv o f n o r m a l or t w i s t e d type . It f o l l o w s f r o m a Bruhat

d e c o m p o s i t i o n in s u c h g r o u p s ( s e e [ 1 3 ] ) that any e l e m e n t in G^ is a p r o d u c t o f a

b o u n d e d n u m b e r o f u n i p o t e n t r o o t e l e m e n t s , a n d a n u p p e r b o u n d for t h i s n u m b e r

d e p e n d s o n l y o n t h e n u m b e r o f r o o t s in t h e c o r r e s p o n d i n g r o o t s y s t e m , i.e., d o e s n o t

depend on ν . Since any unipotent element is a ^-element, we obtain the existence
of a decomposition of the form (1). Theorem 2 is proved.

§7. EXAMPLE: CONDITION (PG)' FOR SLm(Z), m > 3

In this section we will show that condition (PG)' for the profinite completion Γ
of the group Γ = SLm(Z) (m > 3) can be verified directly rather easily, starting
from a presentation of Γ by generators and relations. It is well known that Γ is
generated by the elementary matrices {?,·_/1/, j = 1, ... , m ; /'· Φ j} , which satisfy
the commutation relations

(where α, β e Ζ and [x, y] = xyx~ly~l). As we have already mentioned, the
profinite Burnside factor Tn is a maximal finite factor group of the discrete Burnside
factor Τη . It is known (see, for example, [3]), however, that any noncentral normal
subgroup of Γ has finite index, so that for any η the group Γη is finite and |Γη | =
|Γ Π | . We denote by Hn the subgroup of Γ generated by {e"} \i', j' = 1 , ... , m ; /' Φ
j} , and by En the smallest normal subgroup of Γ containing Hn . It is easy to see
that En c Γ" , so it suffices to estimate | Γ / £ η | . We will need
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Lemma 12. Eni c Hn for any η .

Proof, (cf. [27]). We denote by Γ('7) the subgroup of Γ generated by ei} and βμ ,

and by Ed

lj) the normal subgroup of Γ('-/) generated by efj and ed

}i (d a positive

integer). Using induction on the length of an expression of an element χ e Γ1-'^ in
terms of the generators e,y and βμ , we can easily obtain from (1) the commutator
relations

for any integer α and suitable integers β and γ. We will now show that for any d
the group Ed is generated by the groups Ed

j). It suffices to show that the subgroup
E' c Ed generated by these groups is a normal subgroup of Γ. In view of the
commutator identities

(3)

it suffices to show that ζ = [xefjX~l, eki\ e E' for any indices i φ j , k Φ I and any
χ G Γ ^ . If {k, /) = (i, j) or (k, /) = (; , /), this is obvious. If {/, j}n{k , 1} = 0 ,
then, by (2), ζ = 1 . There remains essentially only one case: I — i, k Φ j (the
other cases are handled analogously). In view of (2),

z _ χ\ρ4. x~lp, , r l r ~ ' — x\pd Pa P^ ΛΥ~Χ — fy p~(la'\p~da — pdypd^p-da c F1

I t i s n o w e a s y t o p r o v e t h e l e m m a . I t suffices t o s h o w t h a t £ ^ / ' c Hn f o r a n y i n d i c e s

i Φ j , i.e. that xe"2x~l € Hn for any χ e Π ' 7 ' . Choose an index k e {I, ... , m}
different from / and j . Using (1) and (2), we obtain

- \-eik eik ' ekiekii

T h e l e m m a i s p r o v e d .

Let us now fix an integer η > 0 and a prime ρ and estimate \T/Enp.,\. Assuming
a > 8 , we have

\Γ/Εηρ,.\ ^c\EnpS/Enpn\,

where c = \T/Enp»\. Consider the profinite group Δ = lim EnpS/Enp., .

Lemma 13. For any a > 8 the factor group Enp«/Enpn+2 is an abelian p-group.

Proof. The group Enp* is generated by the elements of the form ge"f g~l for all
/ φ j and all g e Γ. Since

it suffices to show that Enpn/Enpa+2 is abelian. In view of (3) and the fact that

Enpn c Hpi for a > 8 (by Lemma 12), it suffices to show that ζ = [e"f", ep

kl\ € Enp,,+2

for any indices / Φ j and k Φ I. Suppose first that Ι Φ i. In view of (1), ζ = 1 if

j Φ k , and ζ = e"^ e Enpn+i if j — k . Now suppose / = i. If j Φ k , we again
have

ζ - \eki , e u j - ekj e £.ηρ,,+ι.
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It remains to consider the case when k — j and I — i. Choosing an index t €
{1, . . . , m} different from / and j , we have

z = renP" tep
2 P\I _ \e"Pa+2

eP
2
 e~

npa+2ep2^e~p"

It is clear that the latter element lies in the same coset of the subgroup Enp,,+i as the

element [ep
t , ep

ti ]ejp = 1, i.e., ζ e Enpa+2. The lemma is proved.

It follows from Lemma 13 that any factor Enp»/Enpa is a p-group; hence Δ is
a pro-p-group. Moreover, since Enpa/Enpa+t is abelian, we have Enpa+i — (Enp,,)

p;
hence it follows easily by induction that

(Ρ \Ρβ _ ρ

for all α > 8 and all β > 0. In particular,

Enp\0 = (Enpi)
p D [Enpi, Epni],

and hence Ap2 D [A, A]. Using one of Lazard's analyticity criteria [18] (or the results
on powerful p-groups [17]), we see that the group Δ is analytic and therefore satisfies
each of the conditions (BG)pf, (PG), and (PG)'. It follows from what was said
above that

hence \Enpt/Enpa\ grows polynomially relative to pa . But then the same is true of
the order \Γ/Εηρ*\, as required.

By generalizing this argument we can obtain the following sufficient condition for
the validity of the congruence property for the group Γ =

Theorem 3. Suppose, under the hypothesis of Theorem 1, that the group Γ = )
has a system {Λ^}π>ι of normal subgroups of finite index such that

1) N™ D Nmn for all integers m, n>\, and
2) for any integer η > 1 and any prime ρ such that {n, p) = 1 the factor group

Nnpa/Nnpa+2 is an abelian group of exponent p2 for all sufficiently large a.
Then Γ has the congruence property.

Note that in fact condition 2) can be weakened to the following condition:
2') For any integer η > 1 and any odd prime ρ such that (n, p) = 1 the factor

group Nnpa/Nnp*+i is an abelian group of exponent ρ and, in addition, for any odd η
the factor group ΛΓ

2°π/Λ
Γ2"+2η " αη abelian group of exponent 4 for sufficiently large

a.
We will also indicate a fairly universal method for constructing such a system of

normal subgroups {Nn}n>i . Suppose 7i, ... , 7d is any system of elements of Γ
that includes an element of infinite order. Let Nn denote the normal subgroup of
Γ generated by the elements 7", ... , 7% . If ranks G > 2, then each Nn has finite
index in Γ (see [3]). Moreover, condition 1) is necessarily satisfied for such a system,
and condition 2) reduces to proving the factor group Nnp» /Nnp,,+2 is abelian, which,
in turn, is equivalent to the inclusions

for all i, j = \, ... , d and all g e F for sufficiently large a .
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